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TREATISE ON FLUXIONS. 



SECTION I. 




DEFINITIONS. 

Art, 1. EvEWf quantity is here coiiBidered as 
generated by motion; a line by the motion of a point; 
a surface by the motion of a line; a solid by the 
motion of a surface i an angle by the rotation of a line 
about one of its extremities*. 

(2.) The quantity thus generated is called the fluent, 
or flowing quantity. 

(3.) The velocities with which flowing quantities 
increase. or decrease at any point of time^ are called the 
fluxions of those quantities at that instant. 

Cor. 1. As the velocities ;are in proportion to the 
increments or decrements which would be generated 
in a given time, if at any instant the velocities tvere 
to become uniform, such increments or decrements will 
represent the fluxions at that instant t. 






* Sir I. Nbwton, iu the introduction to his Shiadralure qf 
Curves, observes that " these genesei really take place in the nature 
of things^ 9nd are d^ily seen in the motion of bodies. And after 
this manner, the ancients, by drawing moveable right lines along 
immoveable right lines, taught the genesis of rectangle^/' 

•f This is agreeable to Sir I. Newton's ideas on the subject. 
He savs^ '' I sought a method of determining quantities from the 
▼elocities of the motions or increments with which they are gene- 
rated; and calling these velocities gf the motions or increments, 
^mon$f and the generated quantities Jluenti, I fell by degrees upon 
tlm method of fkxions.^''*-«lBtrod. to di(a(i. €ir^ 

B 



2 DEFINITIONS. 

Cor. 2. Hence, as any given time may be assumed, 
the fluxion is not an absolute but a relative quantity. 
When we have several cotemporary fluxions, we may 
assume one fluxion what we please, and thence deter- 
mine the values of the other^. T\xus, if ^ wpA'y in- 
crease uniformly, and if x increase by p in the time that 
y increases by q, then the cotemporary increments of x 
and y will be p and q, 2p and 2^, 3p and 3^, &c. hence, 
if phe assumed the: fluxidn of ar, the fluxion of y will 
he q; if the former fluxion be 2p, the latter will be 
. 2^, &c. &c. 

CoR. 3. A constant quantity has no fluxion. 

(4.) The first letters, a, by c^^c. of the alphabet 
are usually put : for constant quautities, and the last, 
v, u?, X, y, ^, .foryai'iable ones;; and th?y. are to be 
thus understood, unless the coQtrary b^; expressed. 

(6.) The fluxion of a si mfple' quantity, as a?, is ex- 
pressed by placing a point over it^ thus x^^. 

To find the , FLUXIONS q^ 

If two quantities increase or decrease, fjn^qrmlyy the 
incretnents or decrements g^erated injf given time^ 
will be as their Jluxions. • ! ? H - , : 

(6.) This appears from Art. 3^ Cor. 1. 

Prop. II. 

« 

If one quantity increase uniformly, and another of 
the same kind increase with an accekrated or retarded 

I ' . ' ■ . ■ ' ' ' ii ■ I , , ^ 

* Foreign matheraaticians denote the fluxion of x hy'(bp, whiob i^ 
liable to two objections : first, it is not so simple bs x, and beoomes 
still more complex for the higher orders of fluxions; secondi|sr/ dx 
is a notation which also signifies the product of d mluitiplied by <r. 
Every notation should fa^ve bdt one meaining. ' ■ 
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FLUXIONS OF aUANTlTIES. . 3 

velocity, and two increments be assumed which are gene- 
rated in the same time ; if those hwrements be diminished 
till they vanish, that ratio to which they approach as 
their limit, is the ratio ofthejluxions of those quantities. 

(J.) Let the line FK be described with an uniform 
velocity, and AZ with an accelerated velocity, and 
let the increments Gs, P^n be generated in the same 
time; let also Pv be the increment that would have 



been generated in the same time, if the velocity at P 
had been continued uniform; then by Prop. 1. the 
fluxions of FA', AZ, at the points G and P, will be 
represented by Gs and Pv. Let V be the velocity at 
Py or the velocity with which Pv is described, and 
let r be the increase of velocity from P to m; then 
the velocity at m will be J^'-^r, and vm is the incre- 
ment which is described in consequence of the increase 
r of velocity since the describing point left P. Now 
let y+w be the uniform velocity with which Pm would 
be described in the same time that Pv and Pm are 
described, as before mentioned; then it is manifest, 
that this uniform velocity must be between the ve- 
locities at P and m, that is, f^+w is greater than ^ 
and less than f^+r, or w is greater than o and less 
than r. Also, since the spaces described in the same 
time areas the velocities, f^ : V+w :: Pv : Pm*. Now 



* If we diminiah the times in which thi 
scribed; then as the points i> and m approach to P, Pv w'lU con- 
tiaae to be described with the uniform velocity V; but r will be 
tiiininished, and by dimiiii^hing the time till it bucomes iodefinitely 
MnalJ, r will become indefiuitely small ; but vm is described ia 
consequecice of this increase r of velocity j hence, when r becomes 
indefinitely small with respect to V, tlie space cm must become iit- 
definilely small in respect to Pp; therefore the ratio of Pv : Fm 
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4 PLDSTONS fIT aUANTlTtES. 

in evert/ state of these increments, f-^ : V-^w :: Pv : Pm ; 
and by continually diminishing the time, and conse- 
quently tlie increments, we diminish r and w, but 
f^ remains constant ; it is manifest tberefore that the 
ratio of f^ : f''-\- w, and consequentlj- that of Pv : Pm, 
continually approaches towards a ratio of equality, 
agreeably to what is shown in the note; and when 
the time, and consequently the increments, become 
actually=rO, then r = 0; consequently 7o = Oj therefore 
the limit of the ratio of Pv : Pm becomes that of f^ : 
f^, a ratio of equality*. Hence, the limit of the ratio 
of Gs : Pni is the same as the limit of the ratio of 
Gs : Pv, or it is Gs : Pv, that ratio being constant; 
that is, the limiting ratio of' the increments is the 
ratio oftbefiiixions. 

The same is manifestly true for the limiting ratio of 
the decremt^nts of two quantities ; for, conceiving the 
describing points to move backwards, the decrements 
sG, mP in this case become the same as the incre- 
ments in the other; consequently their limiting ratio 
will express the ratio of the fluxions at G and P, or 
the rate at which FG, AP are, at that instant, de- 
creasing. As the paints P, G, may be taken at A,F, 
respectively, the limiting ratio of two nascent or evan- 
escent quantities, will be the ratio of their fluxions at 
the instant thry begin or cease to be.t 

ia, in that slate, indefinitely near to a ratio of equality ; but it is 
inanifeEt that it never can become accurately a ratio of equalily, 
because iHi will not vanish until Pv and Pni vanish; consequently 
tlje ratio of the actual increments Gt : Pin c-aii never accurately 
express the ratio of the fluxions, that ratio being expressed by the 
inlio of Gs : Pr. We arc therefore lo consider, to what ratio 
Pu : Pm approaches as it's limit, when we make the time in which 
the increments are described, and consequently the increments 
themaelves, vanisl). 

* By keening the ratio of the 
pressed by finite quantities, 
arise when we consider the quantitiei 
10 the reasoning of Sin I. Newton i 
Lem. 7, 8, 9. 

t Hence, if FG, A P, represent the numerator and denominator 



vanishitig qaanlilies thus ex- 
ves liie obscurity which may 
themselves ; this is agreeable 
his Principia, Lib. 1. Sect. i. 



i 
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FDUXIONS of aUANTtttES. 5 

' Hence, the limiting ratio of the increments or de- 
crements of two quantities which are both generated 
by variable velocities, will be the ratio of their fluKions. 
And as the velocities with which these two lines in- 
crease or decrease, may be made to agree with the rate 
>{ increase or decrease of any two quantities which , 
may be compared together, the proposition must be 
true for quantities of any kind. 

Cor. As the limiting ratio of the increments is the 
l^tio of the fluxions, it is manifest that when the 
increments are in an increasing or decreasing state, the 
fiuxions will be increasing or decreasing. 

(*:) It has been said, that when the increments are 
actually vanished, it is absurd to talk of any ratio be- 
tween ihem. It is true; but we speak not here of 
any ratio then existing between the quantities, but of 
that ratio to which they have approached as their 
limit ; and that ratio still remains. Thus, let the in- 
crements of two quantities be denoted by ax^ + nix 
and hx'-^nx ; then the limit of their ratio, when 
x = 0, is m : tt; for in every state of these quantities, 
ajc^ + mx : bx^-\-nx ■.: ax + m : bx+n :: (when .^=0) 
m : n. As the quantities therefore approach to no- 
tliing, the ratio approaches to that of m : « as it's 
limit. Hence, if ■m = n, the limit of this ratio is a 
ratio of equality. We inust therefore be careful to 
distinguish between the ratio of two evanescent quan- 
tities, and the limit of their ratio ; the former ratio 



if a fraction, and by tfiu motion of G and P to A and F respectively, 
P, FC, vanish together, tlie limit of ^rj-. is expressed by-;-:— 
it the time when /J P, FO vanish. This is what we always mean 
by the value of -■ ; which expression has been objected to, because 
not properly understood. 

Ejt. The value of ~^ when Xsa, is, (laklng the fluxions by 
Prop. 5.) ^4^ s 2*= 2a. 



■} 



6 FLU^UONS OF QUANTITIES. 

ii0ver arriving at the latter, as the quantities vanish 
$t the instant that such a circumstance is about to 
tal^ place. 

Prop. III. 

[If the Jlujcion of x he denoted hy x, the Jluxwn of 
ax vAU be ax. 

(9.) For if X increase uniformly, ax will also increase 
uniformly, and a times as fast ; hence, by Prop. 1 . the 
fluxion of the latter will be a times that of the former, 
or it will be a±. 

CoR. Hence, in taking the* fluxion of a vaiiable 
quantity multiplied into a constant one, the constant 
multiplier is retained. 

Prof. IV. 

The fiuonon qfx±B. is x. 

(10.) For a being constant, and only connected to 
X by the signs + or - , it does not afiect the increase 
or decrease of the quantity ; therefore the fluxion is 
the same as the fluxion of a?, or it is x. 

CoR. Hence, constant quantities connected to va- 
riable ones by the signs + or — , disappear when the 
fluxions are taken. Thus it appears, that the fluxion 
has no necessary relation to the magnitude of the 
fluent. 

- Prop. V. 
Given (x) the fluxion of x, to Jind the fluxion of 



X 



, n being a whole number. 

(11.) Let X increase u niform ly by v and become 
a? + i;, then will x"" become F+t^'* ; but (fFoo^s Alg. 

Art. 232.)iTvl"=ar" + naj''""^t;+n. a?*""*t;* + &c. 



FLUXIONS OF QUANTITIES. 7 

• • a 

and if from this quantity we take a!^^ there remains 

nx^^'^v + n. - a?"-*t;* + &c. for the cotemporary in* 

crement of (xf^ ; but although x increases uniformly by 
Vy af^ does not increase uniformly; for if in the in- 
crement of af^ we substitute 1, 2, 3, &C; &r v, and 
take the difierences of the results, these difierences will 
not be equal ; hence, to get the ratio of the fluxion dT 
X to the fluxion of of* we must, according to Prop. 3. 
take the limiting mtio of the increments. Now the 
increment of ^ : the increment of a?" :: v : naf^'^^v 

+w.^^^-V + &c. :: 1 : nx'"'^ + n.^^^ af'-'^v + &c. 
2 . 2 

and to get the limiting ratio of these increments, we 
must make t;=sO. in which case the riatio becomes 
I : naf^"^, which therefore expresses the ratio of the 
fluxion of X to the fluxion of x'' ; but x denotes the 
fluxion of J7, therefore wa?"""'jp represents the cotem- 
porary fluxion of of*. 

ir« = 0, jc" = l a constant quantity; therefore by 
Art. 3, Cor. 3. it has no fluxion. 

Prop. VI. 

ft 

n 

Tojind the jluxi(m of ^\ m and n being any 
whole numbers. 



n 



(12.) Put y^3i^^ then y'"=x''^; hence, by taking 

the fluxions^ /»y''*-^^=wx"'"^i, /. if^ — STT == C^y 

my 

njtf^'^^x 
substituting for y it's value in terms of x) — 

mx 
nxi^^^x n ^-i . 

sz^yiX^ X 

Cor. Let the root be a compound quantity as 
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8 FLUXIONS OF aUANTITIE^. 

1 ■ . ■ ' ■ ■ 

(f+af^, to find the fluxion of cF+l^\\ Put y = 
flr*4-^]", then y^^al^-^s?^^ and mf^'^^y^maf^''^x i 

hence, ;^^ j ;= ■ ■ , — »^i==S ^ ^ -^ ^1 ^ 



1 






(13.) Hence it appears^ that whether the root be 
a simple or a compound quantity^ the fluxion of any 
power thereof is fouad by the following 



RULE. 



Multiply by the index, diminish the index by unity, 
and multiply by the jftuxion of the root. 

EXAMPLES. 

Ex. 1. The fluxion of a^ is Qa^x. 
Ex. 2. The fluxion of 3y^ is Iby^y. 

Ex. 3. The fluxion of -y"^ is— ;v""^y = — ^ . 

^ 14^ ^ 7y^ 

5 % . 35 -4 . 35i 



Ex. 4. The fluxion of -^TT'is — jy^TTiss 



9 99 99^-fr 

Ex. 5. The fluxion of -x » is ^ra^^i. 

7 63 

Ex. 6. What is the fluxion of a^+a^]^ ? 

Here the root is a^+x^, and it *s flux ion 2xx^ 
hence, the fluxion required is 3 x a^+a:*]* x 2xx = 
5*+^ X Qxx. 

Ex. 7. What is the fluxion of^/a«+a?% or of a^+^ ^ ? 
Here the root is c^ + x^y and it's fluxion 2xxi 

hence, the fluxion is - xa» + ar'\~'^x2xi=: 



3'^-^* I , ^. 



^FTi^ 
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Ex. 8. What is the fluxion of FTp]^ ? 

Here the root is a?*+y*, and it's fluxion 2xx+2tfy; 

hence, the fluxion required is - x :c* +y^ x (2xx + 2yif) 

3 — r - 



* 



-3yof+^x{xx+yy). 

Ex. 9. What is the fluxion of x +^ ^ ? 

Here the root is x+y^ and it's fluxion x+y \ hence, 
the fluxion required is 2 x («+y) x (jp+y)- 

Ex. 10. What is the fluxion of a^+ar^| * ? 

Here the root is a^+o?^, and it's fluxion ba^x \ 

hence, the fluxion required is ^XflF+P)"*^ X ix^x-^ 
5X^x 

2xc^ + x^y 

Ex. 11. What is the fluxion of , ? 

5 

This quantity becomes a^+x*] % and the root is 

a^+x% whose fluxion is 2xx; hence, the fluxion re- 

. J. 6 ._i4 *. — 10j:j& • i-i 

quired is !— - x a* + x^] ^ x 2xx= ^ . In like 

manner, bring any quantity from the denominator up 
to the. numerator, by changing the sign of the index, 
and tiien proceed by the rule. 

Ex. 12. Wh^t is the fluxion of aa^ + by^+c^\^ ? 
Here the root is ax^ + by^ + cz\ and its fluxion 
2axx+3liy*y+4a^z; hence, the fluxion required is 

|xaa?»+6y3+ca{y X {2axx+3by^i/'h4cfi^z). 

Ex. 13. What is the fluxion of \/^'-fA/a*+y*? 
Put « = \/<+7a^+F, then »« = 0?* + y/^T^; 

now the fluxion of ^/a*+y*, orof a*+y')% is - x 



I 




xSyy = o*TP] ^xyy% h ence, 2 zz = 2xx 
, r ■ 2a;i:+a* + w''l~3 x mm 
therefore a= ^. — — ^ i£ = 



2N/a:*t V«'+3/"' 



Prop. VII. 
To Jind the Jluxion of a product xy. 

(14.) The fluxion of (j^+y)'^, by the last rule, is 
ax(x+y)x(.r +y) = 2xi+ 2Tif + 2i/x + 2yy \ also, (x 4-^)" 
^jc' + SJ^+y^ whose fluxion is 2xx +'tkeJiuxmiof 
2xi/ + 2j/y; make these two values of the fluxion of 
(x+yY equal to each other, omit the first and last 
terms which are common to both, and we have the 
J/ttxioH of 2xy=^3xif + 2yi ; hence, the fluxion of xy 
is xy +yi- 

Otherwise thus. If we suppose x constant, the 
fluxion of xy is xy by Prop. 3 ; and if we suppose 
y constant, the fluxion is yx; hence, if neither be 
constant, the fluxion is xy +yx. 

Cor. Hence, we may find the fluxion of xyz. For 
if v^xyz, and w^xy, then v^^wz, and •b = wz'i- 
zw; but w = xy, .'. w = xy + yx ; substitute these 
values for w and w and we get v=xyi + zxy -\-zyx. 

(16.) In like manner we proceed for any number 
of factors; hence, the fluxion of the product of any 
number of quantities is found by the following 

RULE. 

Multiply the fluxion of each quantity into the pro- 
duct of all the rest, and the sum of all tlie products is 
the fluxion required. 

EXAMPLES. 

Ex. 1. The fluxion of x*y^ is x'x3y'y+y^ x 3xi 
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7 5 



7«4,v 



Ex. 3. The fluxion ofi/^x z is x^zx-jrif+tf^z x 

Ex. 3. The fluxion of uf^oif^tfz' is mafy'ss^nf^^^w-t' 
Ex. 4. To find the fluxion of a?* x a* + t/^\ 



By the last rule, the fluxion of a* +y^ ^ is -xa*+y*] 



X 4 y^y = 6 X a*+y*|* x y'y ; hence, the fluxion required 

isar^xfix flM-y*|*Xy^y+a*+p^x 2awr- 

Ex. 6. To find the fluxion of y/a^+x^x ^/F+p. 
Find the fluxion of eadi part by the last rule, and the 

fluxion required is ^a^j^^x 7ff ' ' \ + \/ h*+y^x 

XX ' 



(l6.) It appears firom this Prop, that the fluxion of 
xy consists of two parts, xy, and yx, the former part 
arising from the increase of y by y, and the latter from 
the increase of x by x; but if x should decrease 
whilst y increases, then the fluxion, expressing the 
increase of xy upon the whole, will be xy^-yx^ he- 
ing the increase minus the decrease. HencQ, to express 
the rate at which any quantity increaseSy the fluxion 
of the parts which increase must be written with the 
sign + J and those which decrease with the sign— *. 
Now the increasing quantity is considered as positive ; 
but if a negative quantity increase in magnitude, it 
must be considered as a decreasing quantity, and it^s 
fluxion will be negative. In like manner, a negative 
quantity decreasing in magnitude must be considered 

9s an increasing quantity, and it's fluxion will be po- 

■ ■ " ■' ' ' ' ■ ■■ ■ ■ ' ■■' ■ " ill II I <»i 

* Hence it appears, that when 'a quantity passes through a maxi* 
mum or miDimum, the fluxion on'each side has a different sign. 

it 



12 FLITXtONS OF aUAMTll'lAS. 

$itive. If therefore th? fluxions of increspjng.. quanti- 
ties be written with the sign +3 and of decreasing with 
— , whenever the fluxion of any quahtity is positive, 
it shows that quantity to be in an increasing state; 
and when negative, to be in a decreasing' st^te. In 
like manner, if a?*+y'= a constant quantity,^ then if 
3s decrease and y increase^ the fluxion is — 2xJc + 

Prop. VIII. 
To Jini the fiijmon of a Jr action - . 

X, 

(17.) Put « = -, then zy-ss^Xy and zy-^-yz^x (Art. 

\: ■ ■ 

14.) ; /. i=rtlii = , y Jf^-'fif. Hence, we 

y y y 

find the fluxion of a fraction by the following 

RULE. 

From the fluxion of the numerator multiplied into the 
denonunatorj subtract the fluxion of the. denominator 
multiplied into the numerator, and divide by the square 
ojT the denominator. 

EXAMPLES. 

Ex. 1. The fluxion of -r is -^ 3; 2-al = 

y* y 

: i^ a. The flux. ^^^-/jimMzpiyt^ 

'■Ex. '3. The flux, of ^is^l2LM±y£).::£liL£f! 



Ex* 4. The fluxion of ^ k ^-r-r- ; for a being con- 

slant, 'the fluxion of the* numerator is nothing, and 
therefor^ the fluxion of the numerator multiplied into 
the denominator ib nothing ; in this case therefore, the' 
fluxion of the fraction is minus the fluxion of the de- 
nominator multiplied into the numerator, divide by, 
the square of the denominator. 

Ex. 5. The fluxion of — " is 



■ 1 



fU?-«-*i ; or the fluxion of j?"^** = - wa?""**" 'x ; when 
therefore the index of a quantity is negative, \he 
fluxion is found by the same rule (Art 13.) as whim 
the index is positive. 

Ex. 6. The fluxion of yl£t£ is 

The putting of a quantity into Buxions, is called, 
the <2trec/ method of fluxions. 



SCHOLIUM. 

(18.) In questions of a geometricat and philosophical 
nature, wher^ we want to get the relation of the fluents 
from the fluxions, and in others where we want to 
find whether quantities are positive or negative frona 
the relation of- them to their fluxions, it is necessary 
to pay regard to the signs of the fluxions, as explained 
in Art, 1.6; But in putting equations into fluxions, 
as in the Problems^ de Maximis et Mipiniis, although 
on^.variaUb quantity may increase at the same; time. 
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that another decreases, yet we may write the fluxion 
of each positive ; for by writing it so in each equation, 
in order to obtain the same fluxion from the diflferent 
equations, tlie result wilt not be altered. In these, 
and such like cases, we may therefore make the fluxion 
of each quantity positive, and the result will be the same. 
We may further observe, that when any fluxion becomes 
negative according to the above rule, the quantity which 
expresses it's value becomes negative. For instance, if 
r=the radius of a circle, a;= the versed sine, y= the right 

sine of an arc, then t/' = 2 r j; — a;'', and^= ; now 

f(M* ihe first quadrant, x and ^ increase, and each fluxion is 
positive, and the value of i/ is positive, x being less 
than 7- ; but in the second quadrant, p decreases and 
it's fluxion becomes negative, and it's value becomes 
negative, x being greater than r. This circumstance 
is similar to the case of a quantity passing through 
o and changing it's sign, for _y = o at the end of the 
quadrant. 

(19.) When we compare the fluxions of two quan- 
tities, by comparing the increments that would be 
uniformity generated in a given time, the quantities 
have been supposed to be homogeneous, there being 
no relation between those which are not homogeneous; 
yet if, of two heterogeneous quantities, the nuinerical 
value of one be expressed in terms of the other, it is 
manifest that there will be no impropriety in expressing 
the fluxion of one in terms of the fluxion of the other. 
If one side of a right-angled parallelogram be repre- 
sented by 6 and the other by 9, we say, 6X9 = 5'* the' 
area; our numerical operation is perfectly correct, but 
no one ever imagined that the units represented by 54 
are homogeneous to the units represented by 6 and 9* 
if 6 and 9 represent inches in length, 54 will represent 
so many square inches, or so many square areas, the 
side of each of which is 1 inch in length. Or if a and 
X represent the two sides, the area of the parallelo- 
gram will actually be ax, referring that quantity to it's 
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proper units; although therefore there is no relation 
between the area and either of it's sides, yet it is ex- 
pressed in terms of the sides. And if a be constant 
and X variable, the fluxion of the area will be ax by 
,Prop. 3; if therefore (i) the fluxion of the abscissa x 
1 inch in length, the corresponding fluxion of the 
be a square inches; if i' be 2 inches in 
ngtk, the fluxion of the area will be 2 a square 
tches. And in general, when we consider, any two 
Lantities which are not homogeneous, although their 
bxions, which are expressed by their increments 
haformly generated in a given time, can have no re- 
htion to each other, if we carry our ideas no further 
^an the increments themselves ; yet when we con- 
hder the numerical values of these fluxions, the analy- 
" at expression for one may be comprised in terora 
the other without any impropriety, and our con- 
jdusions will be perfectly just and correct, in the sense 
*i which the units of the respective quantities are un- 
leratood, notwithstanding tlie fluxions themselves may 
heterogeneous. Sir I. Newton, in his Quadra- 
tere oj Cunvs, in finding the area of a curve, describee 
iparallelogram on the abscissa (x), the other side (a) 
if which is constant ; and then he compares the 
jBuxion of the area of this parallelogram with the 
[Qxion of the area of the cui've, they being homoge- 
ous quantities; and the fluxion of the area of the 
parallelogram being ax, he gets the fluxion of the area 
T the curve. From what has been said above, when 
■ reduce these matters to calculation, there appears 
be no absolute necessity for this; but it is more 
■•flientific to make the comparison between homoge- 
neous quantities, than between those which are not 
homogeneous, and therefore the former method is 
always to be preferred in cases where it can be applied, 
notwithstanding the conclusions which are otherwise 
deduced are perfectly true and satisfactory. 

(20.) The ingenious and justly celebrated Author 
of the Analifst has endeavoured to show, that the 
principles of Fluxions, as delivered by it's Author; are 
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not founded upon reasoning strictly logical and con- 
clusive. He lays this down as a Lemma: "If you 
make any supposition, and in virtue thereof deduce 
any consequence ; if you destroy that supposition, 
every consequence before deduced must be destroyed 
and rejected, so as from thence forward to be no more 
supplied or applied in the demonstration." This, he 
thinks, is so plain as to need no proof. It may per- 
haps be admitted to be true, when we want to deduce 
the absolute value of a quantity which is to be obtained 
in virtue of a supposition j but it is not true when we 
want to obtain the relative values of quantities. He 
seems not to have properly attended to the meaning 
ctf the term limiting ratio, but went upon the term 
ultimate ratio, assuming equality where it was never 
intended, thereby totally misunderstanding the subject ; 
and this led him to disregard the connection which 
there must necessarily be between the two terms x, y, 
which constitute a ratio, and the two terms m, n, 
which express the ratio to which x, y, approach as 
their limit, when you diminish them sine timite, called 
the limit of tlie ratio ; for every one must see, that if you 
make x and )/ vanish, they must approach to some ratio 
as their limit ; but we do not say (as writers who do not 
understand the subject would make us say) when .v and 
If become = 0, that o : o :: m : n; such is the assertion 
of those only who are ignorant of the subject. Now 
it is agreed, that by diminishing the increments you 
approach to the ratio of the velocities which tlie quan* 
titles Iiad at the points from whence the increments 
began to be generated, and that by making them 
become indefinitely small, you arrive at a ratio indefi- 
nitely near to that of the velocities at those points. 
Let therefore x and 1/ be two increments generated by 
two flowing quantities in the same time; then as 
their limit m : n must depend altogether upon x and 
y, that limit is obtained upon the supposition of the 
existence of the increments; but the limit is a certain 
determinate invariable ratio, totally independent of the 
magnitude of the terms pf the ratio, or of the incre- 
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ments, as appears by Art. 8, A ratio may limit the va- 
riable ratio of two increments, although it cannot be said 
to be the ratio of any of the real increments. When we 
therefore deduce the limit by making the increments va- 
nish, the effect of the prior existence of the terms x, 7/, of 
the ratio still remains in the terms nt, n, which express 
the limit of the ratio. If the existence of the terms m, 
w, which express the limit of the ratio, depended upon 
the existence of the terms themselves x, y, of tlie ratio, 
the supposition which makes tlie latter vanish would 
necessarily make the former also vanish, and then no 
conclusion could be deduced by making the terms of 
die ratio vanish ; but as that is not the case, the limits 
which is obtained by making the terms become equal 
to nothing, contains an effect, after the increments are 
actually vanished, which depends upon their having 
existed. The limiting ratio is (as expressed by 3fac- 
laurin) " the term or limit from which the variable 
ratio of the increments proceeds, or sets out, to in- 
crease or decrease." The lemma therefore of the 
Author, however true it may be under some circum- 
stances, cannot be applied against the reasoning upon 
which the principles of Fluxions are founded. Tiic 
Author admits the conclusions to be true. He says, 
" I have no controversy about your conclusions, but 
only about your logic; and it must be remembered, 
that I am not concerned about the truth of your theo- 
rems, but only about the way of coming at them." 
The above observations show, not only that our con- 
clusions are true, but that they are deduced by steps 
vvhich are perfectly satisfactory, and strictly logical. 
It was unfortunate for Science, that neither the in- 
genious author of the Analyst, nor his opponents, had 
any clfear ideas of the subject they disputed upon ; the 
controversy however called forth Koiiws and Maclaurin; 
who showed in the most satisfactory manner, that the 
grounds of fluxions, according to the ideas of it's great 
, Author, were defensible, and the investigations founded 
t'^ Strictest .pinncipleB of reasoning. '" - 
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Sect. II. 



On the maxima and MINIMA of 

QUANTITIES. 

Prop. IX. 

~To determine the vahie of a qudnfiti/, [rohen it becomes 

a maximum or mitdmum. 

(21.) If a quantity first increase and then detrease^ 
at the end of it's increase it becomes a inaximum ; 
and if it first decrease and then increase^ at the end of 
it's decrease it becomes a minimum. And as the 
fluxion of a quantity is the rate of it's increase or 
decrease (Art. '3.), when it becomes a maximum or 
mxuinium it*s fluxion must be == O, the quantity 
haying, at that point of time, no further increase or 
decrease. A maximiim or minimum therefore do not 
necessarily mean the greatest or liekst value of a Variable 
quantity, since, besides these valiies, the quantity may 
sometimes increase or decrease, sine nmite. If the 
value which .is to give the maxima or mitiliha come out 
impossible, the given quantity h^s 'to maxima pr 
ixiinima but what are infinite. 



♦•i 



\ (32*) If any quantity be a maximum or minimum^ 
any pow^ or root of that quantity^ must then, evidently , 
i)e a ipaxinium or minimuni. For the power or root 
of a quantity will; increase or deqrease as Lpng s^s the 
quantity itself increases or decreasep^ and no Iqpger.. 
' Any constant multiple, or part of a quantity . .v^IucH 
;,i^ ^ maxipaum or minimum, must also be a maximmn 
or minimum. Fpr the multipte, or part of a quaijitity^ 
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will incresase iur dechsase i» long as the quantity itself 
increases' or decreases^ and no longer; therefore when 
it's flaxion is* made » 0, the constant naul€ip)ier may 
be neglected. 

EXAMPLES. 

£x. 1 . To divide a given number a into two parts, 
x,yj so that^y"^ nioy he a maximum. 

Since x-Vy^a, and i?^^"=:raax. the fluxion of each 
= 0^ the former^ because it is constant, and the latter^ 
because- it is a maximum ; .•. x+y =o, and my* ic*^""*3? 

+wj?«y~-'y=0; hence, x=-y, and ^«- ^^"-? 



nx 



; therefore —v= —-*^; or my^nx, and 
my ^ ^y 

m.: n :: X : y. riow y 9z — ; /. a? H =* a, conse- 

m ^ 

quently xsk-t-^t — , and v ( =— - ) = . 

If m = It, the two parts are equal. 

Cor. ^ Hence, to divide a quantity a into three parts^ 
x,y, Zy so that xyz may be a niax. the parts mu^t be 
equal. For suppose x to have ifs proper value and to 
remain consiUnt, and y, ;^, to vary ; the product y^, and 
consequently xyz, will be greatest when y=«. Or if v 
reoaain constant^ the product xz^- and consequently y.sZj 
win be greatest when x=:z. Thus it appears that the 
piirCi/inust be equal. And ih like manner it may be 
shcfwn, that whatever be the number of parts^ tbey will 
be equal. 

Ex. 2. CUven x+y+z=a, andxy^z^ a maximum^ 
tojind X, y, z.. 

As X, yy Zy must have some certain determinate 
values to aiiswer these conditions^ le| us sqppose such 
a value of ^ to remain constant, whilst x and ^ viAry 
till they answer the conditions, and then x+'i = 0:and 

%^9t + ixz^z^Oi hence^ x^ — *= r-*= =^* 

z* z 

C2 
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m\ z.ss8x. Now let us> suppose the yaloe of z to re^ 
main constant, and x and y to vaiy^ so as to satisfy 
the conditions; then i-i-^sO, y'i + 2J?^y=3:0; hencey 

X2= — V = ?^= ^3 .*. y^2x\ substitute m 

; f y ^ 

the given equation, these values of y and % in terms 

of x^ and j? + 2 a? + 3 a? = a, or 6a? = a ; hence, a?=^ 

*a; /. y = -a; «=-a. In like manner, whatever 
o "^ 3 3 ' 

be the number of unknown quantities, make any one 

of them variable with each of the rest, and the values 

of each in terms of that one quantity will be obtained ; 

and by substituting the values of each in terms of 

that one, in the given equation, you will get the value 

of that quantity, and thence the values of the others. 

In like manner, if a'ft*^ = A^ (j?+ 1) x (2J+ l)=max. 
then a'+^ = 6*+\ For (Prop. 62.) the fluxion of a'6'=: 

a'i* X {x log. a — % log. V) = O, and % = ^ ' , x \ and the 

fluxion of (^ + 1) X («+l)=a?i-:KX — x+issO; make 
the two values of % equal, and fj? + l) x log. a s 
(« + l) X log, 6, and (Art. 109.) a'+^ = 6*+\ 

In taking the fluxions we have here observed the 
directions in Art. 16. 

*Ex. 3. To Jindv)hen y is a max. i/» ^Ty®] * = a V; 

^ Take the fluxions of both sides, and 2x (3x*x + 3y*y) 

X {x^ +yO == ? o* a: X ; but when y is a piiaximum, y =0 ; 

a* 
hence, Qx^xy. (x'+y^) = 2a*j?i, .*. (a?+y^)= --^, and 

• ' ■ -^' . 

(j?+ V') ^^^m » therefore a*x* — —?, and x* = — , or a; = 

■^; hence. 3^(a'^ - ^) =-^ - J. = a* x^ 
(—7=: J 1 =a' X --~s. ; .*. y=aV — 3=. 
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Otherwise. Asy'=a'a?-;i?3, .-. 3/y=:a»i-3^i=0, 

because ^=0, .-. x=--^. 

V 3 

Ex. 4. Given (A) ay* - x^y^-^x* a minimum^ to find 
X and y. 

Ifs iuxion {A) 3ay'y-2y'a#-^2aj^yi/ + 4a!^irrO, 
and making the homologous terms (or those .where ^, y, 
enter) each =0, we have Say'y — 2j?'y^=0, — 2y*j?i + 

4^x==0, or3ay»=:lkr'y, andy* = 2x"; hence, ^«=:^ 

and = — , therefore y =3a, and o?^ = - y* =:^ a^, or j? = 
3g 



2 ' • -^ ' 2-^ 2 

Substitute these for a? and y into (-^), and its 



least value comes out -^.Q^af^. We must here attend to 

4 ♦ 

what is said in Art 2 1 . respecting the minimum of . a 

quantity. 

But it is not necessiary to make the homologous terms 

each =xO, we may assume 3ay*y — 2y*xi? = 0, 4x^±'^ 

2x^yp=:0j and the condition of (^) is still answered. 

For. i= — ^t-^ and = ^j and y=z3a; sub- 

^ 2y*ar 4^ ^ ^ 

stitute this fory in {^4) and 27 a* — 9a*a?^+^ = a min. 

q 

.•. — 18a*jri+4a?*i = 0, and r* = ~a* as before. 

2 

Ex. 6. To inscribe, the greatest parallelogram 
DFGI in a given ttiangle ABC. 

Draw i?^ perpendicular to ^C; put^C=a, jBJ7sft^ 

B 



I 


/ E 


N; 


■J 


[ 1 


A 



BE=x, then BH^h-^x^ and by sim. ^Syh : a :; a? : 
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• . ' • * 

DF^ -J- ; hence, the area DPGI^ -jr x (fr — J?) = max. 

or (Art. 22.) j?x (ft — a?)=:Jjr— ^*==max. .•.ii — 2a?i=0; 

1 • ■ 1 

hence, J? =- 6 ; therefore -B H= - B jy. 

'2 2 / 

Ex. ^. Let ABC represent a cone, 'AC thedjui^nieter 
of the bas0; to inscribe in it the greatest cylinder 
BFGL 

Put )>=,785?9 &C' then (the same notation re- 
maining) it will appear when we come to treat on thte 

B 




method of Bqding the ^reas of curves, that^^ ■■ =» 
the area of the etid DEF of the cylinder; hence, the 



.a»2 



content of the cylinder =^^ x (b-x) = max. or o^ x 
(J-ar)=fc^*— a?3 = max. .\2bxx— 3x^x^0-, hence, a? = 
-^i therefore jBZf=.l 5^. 

Ex. 7. To inscribe the greatest paraUelogram 
D F G I in a g-iWw parabola ABC. 

Put BH=a, p=the parameter, x=BEy then by 
the property of the parabola, DE':xzpx^ .•. Dfi=j»M, 




and D JPac SjpM ; hence, tlfe area DpGttxap^^K(a - i)' 



MAXIMA AMD HINfUA OF aUANTlTIES. 33 



x^ X {a—x\ = ax^-a^=: 



I -i. 



=max. or x^x (a— x)=ax'- jT=max. .-. ~ax x — 
- j:*i==0 J hence, 4 = 3 ^ » or a = 3 x, .■. x = - a ; 

consequently EH=~BH. 

Ex. 8. To c«« /A« greatest parabola DEF^/rom 
a given crone ABC. 

■ Let AGC \>e that diameter of the base which is 
perpen^cular to jDGF; now E6 h parallel to AB\ 




put ^C=o, AB=b, CG=x, then A G=a—x ; and 
by the property of the circle, JDGss^aa!— a;% .'^DF 

= 2^aX'-a^i also, by sim. as, a : 6 :: x : GE=^^ ', 

hence, we have the area of the parabola = J *« 

— X S^ ax~-x' = max. hence, x^ ax — x' = max* 
wjt'x (ax-j;') = aa^— a:*=s max. ,-. 3ai^x— 4x^ii=o, 
and 3a=4x, .*. a:=-a. 

Ex. 9. To divide a gwen arc A into two parts, 
tuck that the m* power of the sine of one part, multi- 
plied into the n"" poioer tffthe sine of the other, may he 
a maximum. 

Let P and Q be the two parts, x and y their sines, 
radius being unity ; then x"x^=: maximum; hencek 
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^^n<pm~i^^yj^»»y7»-i^--Q^ and myx^=- --nxif. Now 
(Art. 46.) P= , "" 'Q= t ^ ; and asP+Q 

= ^, P+Q=0, .'. P= — Q, or . -^ = r'^ ; 
multiply this equation by the equation myi = — nxif^ and 

■ It oc 

mx ' ' J-- — =»x ., , or mx tan. Q=wx tan. P, 

.'.w ; »:: tan. JP : tan. Q,and m + n ; m — w :: tan. P+ tan. 
Qitan.P-'tanQ:: (Trig. Art. 113.) sin. (P+Q) : siiu 

(P— Q) :: sin. A : sin. (P— Q) = x sin. ^; hence 

^ ^ ^ ^ m+n 

we know the sine of the difference of the two parts of 

the arc, therefore we know the difference P — Q of the 

arcs themselves; and knowing the sum P+Q, or ^, 

we know the two parts P and Q, 

If the given arc be divided into three parts P, Q, /?, 

whose sines are a?, y, z, to find when x^y"" < is a max. 

then by proceeding as in Ex. 2. we get the tangents as 

my rij r, And the same into whatever number of parts 

the arc is divideld. , 

Ex. 10. To determine di what angle the wind must 
strike against the sail^ of a mill, so that the effect to 
put if in motion may be the greatest possible. 

Plit^=the cosine of the angle, then 1— x*= the 
square of the sine, radius being unity; hence (by the 
Principles of Hydrostatics), the effect is as xx (1—^*) 
==0? — 0?^, which is to be maximum; .\ i-3ar^Jp = j 

Ex. 11. Given two elastic bodits A and C^^tojind 
an intermediate body x, so that the motion communis 
cat ed from A toC through x, may be a maximum. 

Put a= the given velocity of Ay' w^ the velocity 
communicated to Xy and z the velocity communicated 
to C; then (by Mechanics), 



hence, a?= \/ — the cosine of 54"*. 44'. 
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j4+x : 2 A :: a : w 

X-\-C X 2x V. W I z 

.\ coinp. Ax + ar*H--^C'+CSr : 4 Ax :: a : », or 

AC 

A+X+ — -+C : 4 A ;; a : *s; now as the two middle 

' X . 

terms lire constant^ the last term varies inversely as the 
first; and as the last is to be a maximum, the first 

ACx 

must be a minimum; therefore its fluxion x 5— 



X' 



Oj hence, J?*=:-^C, and A : x :: x : C. 



Ex. 12. Given the altitude BC of an' inclined plane 
AB, to find ifs length, so that a weight P acting upon 
another W in a line parallel to the plane, viay draw 
it up through AB in the least time. 

Put aszBCy x^AB ; then (by Mechanics) the acce- 
lerating force of ^down :B^ is -— . ; hence, the raov- 

X 




n 1 . 1 T- • Ti «^ Px-aW 
mg force of the two bodies is jt — = ^ 



X X 

Px ^ atr 



therefore the accelerating force = (p,^\ ; and 

the time of describing AB varies as S/ ^ ,%r 



ac. for. 



^ Px-^afV " 



x^ 



mm. or px^aVt^ "^ ^^'^^ •*' 
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^ — ' ■■ =0; but when a fraction 

vanishes/ it's numerator =0; henoe^ 2Px^di'^2aff^xx 

Ex. 13. To find the position of the planet Fentis, 
ivhen it gives the greatest qtiantity of light to the 
Earthy the orhits being supposed to he circles with the 
Sun in their common centre. 

Let 5 be the Sun, E the Earth, J^ Venus, produce 
EV, on which let fall the perpendicular SB, and with 
the center /^describe the circular arc SA. Put a—SE^ 




h^SV^AV, x^EV, y-BV, then ABzzh^y the 
versed sine of the angle SVA\ and (by the Principles of 
Astronomy) the quantity of light received at the Earth 

from Venus varies as —^— .- ^ = max. Now 

X X x^ , 

(Euc. B. II. p. 12.) a* = 6* + a?* + 2xy, .\ y = 
j^ = (if »!*=«* - 4*) ^^ ; hence, the quan- 

tity oi light varies as 4 - ^^' = 2bx - m^ + x^ 

X* 2X^ 2p 

which is therefore a maximum; hence^ it's fluxion 

(2bx + 2xx)x 2x^'^6x^xx(2bx^m''4'xA 

4^6 — - = 0, Of it's 



22". 
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numerator 4bx''x + 43f^x- iQbx'x + Gm'x^x +6x*i:=0f 
or by dividing by 2x'x, and uniting tlie like terms, we 
have -x'-4ij; + 3ni'=0, .•.x'' + 4bx=3m^=:3a'' — 3b\ 
a quadratic, from which x= - 2b + \^ b'^ + Sa^*. Hence 
we know the three sides of the triangle ESV, to find 
the angle E of elongation. Now if a=I, 6=0,72333 
according to Dr. Halley ; hence, a: = 0j43046, and the 
angle SjE f^=3Q°. 44' the elongation of Venus from the 
Sun when she is brightest. Also, the angle ESf^ 
22°. 21'; but the angle E 3^=43°. 40' at the planet's ' 
[test elongation; hence, Venus is brightest between 
inferior conjunction and her greatest elongation. 
, For the plaaet Mercwj/,b=: 0,3171, and x= 1, 0005S, 
and the angle .S£/^=22°. 19' the elongation of Mer- 
cury when brightest. Also, the angle ESV'='J8''. 56' ; 
but the angle ESF=QT'. I3',b at the time of the 
planet's greatest elongation ; hence. Mercury is brightest 
between it's greatest elongation and superior con- 
junction. 

In questions of a geo?netrical and philosophical na- 
ire, there are frequently restrictions which do not 
iter into the analytical expression. In the analytical 
:pression, considered simply as such, the unknown 
Jnantity may be assumed of any value, and therefore 
at may be taken imthmtt the limits to which it is 
(confined by the question. When it's fluxion is there- 
"ire made equal to nothing, that equation may con- 
in, besides the roots which are applicable to the 
[uestion, others which are not applicable; and if 
tne of the roots be applicable, it shows that the 
aximum or minimum of the expression do not lie 
within the limit of the unknown quantity, as con- 
'fined by the question ; in which case, the roots de- 
duced from making the fluxion of the equation = 0, 
can be of no use. In the present instance, the ex- 
pression 4b —5 {A) for the quantity of light ; 

and putting it's fluxion =0, we get x = - 2 6 ± 



I 
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^ b^ + 3 a* ; but it is only the root x = - 2 6 + 
V' A^ + 3 a* which is applicable to the question, as this 
is a value of x which lies within the limits of the 
question; and it gives the ex pression { A) a maximum. 
The other root x~ — 2b~^ b' + 3a^ being negative, 
which X never can be, cannot be applicabie to the 
question ; but it nevertheless gives the value of (vrf) 
when a minimum. But although, when we make 
[j4)=0, the roots of the equation do not give the 
points in the orbit where the light is a minimum, 
that is, the superior and inferior conjunctions; yet 
if we suppose i: to be confined to the limits of the 
question, or to represent Ef^, and f^ to move round 
in the circumterence of the circle, in the two con- 
junctions i=0, and we still have (^)=0 for those 
points. The equation therefore (A) = is, under the 
above restrictions, true for those points, because x = 0, 
and not because the roots give those points. Whilst', 
in general, a maximum or minimum of (ji) lie within 
the value o( x as restrained by the question, the roots 
of (.^)=0 will give those points; otherwise, not; 
and the maxiinum or minimum in the question must 
in the latter case be sought for, by considering, when 
the quantity which is to be a maximum or minimum, 
ceases to increase or decrease, according to the re- 
strictions of the unknown quantity. In the present 
instance, it is wben x = 0, or in the two conjunctions ; 
for had (A) decreased and then increased between the 
maximum of light and either conjunction, there would 
have been a root of (/)) = O which would have 
shown the point where the light was a minimum ; 
but as there is no such root, it shows that (A) 
must decrease till the planet comes into each con- 
junction ; and as (j4) then increases again by the same 
steps by which it decreased, the light at those points 
mtist have been a minimum. These observations 
appear to be of some importance, as they tend to 
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' remove difficulties which might otherwise arise in the 
maxima and minima of quantities which are under 
certain restrictions; for it miffht naturally be asked, in 
the present question for instance, why does not the 
Lcquation (jj) = O give three roots, one producing a 
loiaxiinum and the other two the minima of hght, 
Jthere actually being such points in one synodic re- 
Volution of the planet ? 

For a superior planet, the maximum of light is 
I evidently when tlie planet is in opposition, the whole 
l&ce being then illuminated, and the planet is at it's 
I nearest distance. Now to find whether the quantity of 
E'light becomes a mimmum in going from opposition to 
iconj unction, we stilt have -t = — 2 A + \^b- + 3a'. Now 
is less than b, b" + 3 a' is less than 4 5', and 
r v i' -r 3 a" is less than 2 b ; hence, x (= - 2 A + 
I v/ A" + 3 a') is negative ; and the other root is ma- 
Inifestly negative; which not being possible for x, it 
appears that there is no viinlmum of light in going 
rfrom opposition to conjunction, but that the quantity 
lof light continually decreases through that part of the 
[orbit. The expression {A) does not pass through 
rit's maximum and minimum in opposition and con- 
Junction, for the reason before given, and therefore 
nhe roots of {A) = cannot give those points. 

If h — a, x=0, and ^^ coincides with E, '» 

It sometimes happens, that both the maximum and 
I minimum take placp when .r=;0 from the nature of the 
[figure, and not from a root of the equation. Let a 
f body move in straight lines from one focus of an ellipse 
I to the curve and thence to the other focus, to find when 
I the whole time will be a maximum and when a mini- 
■ mum, the velocity in the first line being to the velocity 
in the second as a : 6. Let m — the major axis, x = the 

first line, m-x= the second ; then a : x :: I" : - the 



J 
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time of describing Xj and b : m — x :: \" : — r — the time 

of describing m—x, the velocity of the body being 
measured by the space described uniformly in l"; hence, 



or min. or bx + n 



-ax =rnax. or 



r 

I 



min. .'. bi-ax=:0, or bx=ax; but as b is not equal 
to a, this equation can happen only when x = 0, which 
takes place at the extremities of ihc major axis. If a 
be greater than b, thje max. takes place at the further 
extremity from which the body set out, and the min. at 
the nearest extremity; the contrary if J be greater 
than a. 

Ex. 14. Let Q be an object placed beyond the prin- 
cipal Jocus Fofa convex lens; to Jind it's position, when 
ifs distance Qq from it's image q, is the least possible. 

PatQF=x, FE = ai then (by the Principles of 

(x+a)^ . , 

y=i '- = a mm. hence. 



Op&ea)x ; x + a :: X-\-a : 



aix (x + o) Y x—.iy. (x + ffl)' 



'■Ji 



:0, and by as- 
suming the numerator =0, and dividing by a: + o, we 
have 2xi: — xi — ax=:0, or x — a = o, .\x = a. 

Ex. 15. To Jind tJte Sun's place in the ecliptic, 
when that part of the equation of time which arises 
from the obliquity of the ecliptic, is a maximvm. 

Let Ay he. the equator, A ff^ the ecliptic, S the 
Sun's place, and 55 perpendicular to AV; then this 
part of the equation of time is the difference of the Sun's 
longitude AS and right ascension .(^S, turned into time. 
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Put ^ as COS. of the angle A=i23^. 28', x ss the tangent 




■ \ 



ofAS^' thenby Spher. Trig. rad. =r 1 : * :: a? : tan. bf 
ABmSx; hcnc6, by Plane Trig, the tangent ()f(^S^ JB) 
• xs3f ._•■■■"•; •"■ X ' X 



=(' -*) ^ TT^^ = 



= max. or 



= max. 



. *., n ' 'XX (1+SX^)'^2SXXXX ^ " . 

•*• it 8 fluxion ^- ' 5 == 0; hence, the 

numerator x + sx^x - 2sx^x = 0, /. 1 -^:f* = O, and 




x;^Y - w 1,04416, the ta«. o£46^. 14'. the Suns long. 



when this part of Jthe equation of time is a maximum. 

If we retain 1^'in the denominator for the square 
of radius^ as the trigonometrical theorem gives it, 
then 1 -r-^^gsO becomes l*-^*jf*=0, and «a?* = l* sx 

rad.T* \ that is, t an, A S x tan, AB ;= radTj* ; but tan. 
AS X cot. AS=tmd.y i therefore tan. -rfJB=cot. AS; 
hence, 4S+AB = 90''. 

Ex. l6. Given the base Clk of ah inclined pldifte 
AC, tojindifs altitude BA, when the time of the 
descent of a body dofvn the plane is the least possible. 

Put a = CJ8, x= JB-4, then Ja^^x'^^ACv and 

W 1 • . - < " 




t . ' 



.\ > 



\/a^^x^ 



(by Meehanics) the time down A C varies as ^ ~ ^ 



It 



32 MAXIMA AND MINIMA OF aUANTITIM^ 

which is therefore a minimum, or ^ is a mini* 

x 



, 2 J?JcXx-ix(a*+^'') ^ .., 
mum ; hence, r — ^ • = O, or it s nume* 

X 

rator 2x^x^ a^x - a?* i = O, therefore a?* = a*, and x= a. 

Ex. 17. Given /Ae io^e CB, to find the perpendU 
Gie/ar; BA, fie^A iJiat a body descending from A toJA^ 
and iken\desiiribing HC tvith the velocity acquitted, the 
time through A B and B C may he the least possible^ 

Put w =5 16 \ feet, a=CB, x=:B J; then (hy 

'"•^ ••• • • ■ ■ " ■.- ' 7T ■ '• .'•■"' 

Mechanics) the time down AB=i\/ — ; also, with the 

velocity acquired at B continued uniform, the body 
vi!puld describe^ l2w^jB^> or 2igf in the same time; hence^ 

as the space described with an uniform velocity is as 

■ I •■(•*',■ / •■•',■. * * 1 ■ . ' ^ 

gmmmm^ m^m^^ mm^m^t^ 

the time, $0? : « :t \/-f. :-^ x s/^ "^^ay^ \f '— 
the time of ide^cribing BC\ hence, thfe whole time 




5^ ' \ 4/^ . 1 -i 4/1^ 
mx" • ^ m ^ /^ m 

• • i . 1 -4 • 1-4.1 -3 1 

ii^mimum, or 07 + -i»a? ^=: mm. .% -a? 2^— . aa; "^ar 

= 0, orAr^i — lao?^"^ ; hence^ a? =s -a. 






Ex. 18. Criven the base C1& of an inclined plane 
AC, tojind iVs altitude BA, such that the horizontal 
velocity of a body at C after descending down A C, may 
be the greatest possible. 

Put a = CB, X = BAy then CA:= ^J c^ + x'i now 
(by Mechanics) the velocity at C is as \^ x, and by the 

resolution of motion \/ a* + a?"" : a :: v^ a? : >, ^^ '^ , 
which is as the vetecity at C in the direction SC, 
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ivliich is to be a maximum ; or 



x 






a+a; 



-.» 



^s a maximum ; 



= 0, CM* the numerator a*^ + 



• 

Ex, 19. Given the solidity of the cone^ to find the 
base and height^ when tJie time of ii*s vibration shall 
be- a f^inirnuvfii supposing the point of suspension to 
be the vertex. - - '^ > 

Put j,f = radius of the base, a: = the altitude, \p =3 
3,14169 &c. then ipxy^^s^ and (Ex. 11. Prop. 30.) 

■ ■'^ / = the distance from the point of suspension to 
the <;entre of oscillation = minimum. But y* = 



iP^ 



4j?H 



2a 

X 



4a?'-h2a 



= min. 



=i (if 7--^2a>— ; hence, 

iP oc bx 5x* 

,12a?*ix 5a?*— lOxi^x (4x^ + 2 a> ^1 
and -—J i^ — 1 = 2 hence, x 

25 X* ' 




2a|2 



vi;-^ 



.i. 



X : y :: 1 : v 2. : • 

Ex. 20. Tojind the longest straight pole that cah 
be put up a chimney. ^ 

Let AS represent the floor, BC the back of the 
chimn^, -^.the edge of the mantle-piece. Now th^ 

C 




A P R B 

longest pole PO which can be put up, is the shortest 
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line PMO which can be drawn through M\ for any 

line longer than that, never can be brought into 

that position, but that pole can be put into any other 

position, every other line drawn through M being 

longer than that. Draw MR perpendicular to AB, 

and MN to BC. P ut a = MR, b = MN, x = PM, 

then PR=\/ x'-a^, and •>/ x" - a" : x :•, b : MO = 

hx , hx n^ • . . 

= ; hence, x +—-=== == PO amin. and ;r+ 




o, multiply by 
and we get (x* — a') x tj x'*~-€^ 
■^ = ic', and x = 

V fi'' + a^br , and 



P0= V fl' + b^ar + Vi' + aH' the length of the 
pole. 
Ifa=J, PO^a^'aa. 

Ex. St. Let A be the vertex of a parabola AZ 
whose axis AY is perpendiciila?- to the horizon, C ant/ 
given paint in AY; to Jind the line DC of quickest 
descent from the cin-ve to C, aiid CD' the Richest 
descent from C to the curve. 

Draw DB, D'B', CE, perpendicular to Ay, put 
AC~a, p = i>araineter, x^=AB, y = BD, then /jj;=y', 
pa=C£^; also, CB = a-x\ and by Mechanics, di« 
DC \/px + (a~x)* __. 
>/ BC ^a-x 



time down DC \i 
px+ {a - .r)" 



= nun. or 



I — X = mm, 



_. px X {a — x)-\rpxx 

{a-xf 
= -J pa, :. X 



— x = Q, or (a — :c) =pa and a — x 
7a, or AB ^ AC- CE. 
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In like manner^ if x=ARp we find si!:=zAC+CE, or 
AB^AC+CE. But AB^AC^CB, and ^jy= 




AC^CB'j r. CR^CE^CB. Hence, with the 
center, C and radius CE describe a circle cutting CJT ijfi 
B, jff, and draw the ordinates BD, Bf U^ and DC^ 

CD are the lines required. . . .. \ 

When CE becomes equal to or less than AC, AC 
will be the line of the shortest descent to C 



Let m B hyp. log. x ; then as ^ ae max. it*s hyp. log. 
18 a max. or m^ = -^ =;: max. and the hyp. log. r-^ = 
max. that is, hyp. log; m— hyp. log. of, ot hyp. log. 

— mx = max. ; hence, mi — xrh = 0. But (Art. 



m 



\ w 



" • ' 

45.) m = -; therefore — -— i — mi^O; hence, w'j?+ 
^ jp mx 

i!M?=l. Put m=:t;-it;'+4.t;5-&c. then (Art. 103.) 

{v - ^t;* +J.V3 ^ &c.)» + (v - !?;« + ^y - &c.) X 

(l+f;) = l; and by the reversion of series ( A Ig. Art. 

343.), t; = .56, and x=: 1.56 the required value to produce 

ftf a maximum, 

P 2 
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Ex. 23. If AD bed pctriabbla whose v^tex is A> 
and axis AZ 'pdrulMto the hdriz^n ; to Jinik at what 
point C a body falling from A will strike an hori- 
zontal plane with the greatest force. 

Draw the tangent E C meeting the axis produced ; 
put x = AB, J/ = BCy p ;= parameter^ then E C =^ 




^ 4x"^ +y'=s/ 4 0^ +px; and if m = l6^ feet, the 
vdocity at C=:iy 4my^'^ 4mp^x ^, a,nd thi e velocity 
k m the dit'ectidn EC, hence, V 4J^ + px :\Jpx >: 



■ 3 •• ■ •••';: 



s/ Amp^i^ : ^inp^x'^ ^ .velocity in the direction 

EC. which is to be a max. or — ^ = max. hence, 

Ax-\-p 

\x-\x>.{Ax^p)^^Ax\x ^ ^^ ^^^ ^^^^. ^^^^^^^ g 

is the foois of the parabola. 

Ex. S4. Given the length of a mavCs foot, and the 
distance of his heels; tofnd '^^ position of his feet 
when he stands the firmest. 

Let AB, CJH represent his feet, AyC, liis heels, then 

B E 



1. 



1 1 1 
\ i 




he is supposed to stand firmest when the area ABDC 
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m 



18 the greatest. Draw AE perpendicul ar to BD ; put 
AC^a, AB^b, BE—y, the n A E = ^ / <)>^-y% and the 
area ABDC— {n+y) x a/ 6* — y* = max. hence, 

y„/T^^^^M = 0, or 6»-y«-ay-j^=0,aftd 

y = - I a + V i y + TVa'. Hence, ft : - Ja^- 
^/iF+P^ :: rad. : sin. 5^£. 






If a = 0, or the heels touch, rad. : sip. BAE 

1 : sF¥\ hence, BAE^=' 45**, and the feet stand 
at right angles to each other.. 

Ex. 26. To turn down the comer of the le(tf of a 
hook to the buck, so that the part turned down may 
he a miiiimum. 

■, Let \ABJjM iJe the leaf, ADF the triangle turned 
down, so that A may fall at C in LjB; join CF, DF, 



.\ ' 




bisecting ^C'in -E, and dravr^ 6 perpendicular to 
A By then AG^\AB. Put AG=a, AD^Xy then 

EA^e^^^y JBD'=«*X«— a]*; and by similar triangles. 



3 



xixx-a]* : X :: x : DJP'=":=ri ; hence, the area 
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A DF » - j^ ■ ■ ! « mih. or -.5~ « mm., liiarefdre 



' v ■"-. w ^—'g 0, aud a: = --r-; hence^ AD . i AK i: 
2 : 1, and4:he angle C^J5=30^ 

To find when the length of the line D F in «the 
least, we Have - . i = min. and hence, x « •— . and 

the angle CAD::^ 35^ iC 

£)x. 26. Ler A B 6e a given straight Unf fo which 
xy is paralkl ; draw the straight lines AD, QC, and 
let a body move through AD, DC^ CB, with given 
velocities a, b^ c, req)€Ctivefyyin the least titke possible ; 
to Jind the points H, C 

Put x=AD, y^BC, %^CB, and draw DE, CFy 
perpendicular to AB^ and let AB = m, DE^ CF^ d ; 




then AE^^a^-d\ FB=^/F^, and ^a^-rf8 + 

y+A/«*-ci^«i» ; alfio^ a t J? 12 1" : - th^ ttioie through 

n . 

^I>, and in like manner, \, ^. are the timi^s through 

DC, CB respectively ; hence, - + ^+ - =s min. make 
y and a; vary together wbikt z remain constaiit^ and we 



i. 
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get -+^=.0,— 7===s+y=0, .•.y = — — = ^- ^ - i 
and jpss 1,1 ^ ; and making ^ and 2 vary together^ 

we get 2?= y Now it is manifest that J5, i^ 

must lie between ^ and B ; but if a and c be each = h^ 
s and )2; become infinite ; a and c must therefore be li- 

mited in respect to b. Now ^J5 ( = ^Jaf^^d^) = „ » 

DF(=V5^-^ = ^^; hence, ;^+y + 

' y -^ I „ = w% and ■ .., — — =■ + > Luti = m — y. It 

&ltow8 tbesefore, that a and c must be so limited as to 

give yiij^ 4- MTT^ ^ a quantity equal to or less 

than m. 

Lemma. Take SC 2 CH :: a : b, and CO : SC :: 
CH : SC — CH ; and with the center O and radius OC 
describe a circle CPD ; then SP 2 HP :: a : b wherever 
P is taken. 

Prom the last proportion CO : CH :: 80 : SC; 
hence, CO (PO) : SO :: HO : CO {P0\ therefor* 




the sides of the triangle^ POH, POSj about the com- 
mon angle O being proportional, the triangles are 
similar, and SP : HP :: SO : PO {CO) :: SC : 
CH :: a : b. 
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Ex. 27. Let there be two lights at S and H in the 
ratio qfm: 1 ; tojind the point C between them where 
the least light is received ; and the locus of all the 

points where a proportional quantity/ is received.- 

■ "» 

The quantities pf light received at C from S and ff 

m I - m ' 1 ..1 

^^® ^^ S&* • Jj7j2* ^^?^^9 ^^ +j7^=^^^* there- 
fore — T77>T— — TfT^ = ^j but as SC + HC is constant^ 

SC + iyC=0, and *SC= -//C; hence, ^ =^^* 

and SC : JETC :: m^ : l. Having. therefore determined 
C, take CO : SC :: ^C : SC-^HQ and with the center 
O describe the circle CPD, and it*s periphery will be 
the locus required. For by the Lemma^ SP : HR :: 

SC : HC, :. ^ : jgr^ . :: jrp : •gp , and ;5pi : 



trpx -'^upi' jjjTi which are as the quantities of light 
from S and JBT at; C. 

When a quantity is a maximum or minimum^ it 
frequently shortens the operation to assume it*s 
lo garithm a m ax. or min- . For example, to find when 
f^x^^ax + b X ^m-a^ is a max. or min. assume 
lo g- s/x^^ax + b X y/m — x^ a max. or min., or log. 

^x^'-ax+b + log. y/m-'X^ =r max. or min. ; hence, 
^ 2 XX— ax Sx'^x _ 

x^-ax+b m^xr 

Ex. 28. Tojind when (A) a'- 18j?' + 96x-20 
becomes a maximum or minimum. 

Assume the fluxion ^ O, and 3x^x-36xx+96x 
^3 XX (x'^'^l2x + 32) =s: O; hence, J? =4 or 8. Now 
to determine which value gives the maximum and 
which the minimum, find whether the value of the 
fluxion, just before it becomes =0, be /wwViVe or negative i 
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"if positive, the succeeding root gives a maximvm; \i ne- 
gative a minimum ; for whilst a quantity increases it's 
fluxion is positive ; but when it decreases it's fluxion 
becomes negative, by Art. l6. Now as Aix{se~4)x 
(a;-8)=3ix(a;''- 12x4-32); when .i- is less than 4, 
each factor being negative, the value of the fluxion 
is positive, therefore the root 4 gives [A) x^ — 18x" + 
96 ,r — 20, a maximum ; and as, when 37 increases 
fiom 4 to 8, one factor is positive and the other nega- 
tive, the fluxion is negative, therefore the root 8 gives 
{A) a minimum. When we say that by making 3; = 4 
it gives {A) a maximum, we mean that {A) first 
increases till x becomes 4 and then it decreases, and 
not that it is then the greatest possible; for by in- 
creasing a; after it exceeds 8, the value of {A) in- 
creases sine limite. And in like manner. {A) decreases 
"iihilst X increases from 4 to 8, and then it increases, 
»d therefore when a; = 8, {A) is said to be a mini- 
mum, not that it is then the least possible, for by 
lecreasing x below 4, {A) will decrease sine Umite. 

We have here supposed x to increase ; if vre sup-r 
ose X to decrease, and first assume it greater than 8, 
len as x decreases till it becomes 8, each factor x — 4, 
p — 8 being positive, the product is positive, and there- 
^e it might appear that the root 8 ought to give 3 
liaximum ; but as j; is a decreasing quantity, it's 
xion (i) is negative by Art. 16 ; hence, 3xx (i — 4) 
( (x — 8) is negative till x becomes 8, and therefore this 
ijOt gives (A) a minimum j and whilst x decreases 
■om 8 to 4, 3 ix (x-4)x (x — 8) is positive, and there- 
_jOTe 4 gives (A) a maximum, agreeable to what was 
before determined. This instance shows the necessity 
of attending to the signs of the fluxions of increasing 
and decreasing quantities, without which we might 
lave determined (A) to have been a maximum when 
t is a minimum, and a minimum when it is a maxi- 
mum; for it is merely arbitrary whether wc suppose 
B to increase or decrease, 
WUeH all the roots of the fiuxional equation are 




■J 
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impossible, as no possible value of x can make the 
equation = 0, it shows that by increasing x, the given 
quantity increases or decreases sine Umite, therefore it 
admits of no maximum or minimum. 

It may happen that the fluxion may be = 0, and yet 
the quantity {A) may not be a maximum or mini- 
mum, which takes place when two of the roota of the 
fluxional equation are equal, because in that case, the 
sign of the fluxion is the same both before and after the 
equation becomes = o from the substitution of one of 
the equal roots. For let the given quantity be se* — 
iGjF^ + go j'— 2163;, whose fluxion is Aa? x — 4%x'^x 
+ \%OXX — 216^ = 4 i X {x'' - \2x''+4bx~54)=4x 
X {jr— 3)x (x— 3)x (j:-6). Now just before x = 3, this 
fluxion is negative, and just after x=i3, it is also 
negative ; therefore as the fluxion continues negative 
whilst x passes through 3, that root does not give {A) 
a minimum ; but as the fluxion passes from negative 
to positive whilst x passes from less than 6 to more 
than 6, the root 6 gives {A) a minimum, it's fluxion 
after tliat time being positive, shows that {A) then be- 
gins to increase. 

Let the fluxional equation have three equal roots, 
asinix (x-fl) X [x—a) x (x— a) x {x — h), and let a be 
less than b. Then it is manifest, that when x is less than 
a, this fluxion is positive, and when x passes through 
a and lies between a and h, the fluxion is negative; 
therefore x = a gives {A) a maximum. Hence it is 
manifest, that, in general, when the fluxional equation 
has an even number of equal roots, one of those roots 
gives {A) neither a maximum nor minimum ; but when 
it has, an odd number, that root gives {^A) either a 
maximum or minimum. 

Ex. 29. To find the value andpositton of the greatest 
and least ordinates of a curve, whose equation wy=x' — 
px' + qx — r, X being the abscissa and y the ordinate. 

Take the fluxion, and ^=:3x^x—Qpxx + qi; but 
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when y becomes a max. or min. y=:o ; h ence, 3 jf''i- 
.V. 



Spxx + gi*: 



lequently x = 



values of the abscissa corresponding to the required 
ordinates ; and if these values of j; be respectively 
subt'tituted into tlie given equation, the values of 
the ordinates themselves will be known. Which of 
the values of x gives the ordinate a maximum and 
which a minimum, may be found by Ex, 28. If 
/) = !$, 9 = 60, r—lO, then x—2 and 10, the two 
abscissae; which substituted for x in the given equa- 
tion, give 46 and - 210 for the two ordinates, the 
latter of which being negative, shows that the curve 
at that point lies below the abscis'sa. At the greatest 
and least ordinates the tangent is parallel to the abscissa 
(Art. 23). 

But there are other oases when the ordinate becomes 
a maximum or minimum, that is, at the point C of a 




curve, where the ordinate BC is a tangent at Cto the 
two parts CE, CD of the curve continued on both sides 
of C. When EC, CD, are concave to the abscissa, 
^Cis a minimum, when convex, a maximum. In cases 
of this kind, we must find when the fluxion of the 
ordinate becomes equal to the fluxion of the curve ; or, 
when the fluxion of the ordinate becomes indefinitely 
greater than the fluxion of the abscissa. 

These are the rules for finding the maxima and 

minima when the tangents are parallel or perpendicular 

J to the abscissa. But if C should be the point of con- 

I frwy flexure of a curve, and a tangent at C should be 




u 
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patallel or perpendicular to the abscissa^ thiese » rules 
will not hold, because the ordinates will then continue 
tQ increase thrdugh the point C. 



to DRAW TANGENTS TO CURVES. 

1 . . ■ : • a; . V :• 

' Prop. X. 

t . • ■ ■.•."■ 

• ifce^ the curve ACZ be described hy the- extremity 
ojp the ordinate BC, which nwues parallel to itself and 
varies in ifs length ; to draw a tangent to the curve 
at aim point C 

(23.) Let TCf^ be the required tangent ; draw any 
other ordinate Dr and produce it to s; draw aUo CE 
parallel to BD; join cy, and produce it to / iand JF; 
produce also CJS to any p6int 6^ and dra v^ Gmn pa- 
rallel to Es. Now let Drs move up to BC, then by 
the motion of r, the line fVrCt will revolve about C, 
and when r coincides with C, it ceases to cut the curve 
between C and Z, and it does not cut it between C 
and A, for to cut CA, Ct must fall below CT^ and 
consequently CIV must lie above CVy or r must have 
passed Sy which it cannot have done, as r has been 
continually apprpaching to s and only now coincides 
^ipithit; therefore when r comes to C, the line ff% 
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ebasitig to cut the curve, roust become a tangent^ and 
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consequently WCt will then coincide with f^CT. Now 
(vhilst the abscissa .4B by incieasing becomes j4D, the 
ordinate BC becomes Dr; hence, the increment of the 
ordinate BC is E r ; and, by similar triangles, the 
increment CE of the abscissa : the cotemporary in- 
crement Er of the ordinate :: CG : Gm. But when r 
arrives at C, WC coincides with f^Cy and consequently 
m must coincide with n; hence, the limiting ratio of 
the increment CE of the abscissa to the increment Er 
of tile ordinate, is that of the finite lines CG : Gn, 
which (by aim. trian.) is the ratio of CE : Es, 
taking DEs in any situation before it's coincidence 
with BC; hence, by Proposition II., if CE represent 
the fluxion of the abscissa, Es will represent the 
cotemporary fluxion of the ordinate. Put ^B = x, 
BC—y, then BD=CE=x, Es—y ; and as BC h pa- 
rallel to Es, and TB to CE, the angle TCB=CsE, 
and CTB=sCE, consequently the triangles T B C, 
CEs are similar ; hence, y {Es) : x {CE) :: y {CB) -. 

BT=^; therefore set off BT=:^, join S'and C,and 

TC will be a tangent to the cui-ve at C. If y decrease 
whilst X increases, then y becomes negative by Art, l6. 

and consequently '4- , or B7\ becomes negative, which 

shows that 7" lies on the other side of B. See Algebra, 
Art 474. 

When y = 0, BT becomes infinite, and the tangent 
becomes parallel to the abscissa. 

Def. The line BTis called the suhtangent. 

EXAMPLES. 

Ex. 1. Let the curve AC be a parabola, that is, a 
curve whose abscissa varies as any direct power of the 
ordinate i to draw a tangent at the point C. 

The equation expressing the relation between x and 
y is ax=y'', for then x : y'^ :: I : a, a constant ratio. 
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Tabe the flii^i^n of both sides of the eqnatioii, ai;4 we 
haveairrnw^""*^; hence. - = -^ — -• /. jBTsaraU -- dBL 

=na?. bipcause'i- =ap. 

• a 

IS n^ 2> jt is the coaimon parabola^ and JBT ^'%9: 

fix. 2/ 7b draiv a tangent to the ellipse ACPDE» 
at any p^nt C. 

Let ^2> and PJS be the two axes ; . put AO^(»f PO 
^h, AB^Xy BCziiyi then BD=2a^x\ and Ir^r th^ 

property of the ellipse, a' : ft* :: (2 a- ar) x J? : y*?P=-^ x 

b* ' 
(2aa? - «*) ; take the fluxions, and ^x(2ajc— 2jpi) = 2^, 

multiply both sides by -^ , divide by 2 which is com* 



mon. 



• ^ • • •' 

an,d also by a— j?, and i= tt x -^^, .\ -^ «: 
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^J ^^^^L^ 


l^r ^^^ *m 
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.....^^ 


^y^^ 
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£ 



gx-^; hence, 5r-#_gx-i^ = i£fllf, 

* •' ■ -ft* ■' ^. . \ .1 .' " . 

^y 9ub6tituting -- x (2aA— j?*) fory*. 

; As this value of TB is independent of J, or PO, 
if we take pO^AO, ^o that -^/) I) maybe a circle. 
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and produoe BC to c, cT vrill be a tangent to^lp« 
circle. If B be between O and D. so tm^^wfailst'^ 



increases y decreases, then jf becomes negative by 

Art. 16. ai]id ddxiseqUeDltly ^ is n^tive^ which shows 

• ■ • y - 

that the subtangent BT lies the'oth'er way from B. 
If j? = J&0, then J&C= y/a^-^x^, and a* : $' :: 

a*— X* : y*=-; X ^o*— ar) ; this equatipn is sometimes 
more convenient than the other. 

Ex. 3!.' To draw a tangent to the hyperbola AC, 
whose major axis is AH. 

Bisect AD in O; put AO^d, the seMi-axis minor 
=sft, AB ^ x^ BC=2/; then by the property of the 

ft* 
hyperbola, a* : 6* :: {2a +x) x a? : y' = — x (2ar+a?*), 

which is the same equation as for the ellipse, except that 




2ax+x^ 



the sign of ar* is here positive ; .*. BT=s 

* 

UBO^Xy then y'=- x (a?*-a«). 



o+a? 



Ex. .4. To draw a tanged to th6 Cissoid of Diocles^ 



x« 



whose equation' is y* == — — (Pr. 20. Ex.. 7*) 



a — X 



Take the fluj^on, and 2 yya= , * — m 'f, c ' ■ '," = 
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■■ ' ,: ' ■■ ^'" ? *»«"*^«* .^ = 3aa^-3i3 ' ' • -^-f— 



3ax^-2x^ a— a? 3a3(?—2x' 3a-2a? 

Ex. 5. To draw a tangent to the catenary curve. 
The equation of this cur ve is ax^=^z y (Prop. 130.) ; 

hence; Sr=^ » ^ = y^^^l5£±Z. 

y a _ [a 

Ex. 6. To^ draw a tangent to the logarithmic curve* 

Here the equation is (f^y (Art. lOg.) ; and if -4 
and^ 1^ be the. hyp. logs, of a and y \ then xA ^- V; 

hence, Ai=Y=^ (Art. 45.), therefore B2' = •H= -y. 

Ex. 7* ^0 ifrati; a tangent to the curve whose 
equation is x*=y. 

If X and Y be the hyp. logs, of x and y, we 

have xX-ri^Yy and xX + Xx = Y\ but (Art. 45.) 

• • • 

X = - and Kss— ; .*. « + -Yia; il , or vi + yJTi 
* y . y' ^ 

=^; hence, 5T = ^= -7i^£-^= _-~. 

y yx+yAx \-\-X 

. • • 

Ex. 8. To draw a tangent to an hyperbola between 
the asymptotes. 

Here iy=a*, therefore (Art. l6.) yi— j?a/=0,and 

yissus^; htoce JBT= ~-i=sx, which being negative 

Of 

(because when xxs + , y is — ), shows that T lies on tHfe 

other side of the ordinate in respect to the abscissa. 

f24.) Draw CN perpendicular to the tangent^ 
ana it is called the normal, and NB the sub-normal. 
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Now the trfangles TBC, IVBCare similar; hence, ^ 

■■■■■.■'■■ •. ■ . • ■ y 

(TB) : y (BC) y.y .BN=W the sub-normal. Also, 




h^nce, CiV;;=^ x - "^ ^^^^ the norma/. 



Ex. Zre^ /^ etirt?^ fe a parabola. 



— 1 



a 



.BI^ 



Here ax-^i .\ ai^nn'" 'y, and^ = ^ 
fe = 2, BN=z-y a being the /afii^ rectum. Also, 

3 



In the common parabola, where 



Ci>r=v/y.+ i^. 



In an equilateral ht/perbola, the sub-normal = J?0 
(Fig. Ex. 3.). 

(25.) If t*«ro quantities begin together and increase 
uniformly, one by x and the other by mx^ m being 
constant, then, by the Composition of Ratios, th^ 
quantities generated will be in the ratio of J? : f^x, or 
as 1 I m, a constant ratio. 

(26.) If J?C move parallel to itself, and u4B 
and BC increase uniformly, the locus of the point 

• E ■ 
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C is a straight line. For let BC come into the posi- 
tion Ds; then as ^B and BC begin together and 




I 



I 



increase uniformly, they have always a constant ratio 
to each other, by Art. 25; therefore AB : BC :: 
j4D : Ds, which is the property of similar triangles; 
hence, ACs is a straight line. Also, as BC is parallel 
to Ds, AB : AC :: BD : Cs; but AB : AC'm a constant 
ratio ; if therefore BD the increment of the base be 
constant, the cotemporary increment Cs of the hy- 
pothenuse must be constant, or if the former increase 
uniformly, the latter will increase uniformly. Hence, 
the two uniform motions of C, one in a direction 
parallel to AB arising from the motion of BC, and the 
other in the direction BC, generate an uniform motion 
in a right line AC. 

(27.) The fluxion of the curve line AC, cotemporary 
with CE, Es (6gure to Art. 23.) the fluxions of the 
abscissa and ordinate, is the space that would be de- 
scribed by the point C with it's motion continued 
uniform for the time in which CE, Es are described. 
Now the motion of C arises from two motions, one 
by which it is carried parallel to AB by the motion of 
Be, and the other by which it is carried in the direc- 
tion BC by the increase of BC; and (Art, 26.) the uni- 
form motion of C is determined by making these two 
motions become uniform ; but when these two mo- 
tions become uniform, they arc represented by CE and 
Es, by Art. 23. and these two uniform motions pro- 
duce a cotemporary uniform motion Cs, by Art. 26; 
hence, by Prop. 1. Cs will represent the cotemporary 
fluxion of the curve line at the point C. 
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To DEAW ASYMPTOTES to CURVES. 



DEFINITION. 

. (28.) If a right line^ intersecting the axis of a curve 
fit a finite distance^ continually approach the curve^ and 
arrive nearer to it than by any assignable distance^ 
but indefinitely produced never meets it^ it is called an 
Asymptote. 

Prop. XI. 
To draw an asymptote to a curve. 

(29.) Let SDIV be an asymptote to the curve ACi 
tfaeil^, by the definition, we may consider the asymp- 
tote Sir as the limit to which the tangent approaches, 
wh^n the abscissa AB is increased . ^ite limite. Draw* 
AE parallel to the orditiate BC produced to /), and 
let TC be a taagent to the curve at C. 

Put ABsx, BC=y; then by Art. 33. BT^'^i 



hence^ A^T^^^ — x. From the equation of the curve, 

find the value of this quantity when x and y are infi* 
mte, and if it then be finite, the curve admits of an 
Asjonptote SIF^ and the value of AS is obtained. 




Then having computed the value of BT^ find the pro* 

E3 
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portion of TB to BC; and to get their limit, make Jg 
and y infinite, and you get the proportion of SB tQ 
JBD, because the limit of TB to BC is SB to 
BD ; but, by similar triangles, SB : BD :: SA : AE, 
the ratio therefore of 5-4 to -^JE is known, and as AS 
is known, AE is known; therefore the point E is 
determined ; draw 8Ej and produce it indefinitely, and 
it will be the asymptote* 

' "' * ■ ... 

, EXAMPLES. 

Ex. 1. Let AC he the common hyperbola. 

Here, by Ex. 3. Art. 23. JBT = ^cx + ai' ^^^^^ 

■ •>" 

fore AT =:^ xzz — — , the limit of which, when 

a+x ai-x 

a? is infinite, is — =a^AS ; hence,, S is tjie centre of: 

h • ' ' •' ' ' 

the hyperbola. Now BC^^-x \/2ax+a^^ and JBT= ' 

• • - • ■ • . . ■ -. • - 

^ ^ ; hence, i5r: gC;: ^ . ■ : -^s/TaxT^, 
a+x ' ' a+x a ^ • • 

the limit of which (when ;r becoiiies.4nfinite) is as a? : 

" XX :: a:b :: BS : i5Z) :: AS : AE ; but AS^a, /. 

AErrzb ; hence, draw ^JS parallel to BC, and take it 
is 6, join SEf end produte it iftdtifinitely, ajrid it will be' 
the asyinptbte. '■ :^' ' 

Ex. 2. Let tlie equation of the curve he y' =ax'+x*. 



Here 3y*y = aaxx + 3a;'i, and BT = ^=: 

y 

3v* 3ar*+3x' , _ _, ^, , 

2<Mr + 3x'=5ix+3F5*^*°' 5C=y = V^iM^; hence, 

fiTt^C:: J— J^ ^^/oFT^, the limit of which 
{when X becoojes infinite) is x : x : : 55 : BD :: 
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SS 



AS I AE; V. AS=AE. But ^r= !^'^'"*":^'^ -<t^ 



ax* 



Sax+Sx' 



2aa?+3x* 
, the limit of which (when x becomes infinite) 



is ^=zAS; hence, AE=^-- ; take therefore AS^:-^ and 
3 . , 3 - 3 



a 



-4JS=,-3 join SE, and produce it indefinitely, and it 

will be the asymptote. ' . ^ 

Ex, 3. Let the equation of the curve he ax^ —by* -H 
cxy=0. 

When X is infinite aj?* — ^==T), and x : y :: i| : a* ; 
also, JBT^s ^ = (at an infinite di3tance) -—, and AT ss 



y 



ax^ 



*. 





• 
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1 ^^.^^^ 

• 




^-^. 
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^ 




( 



-i — X 5= Jl — J — = O, therefore the asymptote passes 

through A\ hence, take AlB : BT) :: 5* : a , and 
through Z) draw ADE, and it will be the asymptote ; 
for at an infinite distance ^/J ; J5Z) as AB : fiC, or as 

a? : y, or as 6' : a*, since D and C then coincide. 



To DRAW TANGENTS to SPIRALS. : 

DEFINITION. 

(30.) If an indefinite right line SM revolye about ^ 
^i a point C move in it continually from 5, it will 
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describe a curve called a spiral ; S is called the^ ceiitre, 
and SC it's ordinate. 



Prop. XIL 

* 

To draw a tangent to any point C of a spiral. 

(31.) Let VCs be a tangent to the spiral at C, and 
SV perpendicular to SC; draw CE perpendicular^ and 
£s parallel to SM. Now the describing point C has 
two motions^ one in the direction SM, and the other 
perpendicular to it^ arising from the motion of SM 
about S. The describing point C is therefore under 
the very sam^ circumstances as in Art. 23. upon sup- 
position that CE is there perpendicular to the ordinate 
CB ; the fluxions therefore must be represented here in 
like manner as they were there ; for the fluxions at the 
point Cin the directions CE, CM, and Cs, depend (Art 
3.) entirely upon the velocities of the describing point 
Cin those directions, without any regard to what may 
take place afterwards from the further motion of MS 
about S; the fluxions therefore will be just the same 




as if the ordinate were moving parallel to itself, and the 
describing point C had the same two motions given to 
it : hence, by Art. 2f. Cs is the fluxion of the curve, 
and by Art. 33. Es is the fluxion of the ordinate, and 
CE the fluxion in the direction perpendicular to SC. 
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Put SC=yy then Es=y; and, by sftnilar triangles, 
ECs, CSV, Es (y) : CE :: CS (y) : SV^UJL^. 

Cor. If the point C have no motion in the direction 
SM, the curve described will be a circle, and Es be- 
coming = o, the cotemporary fluxion of a circular 
arc wn^ose radius SC revolves with the same angular 
velocity, will be CE. ^ 

(32.) With any radius SA describe the circle ABIh 
produce SC to J5, and SE to v meeting Bv a tangent 
to the circle ; and suppose the angle ASC to vary 
as SC^. 

Put AS=:rf SC—y^ AB=:x, Bv-x, cotempoi-ary 
with the fluxions CE, Es ; for the velocity of C perpen- 
dicular to SC : velocity of B perpendicular to SB :: SC 
: SB ; then as x is the measure of the angle ASC, let 
us suppose that when x becomes ^r^ y becomes t ; then 

4? : r :: y* : ip*, /. -^L—a?, and -^ 



,m-l 



IT 



^zsx^Bv; and 




by similar triangles SBv, SCE, r : y :: - ^. ^ : CE = 

2C^, hen«, (Art 3,.). Sr(=«i^) = !!^. 

Cor. If SZ be perpendicular to CY, we have, 
by sim. triangles, ¥SC, SCZ, CV: CS :: CS: CZ= 
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EXAMPLES. 

Ex. 1. Let the curve be the spiral />f Axchimedes. 



Here m = 1; and Sr= ^ ; hence, Cr= v/^+y" 
_ if\/ y . therefore CZ = .- , . ^, . Hence also. 



Ex/ S. Let the cun^ be the reciprocal or hyperbolic 
istpiral. 

; Here m=: — 1, and SJ^= - ^, a copstant quantit}?. 
Here A lies on the other side of 'B, and when x =0, y 
becomes infinite and an asymptote to the curve, for 
xy^rt a constant quantity. 

Ex. 3. het the spiral be the Lituus, 
Here m= — 2, and aSJ^s — ~ . 

y 

Ex. 4. Let the curve be the logarithmic spiral. 

This curve is generated by the uniform angular 
motion of SC about S, whilst C recedes from S with 
a velocity proportional to SC; hence, sE^ the fluxion 
of SCy varies as SC ; but as the angle CSE is always 
the same in the same time, SC will vary as CE ( 

CE 

hence, C^ : Es (if) :: a : l^a constant ratio> .•.— — =«, 

• . - %/ ■ ' 

and 51^= •^^^— — ^ay\ consequently SY : SC :: ay : 

y i: a I I, a constant ratio ; hence, the triangle SCY 
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continues always i^iniilar to itself^ and therefore the 
angle SCV is constant, and is 'known from the ratio 

Prop. XIII. 

To draw a tangent to a curve ZPW, the nature of 
which is expressed in terms of SP, HP, drawn from 
"^ttoo given points S^H. 




(53.) Let PT be the tangent at P, produce SP, and 
taking Pm to express the flqxion of the curve, if mr 
be drawn perpendicular to PL, and mn to HP, theja 
(Art. 31.) Pr and Pn express the cotemporary fluxions 
of SP, HP. Draw HT perpendicular to HP, meeting 
the tangent PT 3t T, and draw TL perpendicular to 
PL; then the figure PHTL is similar to Pnmf, and 
Pr : Pm: PL : PH; if therefore Pi? represent the 
fluxion of PH, PL will represent thie cotemporary 
fluxion of SP; putting therefore SPzzzx^ HP^y^ 
we have the following rule : 

Put the equation of the curve into fluxions ; assume 
if^=^y, and find i; take PL=x, and perpendicular to 
PL draw LT^ meeting a perpendicular HT to. HP, 
in 2\ and join PTy and it will be a tangent. 

Ex. 1. Let ZPfVhe an ellipse, whose foci are S and 
H, and major axis a; then x+y=«3 and (Art l6.) 
x^yssO; and assuming y=y (Art. 3. Cor. 2.), we 
have x=y; take therefore PL ^ PH, dr^w LT 
perpendicular to PL, and HT to HP, and PT is ^ 
tangent. 

Ex. 2. Let a^tf^ ^a a constant quantity ; then 
tny^x'^.'^^x.'' ux^t^^^yszO ; and assuming y^y, we 



. d 



binomIa^ 



get^ = 



take therefore BL= — , draw LT 



per- 



pendicular to PT, meeting HT perpendicular to HP 
in T, and PTis the tangent. 

Ex. 3. Let j;"+^" = a a constant quantity; then 
ma;"'~'i — wy^-^y = 0, and assuming if = y, we get 



draw LT 



X =: -"j[ — ■ ; ; take therefore PL = "-^ , 

mjT mx"'' 

perpendicular to PT, meeting HT perpendicular to 
HP in T, and PT is the tangent. 

Ex. 4. Let X : y :•. a : b & given ratio ; then x = 
~, and isi-^ = (by assuming ,y = i/) -r- = x % hence, 

PL = x; take therefore PL = PS, draw LT perpen- 
dicular to PL, meeting HT perpendicular to HP in 
T, and PT is the tangent. This curve is a circle ; see 
hem. to Ex. 37. in max. and min. 



On the binomial THEOREM. 

Prop. XIV. 

To express the value o/'a + x|" b^ a series. 

(34.) The square of 1 +x is 1 +2^4- X* ; the cube is 
I +3 x-^- 3x^ + x'^; &c. hence it appears, that the coeffi- 
cients do not depend upon the value of x, but upon 
the index of the power ; therefore if x be diminished 
and at last vanish, it will make no alteration in the 
coefficients. And as by the continual multiplication of 
1 +x, we manifestly get a quantity with all t he powers 
of X regularly ascending, let us assume I + x^" = I + ax 
+ Jx' + ca.'^ + £ir*+&c. n being a positive whole number. 
Also, if n be a negative whole number, 1 +xl~" or 



BUCOlfflAL TH£ORBM. 59 

1 



7 is found by division to give a series of the same 




kind. And if n be a fraction- (r and ^ being whole 

numbers) the series will still be of the s ame form, as 
may be thus shown. The value of 1+3^^ is expressed 
by 1 +ax+bx^+cx^ + icc. but 1+jf is the ^ power of 

, r • 

1 +x{* ; therefore such a series must be assumed for 

l+a?P that the ^ power thereof may give a series of 
the form I +ax + bx^+aK^+ &c. Now the s^^ power of 
1 ^px+qx* + ra? + &c. gives a series of the form 
l+ax+ox^ + cjfi+iic. therefore we must assume i 
series of the form l+px+qx^+rji^ + icc. to represent 

T+xl* . Assume therefore in general 1+^'*=== 1 + fla:+ 
Jfj^ + c J?* + &c. Now to determine the values of 
a, by c, d, &c. take the fluxion of both sides o^ this 
equation, omitting :r as it will be common to every 
term ; then take the fluxion of the resulting equation, 
and so on continually, and we get the following 
equations. 

nx 1 -ha?f"'=a+2ftx+3cj;^ + 4d:r^ + &c. 

n.(.w— 1) xl+3r^* = 26+ 2.3 ca? + 3.4d!i?+&c. 

w.(n- l).(n-2)xl+4"-^ = 2.3c+2.3.4ifx+&c. 

&c. &c. 

Now make jr=0, and from the first equation, 
n=^a ; from the second, n.{n— l) = 2 6 ; from the third, 

ii.(»-l).(n-2) = 2.3c, &c. hence, a=:n; &=». — -. ; 

c=in. . " , &?. where the kw of continua- 

2 3 ^ 

tion is manifest. Hence, 1+3*= 1 +nx+n. — — — aj*+ 

ft. r ■ jg^ + &c. Now if n be a whole positive 
number, it is manifest that this feriet will termin^ten 
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for at length we must come to the coeflSlcient 
n. — ^••- 7==^* If w he a negative whole number, 

the series will never terminate, because the factors 
fly n— 1, n— 2, &c. in. the numerators then become 
— w, - w - 1, -' n— 2, 8(c. and therefore no one of the 
factors can ever become = 0. Also, \i n be a fraction, 
it is manifest that w, w — 1, w — 2, &c. can never 
become =0, beeause* a fraction can never ht 
destroyed by the subtractioa of a whole number 
from it. Heiice, the scries will always run on 
ad infinitum^ unless .n be a whole positive number. 
If the binomial be 1 — x, then x becoming negative, 
the odd powers of x will he ne gative, and the eVen 
powers will be positive ; hence, 1 — .d* = i — njp -j^ 

n.-r- — ar-'n.- ■. — — ar + &c. 

2 2 3 



(35.) Hence, we may expand a + a^^ For as 



a + x=ax (l+^)» /. a+x]'' = a« X 1 +? = (by 

X • • ■ • 

writing -r for a? in the series in the last article) a* x 

1 +n.- +„.-^.- +n.-^.-^.- + &c.) = a- + 

^2 2 3 

For^ the diflferent cases where the series converges or 
diverges, or becomes = 0, see Dt. Waking's Med. 
Anal. xi. Alb. 

The principal use of this rule is to extract the roots 
of binomials ; £or if n be a fraAion, the series gives 
that root of the binomial which the fraction expresses. 

If therefore h==-, 1 ±3' = 1 ±- J? + -X --—x» ± - X -T— X 

a^ + &c. and this form is most convenient whe» 

the index is a fraction. - 



BIH0MXAL THEOREM. 



6t 



Ex. 1. To resolve -^ 



£}laMple;s. 
1 



a^+Sax+x" 



intq^ an infinite series. 



1 



This quantity is "". ' y -vg = a+d" ; which compajred 

with a+i'l*^ 1 gives n = — 2 ; - hence, a+xl"''=«"* — 

2a-»x-2.il^^ .a-V - 2. :l^:li^.^^^.a~^>- 
2 2 3 

&C.=— — --3-+ ---- -ii. •—. + &c. 

a* or a^ a^ 



Ex. 2. ^Aa^ w Me ra/oe of 
series? 

« 

This quantity is equal to 



2az + z' 



in an infinite 



2azx 



O+fa) 



2 az 



2ai 



— 1 



; and by coniparing 1 + 



-1 



2a 



with 1+5 \ 



^r_ 



1 * '1 

we have 0?=--, .«3=— l; hence* -- — x 1 + 

2a' . \ ■ .. ' 2az ^ 2a 

1 z 
Aa^^Sd^^ ' 

Ex. 3. fVhat is the square root o/*a* + z' or Me 
•ra/iie o/'aM-z*)^ in a series ? 



"*!•• 



I ' 9 

Here a^+;s*P= ax 1+ -3 

' a-^ 



i 



; and comparing 1 -j- 



z^ 
a' 



I 



^:y^\ w.-h.ve . *=£, r- i:,,= i , -hence, «x • 



• « ■■ 
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1 + 



J|*=«x(.+i 



»* 1 — 1 «^ 1 -1 — 3 «• 



)1 ST 1 «* 1 «* 
2 a S a^ l6 a^ 

Ex.4. fThatisthevabieofr^^} 



Herer=l,*=4, and l-x\*=l'-^x +" 



4 ' 4^ 8 



Ex. 5. IV hat is the value of li^^^} 

4 



Here a-r)a^*=a* x 1 -^ 






z\ 



J and comparing 1 



with 1-xj' , we have r=s 1, ^=3,- = a? ; hence^ a x 



z 



/, I z I — 2 «« 1 -2 ~5 «• 



/ 3 9 « 81 a* 



Ex. 6. fFhat is the value of 



^az-z* 



Here^ 



^ a 



1 « 

XI — 

a 



-i 



ri 



and comparing 1 — 1 with V— IcJ'', we ba?e 0?=??, 



r=^l,^=2; hence, -j^X 1-5 --Q^C 
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-1 « -1 — 3 «• -1 -3 -5 2'. V 

'2 



1 . . 1 )K2 . 3 ^"^ . 5 «■«• 



a^i +2 a4^"^8 of ^T6 :^ + &^ 



In like manne r we may raise a multi nomial to any 

power. For let a + bx&cai* +da^+&cc.\'' =iA+ Bx+ 

Ca^+Da^ + &xi. then when x=0, A=a^. Take the 

fluxion^ divide by iy and make ^=0, and we get 

B=rfuf^'^b. Tak^ the fluxion again, divide by 2i, and 

w— 1 
make a? = 0, and we get Cszn. a^^^b^ + na^''^c; and 

thus we may proceed to get the other coefficients. 






1 

T 

1 






••: . J : 



. .I- 
• s 



f • 



f- • •64. 



Sect; HI. 



On thk method of FINDING FLUENTS. 

i- • . ■ ■ ■ . ■ • " . . • 

(36.) JLhe business of the direqt npiethpd of fluxn 
ions^ is to find the fluxion from the fluent; to fliid 
the fluent from the fluxion is sometimes call^ the 
inverse method of fluxions. It is not difiicult to 
put any quantity into fluxions, there being direct rules 
for that purpose ; but there are no direct general rules 
for finding a fluent from a fluxion ; and very <;^en it 
is impossible to do it, except by an approximation by 
an infinite series, as the fluxion may be such as could 
not arise from putting any fluent into fluxions. We 
cannot therefore lay down rules for finding the fluents^ 
of any other fluxions than those whose forms show 
them to have been derived from some fluent. 

Prop. XV. 

To find the fiuent of any power of a simple quantity 
multiplied by the fluxion of that quantity. 

(37.) The fluxion of a? is 3 J?'i, therefore we know 
that the fluent of 3 c^i is a?, and it is deduced from 
the fluxion, by the converse of the rule for putting ar* 
into fluxions. In general, the fluxion of c[^ is 
(Art. 12.) wj^"^i; therefore the fluent of naf^^^x must 
be j^, and this fluent is deduced from the fluxion by 
the following 
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RULE. 

Add unity to the index, divide l>y the index so in-' 
creased, and also hy the jluxion of the root. 

jA^amples. 

Ex. 1, The fluent of 7 a^i is y. 

Ex. 2. The fluent of a?x is 



a?^« 



Ex. 3. The fluent of 5 a^x is 



10 



4 

7 * . 3 7 • • 7 + 
Ex. 4. The fluent of -x'^i is - x ^ X ^^ = -rT ^ - 

9 8.9 24 

Ex. 5. The fluent of — rr or6j?"^ i is 



Ex. 6. The fluent of ^ or ^y^^y is ^ x S^^r = 
15 « 

If w=0, or t^e index of a? be — 1, the fluxion is 

. 

- ; but this fluxion cannot be generated by x^y because 
(by the Principles of Algebra) a?^ = 1, a constant 

X 

quantity; hence, the fluent of - simply considered/ can- 

tiot be found by this rule ; see Art. 11. and 47. 

___ x^ ' 

(38.) Take the fluxion of ^^ -^ then the dimension 

*•» 

oF X in the denominator exceeds that in the numerator 
by a + l. Hence, if a fluxion be a rational function of 
X multiplied into x, and the greatest dimension of x in 
the denominator exceeds that in the numerator by 
unity, the fluent cannot be found in finite algebraic 
terms. 
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Ex. Let the fluxion be • ^ t x i, then the 

. m + n+px^]^ 

highest dimension of x in the denominator is |, and in 
the numerator | ; hence the fli^pnt cannot be found. 

Prop. XVI. 

Tojind the Jluent of a binomial quantity (one part 

of which is constant and the other part variable) raised 

to a power ^ where the term without the vinculum is the 

fluxion of the variable term under the vinculum^ or in 

a given ratio to it. 

(39 .) The fluxion of a'-^-xT is (Cor. Art. 12.) w x 
a^+odT"^ X rx^'^^Xy which is found by the same rule 
as the fluxion of a^. Every complete fluxion therefore 
of this kind must necessarily have the index of the 
variable* quantity without the vinculum, less by unity 
than the index under the vinciilum. And if the given 
flu xion b e d x a' -i-x']'*~^ x raf^x, the fluent will be 

dx a[ + af]*^' Hence, every quantity so circumstanced, 
may have it's fluent found by the above riile. 

If r=l^then r — 1= 0, and a?^ = i; therefore the 
fluxion becomes n x a+x\ **"* x x. 



EXAMPUEIS. 



Ex. 1 . fFhat is the fluent of^L+xf x x ? 

Here the fl uxion of the root a+x is x ; hence, the 

n ■ . a+xV XX a+j:P 
fluent IS -h = — 3-*-. 

700 7 

Ex. 2. fVhat is the fluent of a'-hx^ x x x ? 

Here the fluxion of the root a' + a?* is 2xx; hence, 



.1- ii ^ • tt^+x ^ X XX a*+x* 

the fluent is ■ — : — = -- 

4^x2xx 3 



s 
•5" 
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Ex. 3. fThaf is the fluent ofa^-xf]^ x 3 x^x ? , 
Here the fluxion of the root a^-ar* is ^4x^i; 



hence^ the fluent is a ^ ^4^3^ = — 3j~ 



Ex. 4. fVhat is the fluent of - 



x®x 



r 



2? 



TSx^' 

This quantity is ^ cP + 6 3i?\ ^ x x^ i ; and the 
fluxion of the root cfi+6s^ is 54a?®i; therefore the 



rxl 



fluent IS — *" 



^x54x^x 27 

Quantities which at first do not stand under this 
forin^ may frequently be reduced to it. 

ax 
Ex. 5 • ff^hat is the Jlitent of ■ ; ? 



First, n*+a:'=(a»x-''+l)xj:»; therefore a*-^x'V = 

■ , ^ % , , ax ax ^ _ 

a*x- *+ 1 X x^ ; hence, ■ " = ■ t ^ 

a'af+l)™'" X aV^x, where the index of a; without it 
less by unity than that under the vinculum ; hence, the 

fluent 18. ■ ' ' ^ tt _,. — ^ ■ . ■■^i 

' -|x -?a'x-»a^ a'*-* + 1 x a 

X 



X a 



x« 



= ? 



Ex. ^. What is the fluent of-^^-j^ 
This is reduced to -^^— =5^^"* x ;,-% 
whose fluent is - --r ^ v a*«^* + 1 * . 



a 

F 2 
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Or, in general, every fluxion of this kind i 

can be reduced so that the fluent may be found by this 
Rule, if r = — — m — 1 ; for by reduction it becomes 

T — 5.= J? "ixa'"J?~'*+i) ^*, so that r - — 



^mjj^m^j 



"xa^ 



m 



must = - m— 1 , or r = m - 1, in which case the 

n 



fluent is 



■M-l 



(-.1)^- 



ma"* 



Ex. 7. 7b /«rf /Ae /twnf of ^^^^^* = f*, m 
Aefng" a whole positive number greater than unity. 

Now P^^^^HH: puti^£±£ =y, 

^ X X ^ 



m^l 



then a:» = ^^^-— ^ , and -;sr=r. = ^.m.» ^ and 



""(2w-2)xa^«»-* X y* - M X y'y ; expand 



y*-. IP V the Binomial Theorem, multiply each 
term by y^if, and the fluent of each term is found 
by Art. 37, 

If m= 1, then J^= -^^^ and (Art. 45.) F= | 

h.l.(y^^l)=h.lV?^^- 
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Ex. 8. To JUnd the fluent of 



a 



«ZytI 



3 



a It- 

Put a* - ^^1 = y ; then the fluxion is transformed 
into - X yy^y — ^y y\ and the fluent is - x 

(40.) If both quantities under the vinculum be vari- 
able^ and the quantity without be the fluxion of the 
quantity under the vinculum, or in a constant ratio 
to it, the fluent may be found by this rule. Thus, the 

iuent of ay +y] 3 x {2a^yp-{-4fy) is - x o'y' + ^*) ^ ; . 
but these cases seldom occur. 

Prop. XVII. 



To find the fluent of a+cz"]"* x dz'^*'~'z, where the 
index of z mthout the vinculum increased by unity ^ is 
some multiple of the index ofz under the vinculum. 



(41.) Puta+c^''=rj?,then/s«=^ — ^, .-. ar'»=^— ;f 



c c 



^ 9 



r yc X CLi X 

take it*s fluxion, and r««'^~-^i = r— ' , .*. 

(f 

«^'"*i =~X x—aV"^ X X ; hence (putting r— 1=^), 

J I . d ^ _-^ 

dz"^" z^—p X X —or X i = (by expanding x—U)^) 

— T XXX (a?*— wa?'^^+^.-~-«V~*-&c.) substitute 
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this quantity for dz'^^^z, and jf for a + cz^^l **, and 
the given fluxion is transformed to -— -^ x 

V ^ 2 / ncT 

(jc^^'i - *aa?^^'-"^i + *.^^a'^+'-*i - &c.) the 

fluent of each of which terms is found by the Rule 

in Art. 37. hence, the fluent required is — x 

fid 

I ' ■ +- ; ■' — &C. J Now 

let us consider when the fluent of the; given fluxipn 
can be expressed in finite terms. 

1 St. If r, and consequently ^, be a whole p ositive 
number, the series arising from the expansion of x — «)' 
will terminate, and the fluent can always be found if 
m be a positive whole number, or a positive or negative 
fraction. 

2dly. If r be a positive whole number, and m a ne- 
gative whole ntimber greater in magnitude than ^ + 1, 
or r, the fluent can always be found. But if m be 
a negative whole number equal to or less in magnitude 
than r, the denominator of some one of the terms must 
become =0, in which case the fluent of that term fails ; 
for in the fluxion it was of this form x^^x, which by 
Art. 38. admits of no fluent by the rule there given; 
it may however be found by logarithms^ a9 will be ex- 
plained in Art. 45. 

3dly. The given fluxion, by reduction, becomes 

az'"+t] ycdz^'^'^'^-^^-^z; hence, if m and r be both 
fractions, but such that m+r may be a whole negative 
number, the fluent can always be found. This will 
appear, by transforming the fluxion as before; and 
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the series will always terminate; nor can any of the 
denominators of the terms of the fluent become equal 
to nothings so as to make the fluent of such term fail^ 
as it is here taken. 

When fluents cannot be found in finite terms, instead 
of having recourse to infinite series, they may frequently 
be found in terms of circular arcs and logarithms ; and 
these haying been computed to a considerable degree of 
accuracy, they may be used (or all practical purposes. 



To FIND FLUENTS by LOGARITHMS. 

(42.) The property of logarithms, or their relation 
to natural numbers, as has been already explained in 
Algebra, is this, that as the natural numbers increase 
in geometric progression, their logarithms increase in 
arithmetic progression. 

(43.) Let a increase till it becomes i, c, • . • • m, n, o, 
&c. and suppose a : b iv^h : c :: &c. :: m : n :: &c. 
then a : m :: (I — 6 : m — n ; now a- bis the increment 
of a, and m- n is the increment of m; hence, a : m :i 
the increment of a : the increment of m ; and as this 
is true in every state of the increments, if we make 
them vanish, we have a : m in the limiting ratio of the 
increment of a : the increment of m, that is, as the 
fluxion of a : the fluxion of w, by Art. 7- 

(44.) Let y be any number/and a? it's logarithm; 
then if x increase uniformly, or if i be constant, y will 
increase in geometric progression, therefore by the last 

article, y varies as y. and ^ is constant ; hence, '^ is con- 
stant ; put therefore/^ zzMy and we have x sa M x 
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^} that is, the fluxion of any logarithm is equal to 

a constant quantity multiplied into the fluxion of the 
number divided by the number. The quantity M is 
called the modulus of the system^ and may be assumed 
of any value. 

If Jlf=l, the logarithms are called hypet'holiCy be- 
cause the same logarithms may be deduced from the 
hyperbola^ as will appear hereafter. In this case 

i J-. 

y 

Prop. XVIII. 

To Jind the Jluent of a Jluxion^ which is the fluxion 
of any quantity {y) divided by that' quantity (y), or 
in a given ratio to it. 

(45.) Put a?= the hyperbolic logarithm of y; then 

• • .• 

by Art. 44. -=i, and the fluent of -♦ is a?. And 

J y ' y 

asy, although here a simple quantity, may represent 
any compound quantity whoever, and if it's fluxion^ 
we have the following 

RULE. 

IVhen any fltiUcional expr^ession appears to be the 

fluxion of a quantity divided by the quantity itself 

if s fluent is the hyperbolic logarithm of that quantity. 



* If 4?= hyp. log.— y, theiix=^; the fluent therefore of ^ 

18 h. I. H: y ; but the negative value belongs to another system. 

• • • • 

Also« the fluent of 2 is h. 1. ay, since the fluxion of h. 1. av= — ^^' 

Hence^ in all the above Examples, the fluents may be multiplied by a 

constant quantity : thus, thfe fluent of — — is h. 1. m x (<]^ -^ a) 
^ ' *F + a \ - ^ 
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EXAMPLES. 

Ex:. 1 . The fluent of — -— is the h. 1. (hyperbolic 

X ^ (I 

logarithm) of (a?±a). 

Ex. 2. The fluent of -1^, is the h. J. («+»*). 

Ex. 3. The fluent of — is the h. L (a*+x~). 

These fluents are obvious, the given fluxion being 
manifestly the fluxion of the quantity divided by the 
quantity, for the numerator is the fluxion of the 
denominator. 

Ex. 4. The fluent of — ^ is the h. 1. of 

For, put x* ± a* = r*, then xx = vv/ .\ x : v :: 
V : Xj and x-i-v : v :: x+v : x; hence. 



?' 



x + v V 

X x+v X 

/■■ ■; therefore the fluent of ■■■ ; " ;, or of j.i ^ ' 

is the h.l. (a?+v)=h. 1. (x+s/l^^^). 

Ex. 5. The fluent of y . , is the h. I. 

s/x'*±,2ax 

(x±a+^x*±2ax). 
For, put V^x* ± 2 aa:=y, then o;^ ± Saa: -f. a* =y* f 

a^ and x±a=:y/i/^ + a^ ; hence, i= y o , ^»* c^*^" 

the last e xample, i s h. 1. (y+ V^y^+a') — h, 1. v 
(a?±a+A/a?*+2aa?). 
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Ex. 6. The fluent of ^j--p is the h. ^' -^1;^:^' 
r ^^^ - J ZJL whose fluent is the 

h.l. (a+a*) - h. I. (a-x) = h. 1. , as shown in the 

Algebra, Art, 388. In like manner^ the fluent of 
■; 18 h.l. 



Ex. 7. The fluent of j ^ ^ is the h. I. 



For, put \/a^+^=i=y, then a* + x*=y% therefore a:i 
»3^,and-^-— -=— 3f^; that IS, — 7======= '^ , , 

wliose fluent, by the last example, is h. 1. ■ . ="• *• 

^ ^ y -V ^ 

V^ (f "4- J?* — fl r 

- --.T • . In hke manner, the fluent of 

V a* + ^* + a 

— / o a IS h.l. — , ^. 

—.9 • . 

Ex. 8. The fluent of . ^ is - h. 1. 

s/b^ + x 



.— » 



^ 



,, For, put - =5^, then 0?""^^= — y ; hence, the fluxion 
becomes '7=g%=f * ^1^^^ fluent is (by Example 4.) 
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-h.l. (y+v'^+F)= -h. 1. (i+\/j» + \) « - 

• • 



hJ. 



a: 



In like manner, the fluent of — /,, ^ is found to 

be h. I. HVF3 

hy 

These are some of the most useful forms of fluxions 
whose fluents may be found by a table of hyperbolic 
logarithms ; which table may be supplied, by multiplying 
the logarithm found from the common tables by 
2,30258509, which will give the corresponding hyper- 
bolic logarithm. 

Ex. The fluent of -^ is the h. 1. of (1+a?) ; if 

j;=l, the fluent is the h. L of 3=0,693147; if x=4, 
the fluent is the h. 1. of 6 = 1^6094379. 
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Paop. XIX. 

The length of a circular arc for every degree^ 
minute^ and second^ to radius = 1, being given, to ftid 
from thence certain fuents. 

(46,) Let AD be a circular arc whose centre is C, 
AT ifs tangent, DB it's sine; draw ms parallel to 
BD meeting the tangent Ds in s, and Dn parallel 
to Bm. 

Put CD=^a, AB^x, BD=^y, AD==z, AT=t, CT 

=^; then by Art 23. />*s=i, Dn = i, ns=iy. Now 
the triangles CBD, ^nZ) are similar, for they are right 
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angled at B and n, and the angle sDn = CDBy because 
»tI?C is the complement of each. Hence, y i an x : % 




= ^; but y = V Cir - CB* = "^ a' - ^"^^ « 

ay ... 

: a :: y : i=— p======^* Again^ by sim. triangles CAT^ 



a: 



CBD, s (CT) : a (CJ) :: a (CD) : C5=-,. .-. -4B= 



a 



,2 



aH 



a — , whose fluxion Bm or Dn = ~ ; henoe. from 

^?/ 

the sim. trian. Dsn, CAT, is/s'-a^ [AT) i s :: -r ' 

it^S ————— ss 



and 2 






Hmcei 



fluxion of the arc AD, or ^^ is expressed under fovX 
different forms in terms of the right sine, versed Miu^ 
tangent and secant ; consequently the fluent of each of 
these fluxions will be expressed by z. Hence, .;^. ,,«; 



V^ Fluent of 
a and sine y. 



ay 



• .(.' 



s/a^^v" 



is a circ. arc wh6se rad« is 



4< ' 



• ■ • S 
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ax 
2^ Fluent of "/^^Z^ ^^ * ^^^^' ^^^ whose rad. is 

a and versed sine x. 

aH 
3^ Fluent of o v /a is a circ. arc whose rad, is a 

and tangent ^. 

aV . . ./ 

4* Fluent of — f^ -^ is a circ. arc whose rad. is a 

and secant s. 

Now by a table exhibiting the length of circular 
arcs for all degrees^ &c. of the quadrant to radius 
unity^ if these arcs be multiplied by a, we shall have 
their lengths to the radius a. Hence^ for example^ what 

is the fluent of " y ' ■ -u , when y is the sine of 30° ? 

v/ a — J/ • . 

The length of an arc of 30^ to radius 1, is 0,5236987 ; 

hence^ the length of the arc to radius o, is a x 0,6635987, 

the fluent required. Thus, the fluents of all fluxions 

under any of these forms may be found. 

y X at 

If the fluxions had been y j j ^ ? ■ a , ;^ > 

sj o^'-y V 2ax - X ^ +" 

— y , that is. a times less than those stated above, 

the fluents would have been a times less ; that is, the 
circular arcs would have been reduced to a radius=l, 
and the respective sines, versed sines, tangents and 

y X t s 

secants, would have been •"> r> ::> - • 
^ a a a u 

If ia the expression -rr^ the fluxion (i) of the 

. , a+f\/ — 1 , 

circular arc, we suppose V'=^a x ^ — ^ % we have 

cA) a 

i=- — 7=^, and «=- — 7== K h. 1. v (Note to 
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Art. 43, c being a constant quantity), where the imagi- 
nary value V is destroyed hy the imaginary quantity 
c^ — 1, and the quantity expresses accurately the value 
of z. In this hght we are to understand all real 
quantities under the form of imaginary ones, such 
imaginary quantities destroying each other. Thus, when 
the roots of equations are imaginary, the imaginary parts 
destroy each other, and appear not in the equation 
itself. 

(47.) A fluent can have but one fluxion, but a 
fluxion may have an infinite number of fluents ; 
thus, the fluent of x is x, orx + «, whatever be the 
value of the constant part a. By Prop. 4. in taking the 
fluxion of a binomial, the constant part goes out, and 
therefore when the fluent is taken back again, that con- 
stant part does not appear. Now to determine, in any 
particular case, what this constant part is to be^ or 
whether any such quantity is to be annexed, consider 
whether the fluent first taken becomes equal to no- 
thing, or of a known value, at the time it ought ; if it 
do, it requires no constant quantity to be added; if 
it do not, such a quantity must be annexed to it, as 
will make it become equal to nothing, or to it's projjer 
value. This is called the correction of a fluent. 

It is here necessary to be observed, that the correc- 
tion must be made to the fluent as it is first found, that 
is, before any reductions take place, such as raising th« 
quantity to any power, extracting the roots, &c. since 
new values may be so introduced. If ^ = 2;, then 
x^z+Cor. in general. We must not say x = z, and 
jc^=:a' and then apply the correction, since x=z is not 
a ti'ue equation when a correction is necessary. If when 
x = 0, z = a, then x-^z-a is the true equation. But 
in the equation x'' = z'' + Cor. it would be x'kx' — a', 
and X = %/ z'-~a' which is different from the former 
value of X corrected. When we assume j:' = x% then 
x=±2 and i= ±z which is not our original equation. 
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Also, from j?* = x*— a' we have 2xi=i2zi, which is 
not our original equation unless x =^ z which is con- 
trary to our supposition, since when x=xO, « = a. 

Farther, the fluent of af^i is — — , andifw=:-rK 

V n+1 

af* 1 
this beoomes --=--=1 infinity, and is the iiaine what-^ 

ever be the value of x. Hence, if afx express' the 
fluxion of any quantity, the fluent when n = - 1 must 
want a correction, since the value of the fluant, de* 
pending upon x, cannot be the same for all values 
of a?. Let therefore the fluent become == O when 

«=5a, and the correct fluent is ■ ■ ■ ' Now x 

remaining constant, let n vary till it becomes = - 1, 

and in this case the numerator and denominator vanish 

together; hence, (Note to Art. 7-) the value of the 

fraction at that time = the fluxion of the numerator 

divided by the fluxion of the denominator = (Prop. 51.) 

«»+^wXh.l.^-a"+^wxh.l.a , , x i_ , 
: (when w = — 1) h. I. 

X . . 

X— h. 1. a=:h. 1. — . Hence, in this, and all other 

a 

like cases, it is not correct to say that the fluent 

found by the common rule fails, for it still exhibits 

the true fluent, but under such circumstances as 

requires a further reduction in order to determine it*s 

value. The fluent comes out the same as if you had 

at first taken w = — 1, and found the fluent by logarithms. 

The fluent therefore is general ; and if any calculations 

be carried on from this point, the cbnclusion will still 

be true when you make w = — 1 . 

Or if we want to find the value of -, — - found from 

the fluent of o^+^i when w=: — 1, we must get the 
ultimate value^ making n only variable till it becomes 
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= — 1 ; hence, the ultimate value is -^r+nr — h ' \ d ~ 

h. 1. x 
hTlf 

• (48.) Although the fluxion of a quantity be relative^ 
thatis^ if X denote the fluxion of x^ then will nx^^^x 
he the fluxion of ^, where x niay be assumed of any 
miagnitude, .yet the fluents are not at all afiected by 
ykrying i?, the fluent$ of these quantities x and 
ni^^^ar being x and af^, whatever be the value of ir. 
Hence, of whatever magnitude we assume the fluxion 
of any quantity, the fluent will always give the iquan-^ 
jtity generated. In the following Problems, therefore, 
the fluxion of the area, solid, curve line or surface^ 
may be assumed of any magnitude, and the fluent^ 
corrected if necessary, will give the quantity which has 
been generated. 
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Sect. IV. 



To FIND THE AREAS OF CURVES. 

Prop. XX. 

Tojind the area ABC of any curve, whose ordinate 
BC is perpendicular to the abscissa AB. 

(49.) Let ABC be any curvilinear area generated 
by the uniform motion of the ordinate BC; 
on AB, BC describe the parallelogram A BCD, 
and conceive this to have been generated by 




the same uniform motion of a line equal and 
parallel to AD; draw bm parallel to BC, and com- 
plete the parallelogram Bbmn, and produce DC to c. 
Then AD being constant whilst BC varies, the next 
increment of the parallelogram is BCcb, and the 
jcotemporary increment of the area ABC is BCmb; 
hence, the ratio of the increment BCcb of the paral- 
lelogram to the cotemporary increment BCmb of the 
area ABC, is always nearer to a ratio of equality, than 
BCcb : Bnmby or nearer than BC : bm; now let 5m 
move up to, and coincide with BC, in order to obtain 
the limiting ratio of the increments, and we get the limits 
ing ratio of BC : bm^ a ratio of equality ; hence, a 
fortiori, the limiting ratio of the increment BCcb of the 
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parallelogram, to the cotemporary increment BCmb of 
the area ABCy is a ratio of equality; therefore 1^ 
Prop. 2. the fluxion of the pardlelogram ABCu 
is equal to the fluxion of the area ABC; but BCcb 
being the increment of the parallelogram uniformly 

;enerated, will represent it's fluxion, by Prop. 1. 

lence, the fluxion of the area of the curve ABC 
will be represented by BCcb^ the cotemporary fluxion 
of the abscissa AB being Bb. If therefore AB=^Xj 
BC = y, Bb =: iy and A = the area ABC, then will 

A=^ BCcb=^ t/x; the fluent of which, corrected if 
necessary, gives A. 

Cor. 1 . If the ordinate be inclined to the axis at 
an angle whose sine is s, the fluxion of the area is 
syjc. 

Cor. 2. Hence, the fluxion of any area, generated by 
the motion of a straight line in a direction perpendi- 
cular to itself, is as the length of the generating line 
and it's velocity conjointly. And as a curve line, 
moving in a direction perpendicular to itself, must 
describe the same area as a straight line of the same 
length moving with the same velocity, the fluxion of 
the surface generated by a curve line, so moving, must 
be as it's length and velocity conjointly. 

EXAMPLES. 

Ex. 1. Let AC be any parabola ; tojindiVs area. 
Hereaa?=j^; hence, ax^ny^''^yj and x = — — ^, 



,\ Mi= JO^ ci Jl whose fluent (Art. 37.) A = ■ ^ . 

^ a {n+l)xa 

n ti^ 

-f- C (C being the correction if necessary) = - ■■> x r^ 

^ '^ •'^ n + 1 a 

xv+t;=- — ;-x^ + C; now when ^=0, J? = 0i .•. 
C=0; hence, ^ = - ; r X.ty. 
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If n=2^ it becomes the common parabola^ and the 
If 9t=l^ ^ the figure becomes a triangle^ and the 



area=^x^ 



' Ex. 2. Tojind the area of a circle^ whose radius is 
unity. 

Let A be the centre of the circle ; draw BCy AP, 




perpendicular to Q/?, and join AC. Put AC^=il, AB 
=x, BC=y; thenx'4-y* = l, .•.3/ = ! -^]*=1- -- 

8- TB -lis -*^^ (^'*-^^-) ' •*• ^=y^=^-T - 8- 

-^ Tg- ""Too" "^ &c. the fluxion of the area BAPC 



whose fluent is ^ = a? — ^r 





_ 

40 



X' 



boi? 



— &c. + 
112 1152 ^ 

Ci now when J? =0, -4=0, /. C=0; hence, A=^x— 



X 



r;:-—-- — - &c. Now if the arc PC= 30% 
40 112 1152 

X = f ; and the area ABCP = 5 -^ 0,0208333 — 
0,0007812 - 0,0000698 - 0,0000085 - 0,0000012 — 
&c. =0,4783055. But as x = f , y = x/J; therefore 

the area of the triangle ^CJS=^x x/t* 0,21 65063, 
which subtracted from 0,4783055 leaves 0,2617992 
the area of the sector ACP; which multiplied by 12 
gives 3,14159 &c.=the area of the whole circle. 



* If n^l, ax^y, and x i y :i I \ a, that is, in a constant 
ruio, which is the case when AC is a straight line, because the 
triangle ABC continues always similar to itself. 

g2 
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» 



Cor. If r = radius of any circle, a = it's area ; then, 
since circles vary as the squares of their radii, 1* : r 
t: 3,14159 &c. : a = 3,14159 &c. x r'. lfrf=thedia- 

meter, then r=-, and r* = — ; hence, a = 3,14159 

d* 
&c. X - = 0,78539 &c. X d\ 
4 

Ex. 3. . TojinA the area of an hyperbola between the 
nsj/mptotes AP, AM, and the curve MP. 

Put -^5=0?, BC=y; theny = — , and the fluxion 
of the area APCB =yi — z^^ x^^x = A, whose fluent 



V IP 




«i ^ = 



sc 



l-« 



1-w 



+ C. 



Case 1 . If n be less than unity, when ^ =» 0, 



rl-fl 



f?=0, .-.YtT* =0; hence, C=0; therefore the area 

APCB (infinite in extent) =:i---^, a finite quantity 

when s£ is finite. 

Case 2. If n be greater than unity, the index 1 — n 
being nqgative^ ^a must come into the denominator. 
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and the fluent will become ^= . . r^+ C=z — 

(1— w)xx'*"' 

T -T — -^rr + C; now when -^ = O, a? = O, consequently 

^^7 — T\ — r;^^ ^'^ infinite, because the denominator 

becomes = O ; therefore the area APCB = >— ^r- ^ 

(1— «)Xa:*""* 

+ C is infinite. Whenever there is a negative index^ 
the quantity must always be transferred from the nu- 
merator to the denominator, or the contrary, before 
it's value, in any particular case, can be found. 

Case 3. In respect to the area jBCil/, as this area 
decreases by the same quantity that ABCP increases, 
it will have the same fluxion, only with a contrary sign, 
by Art. l6. hence, the fluent will be the same with 



x^'"" 



the sign changed, that is, BCM^ h C If w be 

greater than unity, BCM=z v ^-i + C; and when 

I fw ■■■ X I tX 

X is infinite, i?CM=0; hence, 0=7 . « "1 + Q and 

1 
therefore C= r- 5 ^ 1=0^ x being infinite ; con- 

Case 4. If n be less than unity, and x become 
infinite, C = ^ , an infinite quantity ; hence^ the 

area jBCM=— — + C is infinite. 

Case 5. If n=l, the hyperbola becomes the com- 
mon hyperbola. Let ABi^BC^l, BR^x, RS^y^ 
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then AR=^l +x, andy = — ^, therefore the fluxion of 
^ 1+x 

the area BCSR = -^—, whose fluent, by Art. 45. is 

1 +x 
the h. I. (l+a;), which wants no correction, because 
when X = o, the area BCRS = 0, and the fluent becomes 
the h. 1. 1 which = 0. Hence it appears, that any area 
BCSR is the h. 1. of the abscissa ^jR, and that the 
whole area BCM is infinite. The modulus is here 
unity. 

. Ex. 4. Let MCD be the logarithmic curve; tojind 
ifs area. 

The property of the logarithmic curve is this, that if 
the abscissa jiB increase in arithmetical progression, 
the ordinate BD will increase in geometrical progression ; 




.-. i(x = JB, y = BD, a=AC, then (Art. 44.) M=^, 
which (by Art. 23.) is the sub-tangent AT; hence, 
A=yx=Mi/, whose fluent is A=Mi/ + C; but when 
t/ = a, A=o, .-. o = Ma + C, and' C= ~ Ma; con- 
sequently ABDC = My- Ma==ATx {BD ~ AC). 
Hence, the whole area DMB = ATx BD, because at 
an infinite distance AC^O. 

Ex. 5. To find the area of the catenary carte ACB. 

Put CE=x, EF=y, CF=z% then z' = 2ax^x'' 
(Prop. 130.), and zz = ax-\-xx; hence, iV=(a-|-x)* 
xi*; but z* = 3flic + j;' = (a+i)* — a*, and x* = s,*—y^ 
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m 



(Prop. 24.); hence, {a+*)*x»*-a»«« = (a+x)«x(;s»-^^), 
or a*ir*35(tt+j?)* )e ^% tnd az=: (a + o?) xy =ay + ay; 
hence, o^^ai — ay; but ^tfj?. j?y = xy+yi ; therefore 
4?y ttejiux. w^^yi; hence, j/7tia?. *y — yi = aa — ay, and 

A=:i/Asijlux. anz-^ai+a^; therefore A=:xii/—az + (n^ 
+ C; butwhen jp=0, then y=0,« = 0, and ^=0; there- 
in 




fo re C= O; hence, A = ocy -- az + aj/ = (a f a?) xy — a 
a/^^^HMS the area CJEF. 

Ex. 6. Tojind the area of the cycloid ABC. 

Let BD be the axis, on which describe the circle 
BnUwj draw rnjfz perpendicular to BD^ and yt; a 
tan^nt aty ; anddraw'yf, vs pei^ndictilayto PB, and 
vfh>q parallei to yt, and mifi to ar, arid jom Bit. Novf 
by the property df the cycloid, tne triangles Brn, yzv 
are similar; hence, JBr, or ty, : th :: «i;, or ry, : «y, 
.*. rnx rq=ity X zy, or area wrgm = area */y«, that is, 
(Art. 49.) the fluxion of the circular area J5wr=the 
fluxion of the area Bty; and as these areas begin 
together at B, and iheir cotemporary fluxions are 




always equal, the quantities generated are equal ; hence, 
the area jB^yc=the circular area Bnr; bring therefore 
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yr down to AD, and we have the whole area -Pi^^^ss the 
semicircle BnD; hence, BFA + BEC^ the whole 
circle JBnDu;. Now the parallelogram -^FjBC=.e^Cx 
BD ^ (from the nature of the cycloid) circum. 
BnJDwBxBD = (by Art. 51. Ex. 3.) four times the 
area of the whole circle; hence, -^i?C=three times the 
whole circle. 

Ex. 7. Let the curve be the Cissoid of Diocles. 

On wi^T describe a semicircle whose center is O, take 
AB—hT^ and draw JBC, ic, OD, TE, perpendicular to 

M/ E 




A B 2^ T 

ATy and join Ac cutting CB in F, and the curve AFM 
passing through all the points F is the cissoid. Put 
ABszx, BFzsy, ATsztty then hd^^ax-x\ and by 
sim. tri. a?* :y' :: (a- a?)* : oar-a?* :: a— a? : a?, and 

Q B , 

y'=r— :; hence, yx = . . Now ic= Var-a.% 

r 3axx ~ 3a?*jc 

and 3 times flux, area Tbc:=3x\/ ax—x^^" — y ^ ; 

, ^ — . 3 axx — Ax^x 

also, the fluxion of 2fJ cur- or* is 1 . ; there- 

\/ ax^ or 

fore 3 times flux. Tftc— flux. 2\/ax33^= 



x^x 



af^x 



^/ax-x' 



= y i? ; hence, the area of the part ABF^ 



\/a-^ X 

I—— — 

3 TbC'^as/ax^'-x^. 
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When x^a^ y is infinite; hence, TE is an asymp- 
tote to the curve ; and the whole area ;= 3 times the area 
of the semicircle. 



To FIND THE AREAS OF SPIRALS. 

Prop. XXI. 

To find the area SWC of a Spiral. 

^ (50.) Let SWCK be a spiral, generated by the uni- 
form angular motion of SC about S\ SC any ordinate ; 
with the center aS describe the circular arc XCZ ; draw 
any other ordinate Sv, and with the center S describe 
the circular arc vw meeting SC produced in w. Now 




conceive the sector SXC to have been generated by the 
uniform angular motion of it's radius about Sy at the 
same time that the area SIVC of the spiral was generated 
by the same uniform angular motion of SC about S. 
Then SX being constant whilst SC varies, the in- 
crement of the sector SXC is the sector SCn^ and the 
cotemporary increment of the area SIVC of the spiral 
is SCv ; hence, the ratio of the increment SCn of the 
sector SXC to the cotemporary increment SCv of the 
area SfFC, is always nearer to a ratio of equality, than 
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SCht : Swv, or nearer than SC^ : Sv^;* now let Sv 
move up to and coincide with SC, in order to obtain 
the limiting ratio of the increments, and we get the 
limiting ratio of SC* : Sv'', a ratio of equahty ; hence, 
a Jortiori, the limiting ratio of the increment SCn to 
the increment SCv, is a ratio of equality; therefore 
by Prop. 2. the fluxion of the area of the sector 
sex is equal to the fluxion of the area SWC of 
the spiral ; but SCn being the increment of the sector 
SGX uniformly generated, will represent it's fluxion, by 
Prop. 1 . hence, the fluxion of the area SWC of the 
spiral will be represented by SCn. 

(51.) Put SC=y, the length of the curve SWC=z, 
XC=x, Cn=x, ^ — the area SWC; then the sector 

SCn^^^A, whose fluent is the area SWC. Let sCT 

2 
be a tangent at C, and SY perpendicular to CK; 
draw CE perpendicular to SC, and sE parallel to SC ; 
and with the centre S and any radius SA^ describe a 
circular arc -(^L. Pvxt SA = a, Ao = w, oz=Wf CF'=t, 
Sr=r. Then by Art. 31. Cs = z, sE=y, CE = x i 




and as the triangles CEs, CSKare similar, t : r :: y : i= 
— ; hence, SCn=-~ = A. Also, by similar sectors 

Soz, SCn, a : y :: "ib : i—^ — ; therefore SCn='—-- «= 
' • ^ a ' 2a 

A. These different expressions of the fluxion of the 
area, are to be used as may be convenient. 

* That similar sectors are as the squares of their j-adii, appeari 
from Euclid, B. XII. p. 2. and B, VI. p. 33. 
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EXAMPLES. 

Ex. 1 . Let SWC be the logarithmic spiral ; to jini 
ifs area. 

Here r : / in a constant ratio, as m : n ; hence A =1^ 

2t 

=:«Jls1 whose fluent is ^=-~ + C; but when y = 0, 
an* An ^ y 

^s=0, /. C=0; consequently -4= ~-. jjL 

Ex. 2. Let SWC he the spiral of Archimedes; to 
Jind it's area. 

Here^ : w :: m: n, or in a constant ratio; /• w=^ 

m 

consequently A =^^ ="~^5 whose fluent is A ^-JL 
^ -^ 2a 2ma 6ma 

+ C; but when v 5=^0. ^=0. /. C=0; hence, -4 as J^^. 

oma 

Ex. 3 . Let the spiral be a circle ; to find ifs area. 

Here y is constant, and th^ fiuent of -4 =^2^ is A 
=^^ the area of the sector whose arc is x ; hence, if 
x=the circumference c, the area of the circle = -;^. 

Ex. 4. Let AC be the involute of the circle AD, 
described by the extremity C of a string unwinding it^ 
self from the circle ; to find iVs area. 

It is manifest that DC must be perpendicular to 
the curve, or to ifs tangent CY^ and as SD is also 



^i* 
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perpendicular to CDy and SF to CV, SDCY is a 

Y 




i 

parallelogram, and SD^ CY-t\ hence, Sr=r=: 

V7Z75; ... J ^qk^lEE^^ whose fluent, by 



pn?)-5- 



Art. 30, is A=i A J • + C; but when y (SC) becomet 

or 

t {SA)y then A, or -S/^C, is=0, andy*-^*=0; hence, 
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Prop. XXII. 

To find the content of a solid generated by the rota- 
tion ^ a curve abdut it's axis, or by the motion of a 
plmne parallel to itself. 

• 

(52.) Let the solid ACD be conceived to be gene- 
rated by the uniform motion of the circle CD, begin- 
ning at A and increasing in magnitude, having it's 
plane always perpendicular to AB, and it's centre in 
that line. Circumscribe this solid by the cylinder 
MLCD, conceived also to be generated at the same 
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Ume by the same uniform motion of a circle. Then 
AL being constant whilst BC varies, let the circle CD 
move on to my*, and the solid CmpD generated, will 
be the increment oi ACD ; suppose also the circle CD to 
move on to cd in the same time without increasing, and 
it will generate CDdc the cotemporary increment of 
the cylinder; produce CD to n and q, meeting mn and 
pq drawn parallel to Bb. Then the ratio of the increment 




[JDdc of the cylinder to the cotemporary increment 
CDpm of the solid ACD, is always nearer to a ratio of 
equality, than the cylinder CDdc : the cylinder mnqp, 
or nearer than BC^ : bm'. Now let the circle mp move 
up to and coincide with CD^ in order to obtain the 
limiting ratio of the increments, and we get the limiting 
ratio of -BC* ; fem% a ratio of equality; hence, a for- 
tiori, the limiting ratio of the increment CDdc of the 
cylinder, to the cotemporary increment CDpm of 
the solid ACD, is a ratio of equality; therefore by 
Prop. 2. the fluxion of the cylinder MLCD is equal 
to the fluxion of the solid JCD ; but CDdc being 
the increment of the cylinder uniformli/ generated, 
will represent it's fluxion, by Prop. I. ; hence, the 
fluxion of the solid ACD will be represented by CDdc, 
the cotemporary fluxion of AB being Bb. Put there- 
fore j:=^fi, ^ = BC, ^=S&, 5= the solid ACD, 
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pTs:3,i4l&Q &c. then (Art. 49. Ex. 3. Cor.) »y'=the 
area of the circle CBD; hence, the cylinder €Ddc:=i 

Sy^issS; therefore iSs the fluent of py*i, corrected 
* necessary. 

The same reasoning will manifestly hold^ if the 
||enerating plane he any other figure, and continue 
always parallel to itself. The fluxion therefore of a 
solid thus generated, will be always expressed by the 
area of the generating plane and it's velocity con- 
jointly. 

EXAMPLES. 

Ex. 1. Let ACD be a solid generated by the revolu- 
tion of any parabola about its aais. 

Here ax = y"; hence, ^= 1 ' '^ .'. S=::py^x = 

^^ — ^, whose fluent is S= , ^^^l — h C= -~- x »y* 
a {n+2)xa n + 2 ^^ 

v^ ft 

X— + C= — rrz^PV^x-^C; but when a;=0, S=:0, 
a n + 2 ^^ ^ * 

/, C=0 ; hence, iSss"*— - x py^x. 

n + 2 ^^ 

If w = 2, the .solid becomes the common paraboloid^ 
and it's content = ^-/jg^^a: = § cylinder LCDM. 

If 71 = 1, the curve becomes a straight line, and the 
$olid a cone, and it's content =4»v* a? = 4- cylinder 
LCDM. 

Ex. 2. Let APEQ be a solid generated by the revo^ 
bition of an ellipse AFEQ about ifs axis AE. 

Put AB=x, BC==y, JO^a, PO=^b; then by the 

prc^rty of the ellipse, a^ :¥ v. 2ax^!x^ \ y*=-^ x 

• ©A* 

{2qx - X*) ; hence, fc/jy^i =£-- x {2axx - a?*i), whose 
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fluent is SzsC^ x («ar* - ^x^) + C; but when a? = 0, 




»6* 
iS=0, ••. C=0; hence, 5';=^ y (aa?*-^'), which is 

the solid content of ACD ; and to get the whole solid, 
we must make AB equal to AE^ or make x = 2 a ; 

hence, the whole solid = ~- X (4a^ - -f^) = • '. 

If the ellipse revolve about PQ instead of AE, then, 
as the same property of the curve holds for each 

axis, the solid will be ~— ; hence, the solid generated 

about AE : solid about P Q :: --^ — : ■■ ■» ;: h 

: a :: PQ : ^£. 

If &=a, the ellipse APEQ becomes a circle, and 

the solid a sphere, and the content becomes = ^ — 

s=4,18879i^. Now the content of a cylinder cir- 
cumscribing the sphere := the area of it's end multi- 
plied by it's length = (as the radius of the end = 6, 
and length r= 2 5)p J* x 2 6 = 2j»4^ ; hence, the sphere : 
cylinder :: ^ : 2 ;: 2 : 3. 

Ex. 3, Let AP be the axis of a conic section YZ 
whose general equatitm is y^ = ax* + bx+c; take BiP 
=Bp, and draw the ordinates PM, pm; then the 
Hfference of the soUds generated by the rotation of the 
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area PMmp about Pp, atid the c^inder generated Jj^ 
the paraileujgramPyCmp dxnttPp, iinlliea constant 
quantity, a and x remaining the same. 

Let BP=x, BC=tf; then py*a!=pax^x+phxx + 
pcsc, and the fluent is ^;)a.i?*4- IpftjJ'+cxsthe solid 




generated by BPMC; and taking x negative = JBp, then 
^s^ax'^-bx + c, and the solid generated by BCmp 
=-^pax^ — -^pbx* + cx; and the sum of these is 
^pax^ + 2pcx the solid generated b^ PMmp. Now 
when x=0,t/*=c= BC ; and the eyhnder generated by 
Pvu^=: ipy^x - 2pcx. TTie difference therefore between 
the former and the latter is ^paa^. Wherever there- 
fore BC is taken, this difference remains the same, x 
and a remaining the same. 

For a parabola, a=:0, and the two solids are always 
equal. 

The frustrum is greater or less than, the cylinder, 
according as a is positive or negative. 

Ex. 4. Tojind the content of tke solid generated b^ 
the revolution of the Cissoid of Diocles about ifs axis. 

a* 
The equation of this curve is y'= _ ■ > Ex.7- 

Prop. XX.) ; hence, S^py'i = |^ = ^^ = (by 

division)— ^x'i—pax:r—/»a*i+^- ; now the fluent 

of all the terms, except the last> is found by Art. 37' 
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and the fluent of the last^ by Art. 45. ; hence^ the fluent 
is iS=— 4?jp5'-iP^*^--P^*+lwi*x —h. 1. (a-ar)-HC; 
now when 07^0, 5'=sO, .*. pa?x — h. I. a-^-C^^Oj and 
C=pa*xli. 1. a; hence^ Sz:z—\pa^^^paai^'--pa^x+ 
pcPx — h. 1. (a— a?)+/>a3xh. 1. flr= — 4-/?^?* - §/?aa^ - 



a 



pa^x+pa^Xh. 1. ; because h. 1. a— h. 1. (a-!-a?)= 



a-^x 



h. 1. , by the nature of LfOgarithms. 

%i "^ X 

Ex. 5 . Tojind ihe content of the solid generated ly 
the logarithmic curve ABDC reoohnng about AB. 

Hereyi= Jl^, by Art. 49. Ex. 4. .*. S=ptf^x^=Mpt/3^, 



whose fluent is S. 



Mpy 



2 



+ C; but when y^a, 8=0, 




M T 



/. 0= - ^ + C, and C= ~ ; hence, S = — ^ x 

2 2 2 

(y*-fl'). 

If ^=m and n, the area between these two ordinate^ 

= — ^ X {w? — »*), where the correction goes out. 

Henc^ when you want tp find the value of a fluent 
between any two values of the variable quantity^ the 
correction becomes unnecessary. 



If AC^a^O, then S=^^^^ the whole 



solid 



corresponding to the abscissa BM. 

H 
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Ex. 6.' Lef the catenl^ Ofrve revolve about ifs 
axk; tQ\find the content of the solid generated* - 

By l^rop. 130, «*=lf«a7+:^^ arid therefor^ j? 5= a« 
4-^ ; and by the, same Prop, Zj/irsod^. Now i^^ptf^i; 
assume therefore S=:py^x+Wj and we have S=pt/^x+ 
2pxyy + ^, and as S=py''x, we have 5i;=: - 2JpJ?yy =r 

( 

X /;s ——)==•*- 2/?flg^x (i — ^) = 2pqyi{ — 2payz ; assume 

w=pai/'-2pdyz+tj thert-ti a= 27>«y^-^i/>ay* — 
2^axy rjr'U ; and as'iv^z^payy -S^pn^yi^ we have i = 
2pa%y=2pa^ij ' therefore r={2j9^a*^; hence, 5^= 
ny^a^pai^'^2pay%'^2p(i^x^Vv but ivhett apa^O^ 
then y = 0, « = 0, and 5=0, therefore C=Oj conse- 
quently aS =;?y x^pay''-2payz + 2pa^ x. 

Ex, 7. Le# the conchoid DM o/* Nicomedes re- 
volve about the axis DA ; to find the content of the 
solid generated by DMF. 

Let CD be a given line, AB perpendicular to it ; 
draw CEMj taking EM=AI), and the curve 







des^jribed by M is the conchoid. Put CA^^a, 
AD=EM=^b, AP=x, PMzzy; then CP^^{a+i^)\ 
EF'=b^^y\ and by sim. tri. y^ : ft^-y* :: (a+yY :V 

^ S^-ry) ^( — ZJLl^ Now 0jC*»the area of the cirfle 

y 

generated by FM, and as Fi) « 4 *- y, Flf^^i^yi^ 
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hence, 3= — pj^y= -pyx (-— ^) X (i*— y*) =p X 
(a+y)»xy-;>a'6V"'y-/?6*y-2£2Lil, therefore -9 = 



.2 



^X(a+y)®+^^5 ;?6»y— 2j»a6*xh. l.y+ C; pow 

when y = 6, «S=0, and the equation becomes o = ^ x 



3 , 

(0 + 4)* +pa*b^plP- 2pab' x h. i. i + Cj therefore C7,= 
— 5 X (a + 6)^— /;a*6+j9ft' + 2/?aJ*x h. J. b; hencie/ 

5=|x (a+y)»-,|><(a-f *)«+?^'- pa' J - pJ'y + 

p o'+2 pa r X h. 1, - the solid generated by DMF. 

The solid generated by the whole curve is infinite, 
as appears by making t^ = 0. 

Ex. 8. het LAO he a solid called a Groin, gene- 
rated hy a variable square v w x z moving parallel to 
itself : and let the section FAG through the middle of 
the opposite sides be a semicircle. 

Put a=r:AE, x = AB y y^BC\ then by the pro- 
perty of the circle, y=Ay2"aT^^^^^^lc% therefore the side 
of the square vwxz=^ 2^/2 ax — x^ ; hence, the area 




• I 



• . • 



vwxz = 4 X (2aa?-x'), which being the generating 
plane, it answers to py^ in the other cases, and there- 

h2 
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TO FIND THE CONTENTS OF^ SOLim* 



fore o = 4 X (2 axx - a;*i), whose fluent is S^A aa?*— 
5^ + C; but when « = 0, S=0, .*. C:=^0 ; hence, S= 

Aax^'^ '-ij^t the solid ^vti? a? s; and if we make 07=0. 
3 

5=—-, the whole solid ALN. 

If the section FAG be any other figure ; or if the 
two sections through the two opposite sides be of 
difierent figures^ the content may be found in like 
manner. 

Or the solid may be thus generated. Let LAN be 
any curve, AO it's axis, LONj CBD perpendicular 




to it, RCED8 any other curve whose plane is pemesi' 
dicular to that of LANj and let this curve move nt>m 
A and thus generate a solid. Draw Pil/, BEj per- 
pendicular to JOC, and put AB=x, BC=yy CP^v, 
PM^%\ then ♦y'«^=area of CED the generating 
plane ; hence, fxj% v = the fluxion of the solid, whose 
fluent is the solid required. 



* / This mark denotes thejlucni qf» 
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■ Ex. 1. Let LAN be a circle, O it's center, and 
CED a triangle, and BE : BC :: m : I, and put 
a — A O ; t hen BC= J 2ax ~ x", and BE = 
oi^ 2ax — x^; \\ence,J'zv = m x (2 ax~x*), and the 
fluxion of the soWA^^ni'n {2axx—x^x), whose fluent is 
mx {ajf — ^x^) =: ?,o\\A ACED; and when x=a, the 
whole ioIid=|mff^ = basex J altituds. 

Ex. 2. Let DAC, DEC be two parabolas, whose 
vertices are A, E ; and let fx=-y'^, and nixBE=y*i 

then BE=^ = — ; also, y = p^3r ; therefore /"«'y = 

-»'j;*x^= ^x j;"^; hence, /"i /"a-y^fluent of ~ — x 

i-. 8b4 = 8 px 1 i 8 px 

15m 15 m '^ 15 m "^ 

- X BE xyx-ix= area DEC x - altitude. 

The solid content of bodies may also be found by the 
following proposition. 



Prop. XXIIL 

Let DMEK be any curve revolving about an axis xji 
thtn the solid generated, is equal to the circurnference 
described by the centre of gravity multiplied into the 
area of thejigure. 

(53.) Let O be the centre of gravity ; draw MOKA 
perpendicular to xy, and BPC, DOE, parallel to xy. 
Put AP-=:x, BC=yy AO = a, p=3,l4l69, &c. Now 

(Art. 58.) „'^ . - = a, .-. flu. ujri = flu. vx X a = 

un.yx ^ ^ 

area DKEMx a. But the surfece generated by BC 
=3pj/x, and therefore the fluxion ofthe solid s=2^ya;i; 
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and the solid = 2^ x flu. ^.ri 9:2 j) ax area HMEK^ 



' D 




the circumference described by the centre df gravity x 
area of the figure, 

Ex. 1 . Let DMEK be a circle, then the solid will 
represent the ring of an anchor ; now in this case^ if 
r= Oil/ the radius, the area DMEK=pr* ; hence the 
solid = 2p^ar^. 

Ex. 2. Let MDK be the gtven area, an^l W it 
be the common parabola, then, the center of gravity 
li^s in the axis DOj )and therfefore a = it's distance 
from xy ; also the area = | D O x MK } helice, the 



solid = 2/?a X I DO^ MK^^pa xDOx MK. 

Ex. 3. Let MD, DKhe straight lines, or MDK a 
triangle; then the ar^.=x iDQ x MK; hfsofc^^ the 
sqlid ^paK DO xMK/ .'v.,, 

If ^^ xcut. MJQtKEi , each , part ipust be cooMoered 
separately. ^ 



t , \ 



\ ■■ 



To FIND -THE LENGTHS of CURVES; 

Prop. XXIV. 



-M 



' ^ojind the length of a curiae /^ne Adi t^XM6 cnU- 
naiH^ BC is perpevmdidar to the -ahscHkA aR-. • ^ 



TOIFIND'TBE LENGTHS OV CURVES. 



IDS 



(54.) Put jiB=tjc, BC^y, JC=z ; then if Cs be 
atangept tpithe curire^ C£ peipendicular to JSC^aud sE 
perpendicular to C£j we have, by Art. 27. CE^i, 




sE—ify Cs=^i; and by Euclid, B. I. p. 47. i*=i*+y% 

.'. i==\/i'^+^% ah<i ;g=the fluent of \/^+.^, cor- 
rect^ if, necessary. ■•■..' 



EXAMPLES. 



Ex. 1. L)et AC ie a semicubical parabola, 'ibfibit 



1 



I -_■ \ 



Herezr=^, .•.i=^^,/.ir*=?^; hence, i« = 



9tf 



9.yy 



^* 



>y.y ^ ., /9y , ,\ .^ M±±5w -9 . ^ 



i 



^^A^^?i ^'f > whpee fluent^, by Art. 39. is « = 



2 6t' 



\i_v 



^\ 



^y i L^ ' 4, C; now i^i^hert v=0, 5J=0, in which case, 
2 fa* 

U'- ■"■'•■■.••,■■■■' •■•■'80 jr^ ' ^ 8« t: 
this equation becomes = + C, .'. o« — -^; hence, 



* 27 a* ^^ 




Ex. 2. Z/e# ByA he a cycloid ; to find %f,s 



104 



TO FIND TH£ 1JBNGTH8 OF CURVES. 



then by the prop, of the circle, Br : Bn:: Bn : JB2J, .% 
Bn'=BDx Br=ax, and Bn^o^x^ ; and by the prop. 




of the cycloid, x (Br) : a^x^ (Bn) :: x (vz) : i (vy) 
_cfixj _ ^;f^i . hence, s?=2 A* + C; but when 

X 

a?=0, « = O, .•. C = O ; consequently « = 2u^x^ = 
2 Bn. 

Ex. 3. Z#e/ AC he the common parabola ; tofifii 
ii*s length. 

Herear=y% .-. i=M = (if ? = J)i^; hence, «»« 

. i . 

plying numerator and denominator by y x ^-fl^f^ 



y^+*yi 



-^Ji^ 



J'yy 



£-| = (by dividing the num. and den. of 



the last term by y) ^ j xy+jyp* x (2ySjr+4^) + 1£ 
X I ; now the fluent of the first term- tt r^t x 



TO FIND THE LENGTHS OF CURVES. I05, 

is fix h.l.(y+y»+F)*), by Art. 45. Ex. 4. hence, z- 

JLxy^+6yl*+^ixh. 1, (y + y* + i' )*) + C; now when 

y=sO^ «=sO, in which case, the equation is = §i 
X h. I. i -j- C; hence, C s= — | i h. 1. 6; therefore 

Ex. 4. Tojind the length CD o/ any /?ar# of the lo- 
garithmic ct<rt;e. (See Fig. Prop. XXll. Ex. 4.) 

Put AC^a, AB=x, BD=y, CD=Zi then ^ 

tei (Art. 49. Ex. 4.), .-. «=Vi* +^' ==y-—f-+y* 
_^j^V — +y as (by multiplying the numerator and 

denominator by ^/IBq^^) ^j^^ = / gf 4 

M*ii yy ' M*y^*y'' 

y vTwmT' ■" V^ + y" "*" VrtWy^* 

hence, (by Prop. l6. and Prop. 18. Ex. 8.) s == 
^M^+y»^Mx h.l. ^+y-^y' + C; bnt When 
sssO^ysi^ and we have 0= x/ il#* + b* - ilf x h. 1. 




. + C; hence, C= - yJlF+¥r^M 



xh.l.:M±.^^±£; therefore a = v/l^M^- 
:mfiBqi^.f itf xh. 1. ^ +^^ + ^' - ilf X h. 1. 
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• . . . ■ 

Ex. 5. To find tfie length of a circular arc. 

By Art. 46. % = -^ = (by division) / 5- + 

*"* ^^\j^^ u * ^' ^ ^ ^ - «. 

or a^ ' 3 a* 5 a^ 7 ^ 

^C; but when fc=o, a^«0, therefore C«= a 5 limce, 

f3 fS /7 

«=*.- --T-J -+&C. Now if a=l, and 

« be an arc of 30% then f = vT ==^>5773502, which 
being substituted for /, if we take 1 2 ^termg: of this 
WtieSf we get « =00,53**^7; t'^e length t)f ttn ttrc-rf 
30**; which multiplied by 12 gives 6,2831804 for 
the length of the circymfefence ^.n circle whose radius 

\$mf^, ^ ...... \i, . . 

if. we^take the arc x s; 45% then will t^it; hence, 

. Ex. 6. IPo^find Hie Ungtk of an dUpHc ott. ' >•' ■ 

.,P»t4fig. itOi Pt«p. itr. ^. 2.) J$0»^, :OI?^*» 
OB =ay. JBC»y, then y ==^^/^q^ y = ^.Z ^^.^ i 



rl) If \^ ■■, _ f. se (by division in^'extractitig' the 



•i TOVi . 'O— 3«,— "".^ . , 6- : A_J 



TO nVO THE UNGTHS OF 8PIftAi.f . 



im 



« = •«?+ ^ ^ 0?^ + Tzr-n — x^ + &c. as the arc 



6 a' 



40dr* 



PC. 

Ex. ;^, ' 7b Jmd the iength of an hyperboUc arc. 
Put (fig. to Prop, 10. Ex. 3.) AO^a^ semi-minor 

aiis =*, a? = OB^ y^BQ then y == ^A/«*r*a*, and' x = 

(potting .=?^=^,r^+;2=||:^^#-. 

A.^ J 1-rf o . 3 — 2rf-2p' p ^T 

&c.and)K=v — ^-T-y^ -^ 2 — V*- &c. = arc -rfC. 



40 a 



to FIND THE LENGTHS OF Sf^ntALS. 

Prop. XXV. 

< ■, - . . - ' • "^ ■ ■ . • . 

To Jmi the length of a spiral SC. 

(55.) Let the ordinate SC-y, the 6ur^ SO:=^z, 
Cr^ur; then, by Art. 31. CS=^z, Es^y; and by 



;.".'», 1 




. "^ "ISN • . 



:■: : { E' 



. I 



sim. triangles^ w : y :: y : i=.^, and «=the fluent of 
?^, corrected if necessary. 
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EXAMPLES. 



Ex. 1. Let SC be the logarithmic ^ira/; to Jind 
ifs length. , 

Here wiyixmi n^ a constant ratio ; htoce w = <--^, / • % 
==^, and«=~ + C; but when y=rO, « = 0, /. C=0; 






xaDOsequently «=:~=^i therefore CY : CS :: CS : 
I* ^ ^ m iv -* 

%e length of the curve. 



Ex. 2. Let it be the spiral o/* Archimedes ; to Jmi 
ifs length. 

ByArt.32.Ex.l.ti;=-T^==; hence, 5 =^^:i5l±£, 
which is the same as the fluxion of the length of the 
parabolic arc, Art. 64. Ex. 3. .-. z = — x p^+iFpr + 1/ 

V..; . '• 

Ex. 3. Let AC ie the involute of a circle ; to Jind 
ifs length. 

Here u; is constant, by Art. 51. Ex. 4. hence, zmt, 

:r— +^1 but when «=0,v=u;, .•.0= hC.and C= 

— r~; hence, zzz—- =r-crT- 

2a? ^ 2w; 2iS-4 
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To FIND THE SURFACES OF SOLIDS. 

Prop. XXVI. 

To ^nd the surface of a solid generated hy the 
^rotation of a curve about it's eudSj or In/ the motion of 
a plane parallel to itself. 

(56.) Conceiving the solid ^FH to be generated as 
in Art. 52. by the circle CD, the surface may be con- 
sidered as generated by the periphery of that circle j 
the fluxion therefore of the surface will be the peri- 
pliery of the circle multiplied by the velocity wi " 



prbich it & 





t flows, by Cor. Art. 49. But the velocity with 
which any point C of the periphery flows, is the velo- 
city with which AC increases at the point C, or it is 
i, putting AC=z. Hence, if we put AB = x, BC—y, 
p=6,28318 &c. the circumference Of a circle whose 
radiu8=l (Art. 34. Ex. 5.), 5= the surface ^CD ; then 
i : y '.: p : py the circumference of the circle CD ; 
therefore S = py z the fluxion of the surface ; conse- 
quently the fluent of p^s, corrected if necessary, will 
be the surface. 

The method of finding the fluxion of the surface 
of a solid, may be further illustrated thus. 

Let ACF be protended into a straight line, and let 
an ordinate perpendicular to it, and always equal to 
the periphery of the circle CD, move from Aio F with 



M 



I 



no TO FIND THE SURFACES OF SOLIDS. 

the same velocity as the point C, upon the solid, moves; 
then it is manifest, that the area generated by this or- 
dinate must always be equal to the area generated by 
the periphery of the circle, the generating lines and 
their velocities being always equal, and both moving 
in directions perpendicular to themselves ; hence, the 
fluxion of the surface ACD = \\\e fluxion of the area of 
this curve = (by Art. 49.) the ordinate multiplied by 
the fluxion of the abscissa = lhe periphery of the circle 
CD multiplied by the fluxion of the curve AC. 




CEtoBm; then if AB=x, BC=y, AC-z, by Art. 23. 
Cs = z, CE = x; and by similar triangles C^s, CBO, 
z : x :; a : If, .\i/z = aj: ; hence, S^=pj/i=pai, the 
fluxion of the surface DAC, whose fluent S=pax + Ci 
but when x = 0, S = 0, .-. C=0 ; hence, S = pax 
the surface DAC. If we make AB equal to AE, or 
x^2a, we have 2pa' for the whole surface of the 
sphere. Now if we conceive ADFC to be a great 
circle of the sphere, it's area = ipa^, by Art. 49. 
Ex. 2. Cor, Hence, the whole surfece of a sphere is 
equal to four times the area of a great circle of that 
sphere. 



90 IIND THE SURFACES OF fOLIDS. Ill 

Cor. As thfe i^urfece DAC:ss^pax, it varies as a?. 

Ex. 2. Lef the solid AFH 6e generated by the com^ 
pambok ; tdjind its surface. 

Here ax = v* ; hence, x = -^, and jc^=-J^ ; .•. 
(Prop.34.)««=iHy'=-i^Vy'=(^Vl) x y' = 



-^-5 — xy', ana» = -^ ■ -\ hence, A=/»y« = 



a' " ' a 



yx4y-xa;'| xyy^ ^^^^ ^^^^^^^ ^^^ ^^^ ^^ j^^_ 



■ - « 



*- ^- >l-\Ci now when y—0, -SssO, in which 



12a 



case, the equation becomes 0=— + C ; hence, C= — 



?^; therefore 5=£2iJ^+^_P^\ 



9 



12' 12a 12 

Ex. I3" Let ALN he a groin, as" in Art. hH. Ex. 8. 
tojiifidifs^surface. vi 

THit v#5=a?, :SC=y, AC^zz; and we have (Art. 46.) 
i = i , ; also, vw =z i BC, ==^,2 U 2ax ^ x^ \ 

no^ i;a> is the line generating one of the four sur- 
faced; hence, %^ 2ax r- x"" answers to py in the 

other cases; therefore if «S be the surface Avx^ S =: 
%ax^ s^nd S^=s^&ax + C; but \yhen x^O^ S—O^ .*. 
C=:0 ; consequently S=sSax; and when x = a, *S=8a*. 

Ex.4. Tiijind th$ surf ace generated by ik^ revolution 
of the cycXoxa^X curve BA a&ouf ifo 6a^e DA. 



lis TO FIN0 THE SURFACES OF SOLIDS. 

Art. 64. Ex. 2.2 = a*a?"*i; .\ S^pyizspya^x''^^^^ 




I 3 



2pa^x -l-a^jpT + C; but when j? = O, 5 = 0, .*. 

C = O ; hetice, -Srs 2pa^x^ --^pc^x^ the surface 
generated by jBy j and when x ^ a, we have S = 

2^—, the whole surface generatied by BA. 



Ex. 5. To find the surface of the solid generated by 
any part CD of the logarithmic curte revolving about 
ifs axis AB. 

By Prop. 24. Ex. 4. z = W-^' + y ^ therefore 

Sszpyz ^py\/ M^ +y\ which fluxion is the same as 
that for the value of z in Prop. 24. Ex. 3. (the 
constant multiplier and divisor excepted); therefore 

'» = fxVy+^y+~^x h. 1. {y + \/W+y) 
+ C; but when y=^a, S=0; hence, = ^x 

2 

V«*+^/*a' +^7- X h. 1.' (a + -,/-^* + «*) + C; «"»<* 
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therefore 5 = ? x ,J~^TW^ - f x JlFlH^ 

Ex. 6. To Jitid the mrface of the solid generated hy 
the catenary cwn;c revolving about ifs axis. 

By Prop. 130. we have 2* =: 2aa? -f jg^ ; hence > 

a* + 2ax + a;* = a' + »% and a+x = n/ «' + «'; 

;2Z ^ — 

therefore i = 



V^TF' andi' = V^-^ = 



a% 



f « . 2» ' ^^^ '^ == -Py ^ ' assume S ^ pyz — u;, 

tl^en S =: pyz + p%y — w, and as S^pyiy we have 

w == j^sjy == -y=====| , whose fluent is tv = pa ^ a* + «* 

(Prop. 16.) ; hence, S ^pyz - pay/a^ + «* + C' = 
pyz—pct —pax+ Cy but when x = O, y =0, and 
5=0, therefore C -^ pa* =0, and C ^ pa^; hence, 
S^pyz-^pax the surface generated by the curve CF 
revolving about the axis C^. 

£e# ABC ie aity ctirt;e, DB tV'^ axis perpendicular 
to AC, aiu^ PT perpendicular to AC produced ; to find 
the surface of the solid generated hy ABC revolving 
bout PT. 

. Put PD^a, draw il/jD parallel to ^P, and let 




P M T 
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BQ= Bq^z; then S=^px MQx z+pxMqXz:=^ 
2p a z, and the fluent is S=s 2paz; and for the whole 
surface^ Szzpa x ABC. 

If ABC be a circle whose radius =: r, then it*s 
circumference :=:pr; hence, S ^ p^ar the surface 
of a circular ring, whose thickness is 2r^ and inward 
radius a^^r. 



I 
r 
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Sect. V. 



On the centre of GRAVITY. 
(57.) Xf there be any number of bodies A, B, C, and G 



be their centre of gravity ; and to any plane xj/, perpendi- 
colare JP, BQ, CR, GL be let fall, then {Mechanics, 
A^ ^>r',\Tn ^ >^AP+B X BQ+C X CR 
Art. 173.) LQ=. A^-B+C " 

Prop. XXVH. 

Tojind the centre of gravity of a hody, considered as 
an area, solid, surface (ffa solid, or curve Une. 

(58.) Let ALf^he any curve, RL the axis in which 
the centre of gravity must lie ; for- as it bisects every 
ordinate TF in N, the parts on each side LR will 
always balance each other, and therefore the body 
will balance itself upon LR ; consequently the centre 
of gravity must be somewhere in that hne. Put 
LN=x, TN=y, TL = z, and draw xy parallel to 
TF; then if we conceive this body to be made up 
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of an indefinite number of corpuscles, and multiply 




each corpuscle by it's perpendicular distance from xy^ the 
sum of all the products divided by the sum of all the 
corpuscles, or by the whole body, will give LGhy Art. 
67. Now to get the sum of all these products, .we 
must first get me fluxion of the sum, and the fluent 
will be the sum itself. Put s for the fluxion of the 
body at the distance x from xt/, then will xs he the 
fluxion of the sum of all the products ; also, s is the 
flution of the sum of all the corpuscles; therefore by 

Art.57.LG=^i^. 
' flu. J 

1*. If the body be an areoy then i = 2yi by Art. 49; 

hence, LGs=-5 — ^-rr^ a '^ . * 

flu. 2yhx flu. y^ 

2^. If the body be a solid, then jn/^x^s by Art. 52 ; 

hence, i:.<? = «Ji:.M!£^=^li^^. 

flu. py x * nxi.yx 

3'*. If the body be the surface of a solids then ssspyi 
by Art. 56 ; hence, tG = f^lMf} =^Ji£*. 

4^. If the body hesicurve lineFTy theni = l2x; hence, 
j^ flu. 2^%. flu. o^i fLn.xz 



flu. Si; flu. i 



z 



EXAMPLES. 

Ex. 1 . Let y=ax'' be the equation to any parabola ; 
tojind its centre of gravity^ 

ax""*^ 



As ysflx^ /. yxx^aai^+^Xj whos6 fluent is 



n + a' 
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alsS^'^ssax^i'^whofleflaeiitis ; hence, (Art 58.) 

y ^ aa;*+* n+1 n+1 
n+2 ax*+' n+3 

Ifn=J, theny=ax% /.y'ssa'x, which is the com- 
mon parabola; hence, LGzrz^x. 

If n = 1, then y = ax, and the figure is a triangre ; 
hence, LG^\x. 

Ex. 2. Lety^^a!^ i to Jlnd the centre of gramty of 
the solid generctted hy the revolution of this curve Mout 
its axis. 

As y* = a*a?**, .••y'xi ssa*^*"**^, whose fluent is 
2n+2 '' *^^' ^' ^ "^ a^x^iy whose fluent is -5^x7 * 

hence, by Article 68, LG = -^j^ x -r-srrr = 

2n + 1 
2n + 2 

If n s= x^ the solid becomes a paraboloid, and LG 

ss-i-x. 

If n= 1, the solid becomes a cone, and LG = | x. 

Ex. 3. Let ALV be a hemispheroid ; tojind ifs 
centre of gramty. 

Put LR—a, AR=b; then a" : 6* :: 2ax—x* : y' » 
^x(2ax - X*) ; hence, y'xx=— x (2 ax* x - x' x), whose 

fluent is -^ X (^^ix' - Jx*) ; also,y*x= -15X (2axx— x*x), 
a a 

whose fluent is -^ x (ox* — |x^) ; hence, by Art. 58. LG 

a 

*^^' and when 4J«a,LG=5l=^-|2 for 
the whole solid. As this is independent of 6, if &=;a, 
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LG remaios the same, and the solid becomes an hemi- 
sphere. 

Ex. 4. Let ARV he a semicircle; to find its 
centre of gravity. 

PutLiNr=^, TN^y, TL-r\ thena?'+y*=r'; hence. 
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xi+yy=0, .'.^a?i=:-y*yj whose fluent is — 5^4- 
C, which must vanish when TF coincides with AV^ or 
y=r ; therefore put r for y, and — iH+CnO, .•. C==: 

I r^ ; hence, the corrisct fluent oiyaci is |r^ — iy^ ; also, 
the fluent of yi is (Art. 49.) the area ATNL ; hence, 

by Art. 58.jLG=|x^^^^C.; and wheny=0, LG= 

3'AkL ^'^^ *^^ ^"^i^*''^!^' 

Ex. 6. Leif ARV i6e the periphery of a s&mitltcle ; 
tojind ifs center of gravity. 

Put LN = x, )>JT=y, AT -z, then, (Art. 46j) 
% \ -^if: v.riXj and a?i= -r^, whose fluent is-.7y+^ 
which must vanish when y = r, or — r*-t-C=:0, and 
C^r^ \ hence, the correct fluent is r^-^ryi therefore 

(Art 68.) LG =.~i2^, and when y =0, LG^Sj. 

m t 

^ Ex. 6. To ^wrf if Ae centre of gravity of the snrfyice 
ARV o/*aw hemisphere. 

Ptita?=fliV;\y«riV; z=RT, and tf= TX ; then 
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(Art. 46.) we have z : x :: a : y, therefore yi =? 
ai; hence, yxz=^axA, whose fluent h ^ax^; also, the 
fluent ofyz^ or ax, is ax; hence, by Art. 58. RG=z 

1 = }a?; and when x^RL^r^ then RO^^r for 

ax 

the hemisphere. 

If the line in which the centre of gravity lies, do 
not bisect the figure, or the parts on each side be not 
similar, for instance, if we take the figdre LAR ; thep^ 
as before, calculate the distance of the centre of gravity 
from LRj in a line parallel to LR ; and from La in a 
line parallel to LA ; and the intersection of these linei 
will give the centre of gravity of ALR. 

Ex. 7. To Jind the centre of gravity/ of the circular 

arc TNF. 

Let L be the centre, and LN bisect the arc TF in i^ 
join TF which bisects LN in B, and draw dc perpen« 

T 




dicolar to LN. Put LT^r, TBi^m, arc 7W=c, 
Lc^x,cd=t/^ dN=ss; then (Art. 46.) s : y :: r : j?, 
anda^r=ry, whose fluent is ry, and when y=m it be- 
comes rm, and 2rm for the whole arc TNF; hence, 

• . ■ 

iEx. 8. To Jind the centrje of griwity of the Sector 
I/escribe the circular arc / n/J and draw t hf. Put 
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LtszXf arc tn = ^, then r : x :: m : — sz tb; and by 

the last Art. the sum of the products of each particle of 
inj' multiplied into it's perpendicular dist. from xy (to 

which LN IS perpendicular) is 2Ltx tbsz ; hence 

for the sector, the fluxion of that product is — — , 

whose fluent is ^^?^ j which, divided by LTNF=xz, 

3r ' ' ^ 

2mx^ , , \ 2mr » ^ 

gives _ =s (when a? = r) ***r^= hijf^ 



On the centre of GYRATION. 

DEFINITION. 

(59.) The centre of gyration is that point of a body 
revolving about an axis, into which if the whole quan- 
tity of matter were collected, the same moving force 
would generate the same angular velocity in the body. 

(6o.) Let a corpuscle p revolve about C, and let a 
force act at D to oppose its motion. Then the momen- 
tum of p varies as ji x it*s velocity, or as p>cpCy which 
we may consider as a power acting at p in opposition to 

p. S- D 



the force at D; but this power acting at the distance pC 
from the centre of motion, it's eflfect to oppose a force 
at D must (by theproperhr of the lever) be as p x j^Cx 
pC= p X p&. liiis efl^ of p to persevere in it's 
motion, or which is the same, to prevent any change 
in it's motion, is called it's inertia. 
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Prop. XXVIII. 

7b find the centre ofgyniioj^ of a boAf. 

(6l.) Let a body be conceived to be made up of the 
particles A, jB, C, &c. whose distances from the axis are 
a^ by Cj &c. and let x be the distance of the centre of 
gjrration from the axis, then by Art. 59* the inertia 
of A, By C, &c. will be as Axa^y JB x 6^, Cx c^, &c 
and the inertia of all the matter at the distance x will 
be as (^+ JB+ C-f &c.) x 3?% now as the movingforoe is 
the same in both cases, the inertia must be the same 
wheii the same angular velocity is generated; hencei 
(^+ jB + C + &c.)xa;^xr^xa^+jBxy.f C x c* -h &c. 

therefore j?=/^xa* + 5 x ft* 4- Cxc*+&c. ^. ^ . 

if i be the fluxi on of th e body at the distance % from 
the axis x = \/ — '- — . 



EXAMPLES. 

£x. 1 . Let the straight line C A revolve about C ; 
to find O the centre of gyration. 

Put«=Q>, then^s;s^ andis=;g^ /.^'is^^ii, whose 







fluent is 5 «^ == (when %^CA) \ C^ ; hence,* COs 

If it were required to find the inertia of any part pA^ 
rS Cp^a^ the fluent |*)s' would want a oorrection to 
make it vanish when % = a; the inertia therefore of 
pA:i^\ X («s-a«)=^ X (CA' ^ Cf); hence, CO = 



n/ 



1 CJ^—Cj^ 
3 ^^ Ap 



Ex. 2w Let a circle AB revohe in its own plam 
(Aaid ifs centre C ; iojind O ifs centre ofgyratioru 

Put /> = 6,3831 8, &c. the circumference of a drde 
whose radius ss: 1, % :=i Cp\ then thie circumference 
pq=^p%, and pzisiS; henice^ the fluent of pzi x z\ or 

R 




p$fz, is J;>«* = (when z =^ CA ^ ^)i:pr*. Also, the 
area of the circle = ||>r*; hence^ CO = V^jr* = r 

Cor. The same must be true for a cylinder revolving 
about it's axis, it being true for every section parallel 
to the end. 

Ex. 3. Let RADB he a sphere revolving about the 
diameter RD ; to find O its centre of gyration. 

Draw CA perpendicular and spr parallel to RD ; put 
Cr^s^r^ Cp=z^ thenpr=>y/?C7«; and ifp=6,28318. 
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&t. the sirrfaCfe of thfe cylinde r generated by ^rt eyblving 
about 1{1>, is j?g x2^/y^^ g^; hencfe, i= 2pzzy/ r? - %\ 

and S5*i= 2/> 2^ 2 V^ r*— z\ Now to find this fluent, put 
r*— 2«=y, then ^ = r^ ^y, and g^ ==r*- 2r *y^+y^^ 
/. 2*.«= ^r^yy+jfy^ hence, ^pz^zs/r^ — 2* = 2^x 
( — y^y^ +lty)j whose fluent is 2p x ( — i r^y^ + iy*), and 
when 2 = this fluent ought to vanish, but yii then 
=r, and the fluent becomes 2jpx — -^r^; hence, the 
correct fluent is 2px(lr*— ^r*y'+g.y^); and the whole 
fluent when 2=r (in which case ^=0) will be ^pr^. 
Now" the content of the sphere = Ipr^ ; hence, CO == 




Oi# THfi CENTRE OF PERCUSSION. 

DEFINITION. 

(62.) The centre of percussion, is that point in ttie 
axis * of a revolving body, which striking against an 
immoveable obstacle, the whole motion, estimated in 
the plane of the body^s mbtion, shall be destroyed. 

Prop. XXIX. * ^ 
• Tojind the centre o/* percussion of a body. ' 

(63.) Let^ ABD be a plane passing through the 
centre of gravity G of the body/ and perpendicular to 
the axis of suspension which passes through C; and 
conceive the whole body to be projected upon this plane 
in lines perpendicular to it, or parallel to the axis; 



' I « ■! 



* The axis is here understood to be a ri^hlt line drawn through, 
the centre of gravity of the body, perpendicular to the axis about 
which. the body revolves. 



^m iron 
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then as each particle is thus kept at the same distance 
from the axis, the effect, from the rotatory motion about 
the axis, will not be altered, nor will the centre of gra- 
vity be changed. Let O be the centre of percussion, 




and draw pnw perpendicular to /> C, and Ow perpen- 
dicular to pw; also, pv perpendicular to C«. As the 
velocity of any particle ^ocpC, the momentum of p in 
the direction puiocpx^C, it being as the velocity and 
quantity of matter conjointly ; and by the property of 
the lever, the efficacy of this force to turn the body about 
O isaspxpCx 0«! = (because On : Ow :-. pC ■ vC) 
pxvCxOn=pxvCx{CO--Cn)=pxvCxCO-px 
vCx Cn = (as Cn : Cp :: Cp : vC)pxvC x CO—p x 
Cp*. Now that the efficacy of alt the particles to turn 
the body about O may be = o, we must make the 
sum of all the quantities p x vC x CO - sum of all the 
quantities ■pxC^^ — O; hence, C0= 

sum of all the p x Cp' sum of all the p x Cp* , 

sum of all the p x vC body x CG ' 

two denominators being equal from the property of the 
centre of gravity (Art. S/.)- By the next Prop, it 
appears that this centre is the same as the centre of 
oscillation; the calculations therefore made for that 
centre, apply to this centre. 

Although the body by striking at O may have no 
tendency to move in the plane of it's previous motion, 
and this only is included in the common definition 
which we here follow, yet it may have a tendency to 
revolve about AO. If therefore we were to define the 
centre of percussion to be that point where the wftoh 
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motion would be destroyed, we must find the plane 
parallel to ABD, such that the sum of all the forces to 
turn the body about the line joining the centre of 
percussion and the axis of vibration in that plane, is 
also=0. But this is a problem not fit for an elemen- 
tary treatise. — See the Hydrostatics, fourth edit. Prob. 
To find the Centre of Pressure, 

(64.) As the force acting at O destroys the motion, 
let us suppose a force to act at O and to generate the 
motion back again ; then it is manifest, that the body 
would begin to return under all the same circumstances 
in which it's motion ceased ; that is, it would begin it's 
motion by revolving about C. In this case, C is called 
the centre of spontaneous rotation ; making therefore 
the point at which a force acts upon a body that can 
move freely, the centre of percussion, the centre of 
spontaneous rotation coincides with the centre of rota- 
tion corresponding to that centre of percussion. 



I 
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On the centre or OSCILLATION. 

DEFINITIOX. 



i 



The centre of oscillation, is that point in the axis of 
a vibrating body, at which if a particle were suspended 
from the axis of motion, it would vibrate in the same 
time the body does. 

»PR0P. XXX. 
Tojind the centre o/" oscillation of a body. 

(65.) Let ABD be a body projected upon a plane 
perpendicular to the axis of rotation, as in Art. 63. the 
axis passing through C and supposal to be parallel to 
the horizon ; and Jet G be the centre of gravity, O thi 
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centre of oscillation ; draw Cv parallel to the horizon, 
Om, Gg, pr perpendicular to it. Then by the pro- 
perty of the lever, the force of gravity lo turn the 
particle p about C<x p x Cr ; hence, the force of gra- 
vity to turn the whole hody about Cocthe sum of' all 




the p X Cr. Also, the force of gravity to turn a 
single particle O at O about C ex; O x Cm. Now ' by 
Art, 60. the inertia of ptxpxCp^, and therefore the 
inertia of the whole body oc the sum of all ike p x Cp''. 
Also, the inertia of O oc Ox. OC. Now that the ac- 
celeration of the body about C may be equal to that 
of the particle O, the moving forces must be in pro- 
portion to the inertia; ; because, if the powers to pro- 
duce motion be as the powers to oppose it, tlie accele- 
ration must be the same. Hence, mm of oW p x Cr : O x 
Cm :: sum of all p x Cp' : O x OC% therefore 

g^f^ _sumof all pxCp"xCm sum of all p x Cp' 

~ sumqf all pxCrxOC ~ body x CG ' 
because (by am. triangles) Cm : CO :: Cg : CG, 

and therefore -r^ = jS; , and by the property of the 

centre of gravity, sum of all pxCr= body x C g. 

Hence, the centre of oscillation is the same as the 

centre of percussion. Or if s he the body, x the 

distance of s from the axis of suspension, then CO = 

flu. a;'J Qa.x's rr, .. /^ ■ ,l i- c j 

-3 r = — r-=n=v . Ihe pomt O is therefore a fixed 

point for every part of the vibration. 

(SB.) JoiapG ; and draw Po perpendicular to CG; 
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then Cp^:^€G'+Gp'^2 COx Go, .\p x Cp^ ^ p x 
CG^+px Gp'^^ZCGxpxGo, wAthesumofaUjfK 
Cp*=sum afallpx CGr* + sum of all p x Gp* — 2CG x 
sum ofaU p X Go ; but the sum of all p x (jco=0, from 
the property of the centre of gravity ; and the sumofaU 

Lx CG* = body x CG*; hence, sum ofaU ox C!p* = 
djf X CGr* + sum of all p x Gp' ; consequently CU = 
hodyxCG^+sum of all pxGp^ _ ^^ , sum of all pxGp* 

hence^ G0= — — r^ — v. js » Now as the nume- 
rator is constant, GO varies inversely as CG\ hence, 
if we find GO for any one value of CG, we shall know 
every other value of GO from that of CG. Hence also, 
if O be the centre of suspension, C will become the 
centre of oscillation ; for as GO x GC is constant, if C 
be changed to O, O must be changed to C. 

Coiu If ^ be the distance from C to the centre of 
gyration; th^n by Art, 6l. x^s = sum ofallpxCp^ ; 
and by Art. 65. CO xsx CG = sum qfallfx Cp* ; 
hence, a^ = COxCG, and CG : x :: x : CO. 

• - 

EXAMPLES. 

Ex. 1 . Let CD be a straight line suspended at C ; 
tq^nd the centre O of oscillation. 

Put « = Cp; then the fluent of a?*i=flu. x'^x = ga?* 



G 
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= (when w = CD) ^CD^. Also, bodi/ xCG^CD x 
^CD ^ iCJy; hence, CO :=:^ CD. 

Ex. 2. Let the line AB vibrate lengthways in a per-' 
tical plane about C, whichis equidistant from A. and B ; 
to find if s centre O (f oscillation. 

Draw CO perpendicular to AB ; and put CO = a, 
Op±:x ; then pC^ = a^+x^ ; and the fluent of Cp^x s 
= fluent of a*i+a?*i = a*j?+ia? = (whenx = AG) a* 
X AG + jAG^ ; hence, for the whole line AB, it be- 



-B 



comes 2a^xAG +^AG^. Also, bodi/ x CO = a x AB 

Ar^ u ^^ 2a^xAG + i^AG^ 
^ax2AG; hence, CO= ^^^JJ =a + 

3a ' 

• 

Ex. 3. Conceive ARB (see the figure to the next 
Example) an angular rod vibrating about an axis AB 
parallel to the horizon ; to find the length of the 
pendulum. 

Draw PQ, CA perpendicular to ^£ ; put ^/2=sm, 
BR=^n,h^CR, x-AQ; thenm : a? :: A ^ PQ= 

— '" ; and the fluent of — r- is tr*;* which, when 4^1=^4 

becomes *~- expressing the sum of the products'of each 
3 



i^Etinitb^ ct oscillaiiok. 
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j)6rti6le of AR, ihuItipHed into the $quare of their 

distances from the axis. In like manner -— is the sum 

6 . ^ 

for BR. Also, (m+n) X - is the whole body multiplied 

into the distance of the centre of gravity from the 
axis. Hence, ,C0 the length of the pendulum = 

i-- — i 2 =46 =i i-CR, The given rod therefore 

j^bx{m + n) T ^ & 

vibrates in the same time CR would. 

Ex. 4. Let a rod ARB in the form of the semi- 
circumference of a circle, revolve about AB parallel to 
the horizon; tojind the length of the pendulum. 

Let C be the centre, draw PQ, CR perpendicular to 
AC^ and let G be the centre of gravity of th^ rod. 




^^R 



• ■ ji 



V^tr^CA.x^PQ, z^AQ; then (Art. 460» = 



rx 



■» ; hence, x^z = 



rx^x 



, whose fluent (Prop. 



63.) is ir*« -^rx/rV"^^^; and when a?=r, it becomes 
^r^ X ^JR ; and for ARB the fluent becomes r' x ^R. 

Also (Art. 58. Ex.5.) CGz=:^. Hence (Art. 65.), 
the length CO of the pendulum = r' x -^JR -f- 4^ x 

. Ex^ 5.. jZfe* ABED 6e-a /wro/fei^^^ C6 ;>^- 
pendicular to the plane, G the centre, EGF pairaUel to 

K 
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AB, -tmd the axis of vibration parallel to WPitofind 
CO the length of the pendulum.. 

Let AB 5= hy BE = 2w, CG=a, draw mn parallel to 
HF, and Gv perpendicular to it, and put Gv=zxi then 

c 



. • ) 




Ciy* = a*+x^ ; and for mnFH, we have the JBiiixion of 
the 3Uin of all thci parttcks x the square of their distances 
jssftx(«^i+a?^i), whose fluent (when* =sw) is AaVi+ 
iftn'; andfor^BJ^D it \s 2 ba'n + ^bnK Hence, 00= 
aba^n+i-bn^ , , ri" 

2 bna ^ a 

Ex. 6. Let DAE &e any parabola vibrating flatways, 
or about an axis passing through C parallel to PMN; 
tojind the centre O of oscillation. 

Put AC=zdy AM^x, Pilfrry then ax^r^; henp^, 
rii^2tfif^i*=x; and the'fcnt of^€7l/*xi, Of 
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i.{d+xYxax% or 2rf'ai^i + 4rfaa:*+*jp+2ai*-^^i, is 
+ -rvT^ *f- 1 . » > wfiich Tanishes when 



** '» 



«+i 



n+s 



.#+.3 



CEKI9UB.0F OSCILLATIfKN. 131 

m Bs-O^ and therefore it wauts no correction. Also^ the 

fluent of CM X i/or (d+x)x 2aal^i is : — | — ; 

hence, if the former be divided by the latter, *we get 

(by reduction) CO = 

Xn+2).{h+3).d'+{n + l).{n+3).2dX'\-(n + l).{n + 2).x^ 

{n+2) . {n+3) . d+ (n+ 1) . {n + 3).x 

If if = O, and 91=1, the figure becomes a triangle^ 
and AO ^ Ix. 

If n = ~, it becomes the common parabola^ and 
AO = ^x. 

If AB were a straight rod, and the density were as 
AlMhy the conclusion would be the same. 

Ex. 7- ^t ^he parabola vibrate edgeways, and let 
it he. suspended mt A ; toJindAhe centre of osciUation, 

Jiy Ex. 2. the sum of the products of each particle 
.pf the line PiV into the sqvia{e of it's distance from A^ is 
2;c^X^:f-Ty® « 2a^^x ax"+^^a^x^'*; hence, 2aif +*i + 
•Ja*^ J& is the -fluxion pf the sum of the products for 

the Ihrhole body ; whose fluent is ■ +.r:r7 — ^rr 

: 7+3 ^3.3(w+l) 

Als^ tlje fluent of AM X s is the same as 

before, d being now=0; hencje, ^"0'= ^ r4r — + 

. ® - n + 3 

• 3.{3n + l) ' 
4f It = 1^ it i» the ^mmon parabola, and AO^ s rr- 

3 X tmX 

If n=s 1, ^0= — H for a triangle ; and if a = 1, 

4 4 ^ 

AO=zx. 

K2 
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Ex. 8. L^t CG be perpendicular to the plane of the 
circle ABV, and let the circle vibrate about an axis 
passing through C and parallel to AB ; to find the 
centre O of oscillation. 

Draw GPF perpendicular to AB, and EF parallel 
to AB. Put AG^, CG^a, GP^ x.Xhen CF'^of 

+x\ PE — ^/r*-a?% and JSF= 2 V^^-^**; hence, 




EFxCP^—{a*+x^) X a y r^-j ^, which multiplied by 

X gives {a*x+x^x) x 2 sjr*^x^ for the fluxion of the 
sum of the products of each particle of the area 
ABFE multiplied into tihe square bf^ it's distance 
from the axis of vibratioiu N ow to fi nd the fluent, 
we have the fluent of a' x ^ ^r* — x* x i = a* x area 
ABFE by Art. 49. and when jp = r, the « fluent 
=± a* X AP^B ; and a^ the san\e is true for the other semi- 
circle, the Whole fluent is a^ x circ le AEB. l^he fluent 

of th6 se cond par ti I^^^XsJ r'^ -^a^, mKy be fdund thus^. 
Let xs/r^ - x^:=z A,x^ x J r" ^ x\ :=^ B, and x x 

r'-x^r = P '> then by taking the fluxion of the last, 
we have P—x x r» - a;*!"^— 3a:'iV r*— a;*=ix (r»— x*) x 

that is, P=r^A-4By hence, (by taking the fluents) 

r^A—P 
P^r^A-AB, and 5= ^ therefore the fluent of 

^ •-. . ' •■ ■ r^A'^ P' 
3a?*i^r*-^jc*is — ; but when j: = r, P = 0; and 
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the fluent becomes — =—• x circle AEBj because Ass 

3 8. 

i of the circle when x=:r; and for both semicircles it 

becomes -j x circle ; hence, the whole fluent is (a**+ ^r*) 

X circle, which is the sum of the products of each 
particle of the circle x the square of it's distance 
from the axis of vibration. Also, a x circle = the 
denominator for the value of C0\ hence, by dividing 

the former by the latter, we get CO = a + — . 

Ex. 9. Let the solid formed hy the rotation of any 
curve DAE about ifs axis AB, vibrate about C in 
B A produced, ; to find the centre O of oscillation. 

By Ex. 8. the sum of the products of each par- 
ticle of' the circle M N into the square of it*s dis- 
tance from the axi8= {CP^'+^PN'') x circle MiV= 
(C7P^+j.pjV^)xyxPiV>( y being = 3,14159&c.)=;?x 

{CP^xPN'^+^PN^) =px(d+x\\y''+i!/^) ; hence, pix 




((rf + ^y X 1^+^) is the fluxion of the sum of all such 
products for the whole body ; the fluent of which 
divided by CG x body, gives CO. 

Ex. 10. Let the solid ie a paraboloid ; tofnd the 
centre of oscillation. 

Here ax=y^\ hence, pi((^d+ x)* xy* + iy^) is equal to 
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pix(^(d+xyxax + ^a^jx^^, whosfe fluent is jipai3p** + 

^padx^+^pax^-hT-wP^^^^ ** ^Iso (Art. 53. Ex; 1.), the 
hddy^^fda^; and (Art. 58'. E^. H.y AG^^ary .-. 
CG^A-jr^ ; hetice, CG x &o% = ^padx* + ^pd^ ; 
dividing therefore the above fluent by this quantity^ 



I » 



t. vtA ^d" + Sdx -{^ Sx* 4- ctx 
time CO = \ ^j... I 

3 ir + rf 



^^m^--- — -wm 
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If Coincide yi^ith A^ rfc= O, and CO a 

Ex. 11. Let the ^Kd fe d cohfe ; to firid the Mntt^e 
of oscillation. 

Put ^fl = a, BD=ib ; then fl^ r b ::x:i/^ ^ = 

f jfm=-)wiJ:; hence,j»ix^(rf+a?)^ x^*+^^*y =: px x 

(^(d+jtyxrfex* + ^tri^x^^y whose fluent is^pd'm^ot^+ipdni^si^ 

+'i^pm^a^'^^pTji^x^; also (Art. 53. Ex. 1.), the body = 

^piri^x^', and (Art. 58. Ex. i.) ^G=|a?, /. CG^d+p; 

u >.^ ^^d* -hsbdx + 12 i?* + 3 m^o?* 

hence, CO = ^ — j — = 

' 20rf+ 15^ 

20rf* + 30rfa+ 12a* + 3i'' ,. , , . 

T- — for the whole cone, when 

20rf+15a ^ ' 

X = a, and mx =z t^ =z b. 

If the cone be suspended at the vertex, then d =i O, 

and CO = i^. 

5 a 

Ex. 12. Let the solid be a cylinder whose axis is 
AB. 

Put P7V=r a constant qua.ntity,. CA^a^ CB=ib, 
CP:^x; theti{CP'^^PN^) X circle MN±^ (^'+£l)>i 
pr^; hence, the fluxion of the sum of all the particles X 
the square of their dl^ttoef ftotai the axi^= (a7'i4-— ) x 

pr% whose fluent = (^•r-+ r—^ x »r';. and this fluent 
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for the length of the cylinder, or between the valuea of 

a? = a and a? =2 6, is t Z^ +^ x (* "" ^)) ^ ? '^ », 
also, ^ X CG =/>r* x (6 — a) x |^ (6 + a) ; and dividijhg the 
former by the latter, we get Ha:^ ■ » ^^r i}^J- ' • '• '« 

If r = o, CO = -T — r for a rod of an 

evanescent. diameter. If a = 0, CO = -f^ft. 

■ \ 

■ » 
Ex. 13. Let the solid be a parallelopipedon whose 

axis is AB, 

Let the axis of vibration be parallel to MN^ one 
side of the section ; put MN=. m, DM = 2 w, a? = CP, 




a =5 CA, b = CB; then by Ex. S. S m«a?i4-47>«^^ i^ 
the fluxion of the sum of all the particles x d into the 
squares of their distances frooi tha axis, and the fluen^ 
18 ^mnx^-\-^mn^x; and as' in the last example, for the 
whole solid, this becomes ^mn x (&' — a^) + ^m ??' x 
(6-a);and5xCG=2mijX(ft-a)x|(6+a); hence. 



im 
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~ 2mn x{b - a)x ^{b+a) ^ 

if «= O, a = 0, CO = ^6. 

This being independent of m, it is just the same as 
it would be for a -rectangle whose bres^dth is Sn, 
vibrating edgeways. 

Ex. 14. Let the body be a sphere ; to find the centre 
O of oscillation^ C being the point of suspension. 

Let B bie the centre • then BA ^ r, }f = 3rx/- ^*. 



V ' 




In this case, it will be most convenient to apply the rule 
in Art. Q^. that is, to get the value of CO when C 
coincides with A^ and thence to deduce it's value in 
any other case. Now when C coincides with Aj rf = O, 
and the expression becomes j^i x (^*y* + Jy*) = i^ x 
(rVi+rjp'x-^x^i), whose fluent is i/?r*a?^+^pri?* 
— ^px*; and when j? = 2r it becomes Wpr^ for the 
whole sphere. Also, the body x CG ( G coinciding 
with B)—i^p r^xr^^pr^; therefiwe AO=: 1 -r ^ ; con- 
sequently BO = ir. Hence, (Art. 66.) if d = CB, 

d : r :: ^r : -—7 = BO when the point of suspension is 
at C;^ therefore CO ss d + 'r^. 
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Ex. 15. Let the body he a circle, and the axis of 
vibration pass through C perpendicular to ifs plane. 

Put GA = r, CO=d, GO=d?,and /> = 6,283 &c. then 




px s£ the circumference vfi^^e, and the fluxion of the 
sum of all the particles multiplied into the square of 
their distances from G = />4? x a^* x jc, whose fluent^ 

when d? = r, is ^~; and the area of the circle x rf = ^— 

X d ; hence, (Art. 66.) CO = ^ + 53 • 

3 

If C coincide with A, then CO = - r. 

2 

CoRi Hence, the same must be true for a cylinder 
whose axis is parallel to the axis of vibration. 



» • 
■ »> 
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Sect. VI. 



On the attractions of BODIES. 

Prop. XXXI. 

To determine the attraction of a corpuscle P towards 
a right line BA, in the direction PA perpendicular to 
AB, supposing the attraction to each particle of the line 
to vary invei^sely as the square of the distance. 

(67.) Put PA=a, AC=x, then PC«=a'+a?% and 
there£cH*e the attraction of P towards a partiele at 'Cis a» 

-^' A ; and by the resolution of forces aJ a* +x^ : a 






I ^ 

w~^ : -_,.,^ the attractioa in the direction PA ; 

ax 
hence, - - is the fluxion of the whole force, whose 

fluent (Art. 39. Ex. 5.) is ^ — 9 which wants no 

a^+xy X a 

correction, for when a? = 0^ the fluent = O ; and 

AB 

when X = AB^ it becomes -^-g ^-j for the whole 

Jr JtS X M A 

attraction in the direction PA. 
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If AB be infinite, the attraction is as -p-j • 
Id like manner we find the whole attraction in 
<he direbtion AB\ ft)r a/ a* + x* : \r :: ., — y : 

CL "I" U/ 

, and the flaxion of the force is — '-^ — j, whddif 



fluent (Art. 39.) is — — . , which wants a cort<6Ction, 

• 1 

for when x = 0, it becomes — - ; hence, the correct 

.11 • 

fluent is - — r^ and when x=^AB^ it becomes 

1 1 PB-^PA ^ . 1 ...... ... 

jrs'^'pjf = p^ — hTS *^^ the whole attraction in> the 

direction AB. 

Hence, the aiitraciiofi in the drrectron PA r'^he 
attraction m the direction AB :: An : PB~-PA ; take 
therefore AC= PB-PA, and join PC, ktid that wll| 
be the direction in which thife-corpiidcle j^*'wtftNtegi» 
to move. 

Piftdp. XXXII* 

If the line PA beperpendicular to the line BA j t&Jind 
the attraction of POl to B A, upon the same law qfjorce. 

(68.) t^ut a—AB^x=:Api then (Art. 67.) the attntakioti> 

IP 

\ ■ 




a 
of a corpuscle at/> to AB=:- . \ ; heilc*, 



is the fluxion of the attraction required ; whose fluent 
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(Art. 46. Ex.7-) IS t "»'' /■ . o ; now when x = 0, 
this beconaes ^ h. J. — — =•!• h. !• -r— ; hence, the fluent 
corrected, or the attraction, is | h ^ ^ 

ih.l.^ = (when x = ^P) i h. 1. jg^^p - 1 h. 1. 

— ^-jj , an infinite quantity, that is, indefinitely greater 

than the attraction of part of the line -^P set off 
from P. 

If we take xt=zAp, the attraction = i h. 1. .^ ^ — 

f h. L — ^ p ; hence, the attraction of Pp to AB = 

, , , BP --4B , . , Bp ^ ^g . . 
- -^^ +^^ " ^ AB^Bp == ^- '• 

y AB+BP ^ Bp'-AB' 

Prop- XXXIIL 

£fe/ O Ae f Ae centre of a circle ABCD, and a cor^ 
puscle P he situated in the line OP perpendicular to 
ifs plane ; to find the attraction of r to the circle, 
supposing the attractive force of P to every particle of 
the circle to vary as the n*** power of the distance. 

{6g.) Put PO = a, Pv znoc, p=: 3,14159, &c. then 
Ov* = 0?' — a*, and by Art. 4g. p x (ar^— a*) = the area 
of the circle i;t«? ; hence, 2pxx is the fluxion of the 
area at the distance Ov firom the centre ; and by the 
resolution of forces, x \ a i: sf^ {the attraction of P to- 
ward t') :'aj?'*'"\the attraction of P to a corpuscle at 
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V in the direction POj hence, the fluxion of the at- 




traction of P towards the circle is vls 2pxix aaf^"^ = 

2paaf^ij or as ax"*i. whose fluent is : but when 

n+i 

a? = a, Ot; = 0, and consequently the attraction vanishes ; 

but in this case, the fluent is ; therefore the fluent 

• w -f 1 

corrected becomes - r ; and when x =a PA 

w+1. w + 1 

(neglecting the constant denominator) it becomes PO 

X F-^^+' — jPO"*"*, which is as the whole attraction 

towards the circle. 

PO 

If » = - 2 it becomes 1 — mi the denominator 

neglected being nowrs — 1 . 

If » be ^ negative number greater* than 1, and the 
radius AO become infinite, so that Pj4 becomes infi- 
nite, then PA being in the denominator, the first term 
PO x^P^+^=;:0, and the attraction i§ as jPO»+*. 
, Hence, if ' « == — 5^, the attraction becomes unity ; 
therefore the sittraction is the same at alt distances 

PO. . 

# « • » - - 

Prop. XXXIV. 

Let the attractive force of a corpuscle at P to each 
particle vary inversely as. the square ^ the distance ; to 
jind the attraction of P. to the cone PA.C. 

(70.) By the last article, the attraction of P to the 
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iPa PO 

circle 'sr is as 1 - -fi-= 1 - -^-i ; the attraction therefore 

jP s pa 

to every section ^r is the saifte ; hence, the attraction to 




ihe whole cone, is as (\ — p-^) x number of sections, or 

PO 

i J iHen^e^ j^fpr similar cones, p— -being eimstant, the 



li ', 



! i: 



)Rrop. XXXV. 

... F . 



If a corpuscle he situated at^Pintk^ajcji^ SQ of ^ 
cyliyider^ to find ifs attraction to the cylinder, suppose 

m'ihe dttract^e force to each' particle' to vary in- 
et^ ^ tfie )square of ihe distance. 

'^^%yt.^B^r Jhe aUracti9p of F !tQy«;ar((j8 ^Jjije w(^ Mf 
is as 1 y ; hence, the fluxion of the attrac- 

tive force is as i? .- ^ , whose fluent is ;r — 

s/^iM^ (Art. 39.) ; rqpow when ^ as .PQ thisi fluent 
becomes PQ - PjB, and when ii=^ JR*,^ it becomes P8 
y-rPClj wd as we want.fhe ^tpetqtiqn of ^ to the solid 
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between tbe^e two values of x, their difference SQ + 




PB"- PC is as the attraction required. 

If the length be infinite, then PC^PSy therefore 
5'Q-.jPC=%Q-P>S= -PQ, and the attraction be- 
cotnes as PJB— PQ. 

If the diameter AB be infinite, then PC = PB ; 
hence, the attraction becomes as SQ. 

Prop. XXXVI. 

To find the attraction of a corpuscle P to a sphere, 
token the attraction to each particle varies inversely a^ 
fhe square of the distance ; or directly as the distance^ 
whatever he the form of the body. 

..(72.). JprV^f J J^t the forc^ vary inversely as the square 
of the distance. Let O be the centre, P^OC perpendi- 



* ■. .1 » . ■ • 




J : 



\ I • 



cular to BDi put the radius ^O =? c, OJ^ ^ ^, 
AP=ih-a;=iC,PK^=^y, and fet P5s=;c4-,y, then 
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5A:* = iBjP* - PK* - c + xY - y ; hence, y = 

2ac + 2c*4 2ca? + ^* , , .2bc + 2cx+x' 

=(as b=:a + c) --r -; 

2a-f-2c "^ ^ 26 

therefore the attraction of P to the circle jBD is 

.A. n V 2bc-\'2car+a^ 2ax - x* 
(Art. OQ.) as 1 —r — 7 — ; — r- , or as r— 7 r ; 

• • • 
also, y = y — ; hence, the fluxion of the attraction 

^ ^, , . 2axx-x^x , - ^. oa? — -|-i? 
to the sphere is as p — — , whose fluent is u . ^ 

j^he attraction to ABD, for the fluent wants no, correc- 
tion, as it becomes =0 when ABD = O; and wh^n 

X = 2 a, it is --T^ the attraction to the i^hole sphere, 

which therefore varies as 7^. 

If the density ^pf the sphere should vary, then the 
jgtttraction will vary as -7|- . . , 

If the corpuscle be at the surface of the sphere, th^n 
a =6, and the attraction varies as rfa; or if d be given, 
it varies as a. 

Since- the quantity of mt^tte^ k varies a^ rfaV the 
attraction varies as -r- . Now if the sphere were evan- 
escent in magnitude, with the same quantity of matter, 
the attraction would be the same, it being independent 
of a. Hence^ the attraction of a corpuscle to a sphere^ 
is the same as if all the matter of the sphere were 
collected into ifs centre. 

Cor. 1 . Hence, if P be a sphere of finite magnitude, 
the attraction of that sphere to every point of ABCD 
will be the isame as if the whole quantity of matter in P 
were collected into it's centre. Therdbre two spheres 
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attract each other by the same force as if the matter of 
each was collected into ifs ceDtre^ or by a force varying 
inversely as the square of the distance of their centers. 
Now Sir I. Newton has proved, that any two bodies in 
our system attract each other by forces varying inversely 
as the squares of the distances of their centers; we there- 
fore conclude conversely^ that the constituent particles 
attract each other by forces which vary inversely as the 
squares of their distances. 

CoR. 2. If P be taken withinAhe sphere, in like 
manner we find the attraction of P to the parts lying 
between P and A, P and C, and the difference of these 
attractions will be the whole attraction of P to O, and 
it comes out to be as the quantity of matter in the 
sphere of which PO is the radius^ divided by PO^, or 
as PO. Hence, a corpuscle situated within a sphere, 
is attracted towards the centre by a force varying as the 
distance from the centre. 

Cor. 3. Further, as two distant spheres A^ B^ 
attract each other by a force varying inversely as the 

squares of the distances C^j of their centers^ if from 
A there be taken away a concentric sphere, as B attracts 
what is taken away from ^ by a force -^^ B must now 

attract the shell left, by a force — . Now if in the place 

qS the sphere taken away, there be put another sphere 

of different density, it will attract that by a force ^ ; 

therefore it will attract the whole of B as now formed, 

by a force -^ . Thus you may take away spheres from 

5 and add others of different densities, so as to make 
the density of B to vary from the centre to the .circum- 
ference according to any law. We may reason the ^ame 

I- 
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of A. Hence, if two spheres have their densities vary 
from their centers to their circumferences according to 
any law, they will attract each other by a force which 

varte? as -^gr. Or two shells will do the same; or a 

sphere and a shell. 

Secondly^ Let the force vary directly as the distance of 
P from every point of the body QR. Conceive the 




body to be divided into an indefinite number of cor- 
puscles a^ by c, &c. Join ab, and let g be their centre of 
gravity, and join Pa^Pb^ Pg. Now the attraction of 
P to a 16 as Ax Peky and to & as 6 x Pb ; resolve tii^ 
former into ax ag and a x Pg, and the latter into 
hxbg and b x Pg ; but a x dg'si x 5g^, these attractions 
theref(H*e being equal and opposite; destroy each other ; 
the whole attraction therefore of P to a and b is 
axPg+bx Pg^ia-^b) x Pg, and is the same as if 
a, 6, were placed in their centre of gravity. Conceive 
therefore a and i to be placed at ^, and take aaother 
particle c ; then in like manner the attraction of P to 
a+b and c is the same as if the quantity of matter of 
a-rb and c were placed in their centre of gravity. 
Thus we may go on through all the particles. Hence, 
all the attraction of P to the body QJt is the same as 
if the matter were placed in it's centre of gravity. 
Hence, as in die fortner case, if P be of finite magni- 
tude, it's attraction to ^QR will be the same as if ^ it's 
quantity of matter were collected into it*s centre of 
gravity. Also, for two spheres we may apply the 
reasoning in the last article. 
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In any other law of attraction than the two here 
mentioned, the attraction of a corpuscle without a sphere 
to a sphere, will not be the same as if all the matter in 
the sphere were collected into the centre. Nor is there 
any fixed point in the sphere, into which, if the whole 
matter were collected, the attraction would at all dis- 
tances continue the same as for the sphere. 



L 2 
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Sect. VXL 



On second, third, &c. FLUXIONS, anjo 
POINTS OF CONTRARY FLEXURE. 

Prop. XXXVII. 

7b explain under what circumstances a quantifjf 
may have several orders of fiuxions. 

{73.) Xhe fluxion of a quantity being the uniform 
increase or decrease of that quantity in a given time, 
every quantity virhich increases or dea-eases must have 
a fluxion. Hence, if the fluxion of any quantity be 
not constant, it must have some certain rate of in* 
crease or decrease, which rate of increase or decrease 
will therefore be the fluxion of that fluxion, or the 
second fluxion of the original flowing quantity. Also, 
if this Second fluxion be not always the same, it must 
have a rate of variation, that rate therefore will be the 
fluxion of the second fluxion, or the third fluxion of 
the original quantity ; and so on *. Thus a quantity 
will have a successive order of fluxions till some fine 
fluxion becomes constant, and then by Art. 3. i^ tnll 
have no more. Thus, let x increase uniformly ; llien 
the fluxion of 9^ is 2xx\ now x is constant, but » 
itself increases, therefore 2xx increases in proportion 
to the increase of j? ; the fluxioi^ therefore of x^ is not 
constant. Hence, con dkte ringjc aa the variable part of 
2xxy it*s fluxion by Art. 9. is 2xx^2d^, which is 

* The fluxion of s is denoted thus, x; the fluxion of j* is de- 
noted thus, 9 ; and so on. 
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tlie second fluxion of xK But if we suppose x not to . 
increase unifonnly, tlieo 2xi will have both x and i I 
variable; hence, by Art. 15. the fluxion of 2xx will 
be 2xx + 2xx, or 2x^ + 2xx, which therefore is the 
second fluxion of a;'. But if we should here suppose 
neither x nor x to be constant, then this second fluxion 
would be variable. Now the fluxion of 2x^ is found 
by Art. 13. considering here x as the root, and there- 
fore the fluxion of the root is x i hence, the fluxion 
of 2.f^ is 4xx ; also, the fluxion of 2xx is found by 
Art. 15. to be 2i'Jc + 2j;jf, both T and xbeingvariable; 
therefore the fluxion of 2 i' + 2 x x, or the third 
fluxion of X*, is 4ix + 2xx + 3xx = 6xx+2xx. 
Jn like manner we may And the successive orders of 
fluxions of any quantity. 

(74.) If X increase uniformly, or if i be constant, a^ 
will have n fluxions, and no more, n being an affirmative 
whole number. For the first fluxion isn^f'^x; and 
X only being variable, it's fluxion is n, (h— l).a:"~*i*; 
and the fluxion of this is ».(«— !).(«— 2). x"~^x' &c, 
when therefore we have taken the fluxion n times, the 
index of x becomes = 0, and x°= 1 j hence, the fluxion 
then becomes «.(n — l) ... 2.1 ..r", which being a cout 
Gtant quantity, it has no further fluxion. 

(75.) The first fluxion of x^ + ai/* is 3x*x + 2 ay if % 
and if X and p be both variable, it's fluxion is Qxx* 
-\-3x^x-^2ay^-\-2ayy; but if x be constant, then 
x = 0; therefore the second fluxion becomes 6x.r* + 
2ay''-\-Sayy; and if ^ be constant, the second fluxion, , 
is 6 xx' + 3 X* jtf + 2 ay''. 

(76.) The first fluxion of x"^"", by Art. 15. is . 
ny"x""'i' + »u?"3/"~'^ ; and if both x andjf be variable, 
we are to consider each of these quantities as com- 
posed of three variable factors, and then the fluxion, 
by the same Art. will be n.mx"-'t/"'~'yx + n.(n- 1). . 
y'"x"~'i' + ny"a:"~'x + m.{m-'l) .x"y'^~^y^ + niny'"~' 
x"~'xy + mx"y^~'y. 



ISb ORDERS OF FLUXIONS. 

Prop. XXXVIII. 

Tojind the second fiuxion of the ordinate of a curve. 

(77.) Let PQ, BC, Dr be three eoiiidistantordinates, 
draw QR, CE parallel to AB, and let vCshe a tan- 
gent at C, meeting PQ, Dr in v and s ; join QC, and 
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produce it to meet Ds in f. Now as PB = BD, the 
increment of the abscissa is constant, therefore {Art. 3. 
Cor. 1.) PB or BD will represent the fluxion of the 
abscissa, which is also constant. Now the cotemporary 
increments of the ordinates are RC, Er ; but the tri- 
angles aRC, CEt are simihr, and QR^CE, therefore 
RC=Et; consequently the cotemporary increments of 
the ordinates are El, Er, and their difference is rt; 
but as the limit of the increment or decrement of the 
ordinate is the fluxion of the ordinate (Art. 7-)> there- 
fore the limit of rt, the difference between two succes- 
sive increments of the or<hnate, or the limit of the in- 
crement of the increment, will be the fluxion of the 
fluxion of the ordinate, or the second fluxion of the 
ordinate. Now as the triangles CvQ, Cst are similar, 
and QC= Ct, therefore Qv = st ; and as Qv, sr depend 
upon the curvature of CQ, CV, if Q, and r be brought up 
to C, BO as to get the measure of the curvature at C from 
each side, it is manifest that the Umit of Q.v to sr must 
be a ratio of equality ; hence, the Kmiting ratio of rs 
: st is that of equality ; consequently the limiting ratio 
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otrt : 2rs is a ratio <rf equality. Hcnce^ if we take 
2rs in two different parts of the curve and make them 
vanish^ their tmiiting ratio expresses the ratio of the se- 
cond fluxions of the ordinates. Moreover, r t expresses 
the difference between tha two successive increments of 
the ordinates^ cotemporary with Er which expresses 
the difference of the two ordinates themselves ; there- 
fore by taking the limit, so that the latter increment 
may become the fluxion of the ordinate, the former 
becomes the fluxion of the fluxion of the ordinate, or 
the second fluxion of the ordinate ; hence, whilst the 
Ihnit of rt, or 2rSj expresses the second fluxion of 
the ordinate, the limit of Er will express ifi first 
fluxion; but (Art 23.) the limit of Er is Es the 
fluxion of the ordinate, CE and Cs exprfedsittg the co- 
temporary fluxions of the abscissa and curve (Art. SJ.) ; 
therefore the limits of 2rs, Cs and CE, express the 
cotemporary second fluxion of the ordinate, thb fluxion 
of the curve AC, and the fluxion of the abscissa AB. 
In like manner it appears^ if the curve be a spiral* 



On the point of CONTRARY FLEXURE 

OF A CURVE. 

DEFINITION. 

(78.) If a curve be concave in one part and convex 
in another, the point where the concave part ends 
and the convex begins, is the point of contrary/ 
flexjure. 

Prop. XXXIX. 

Tq find the point of contrary fiexure of a curve. 

(79.) Let PQ, BC, Dr, be three equidistant otdi- 
nates^ and the curve concave to the axis ; anid draw 



1^ 



POINT OF COmiURY rLEXURK. 



Qfi, CE parallel to AD, and join QC, and produce 
it to meet Dr in t. Then the triangles QRC, CEt, 
being similar, and QJt^CE^ therefore CR^tE, and 




hence CR is greater than E r ; therefore if y represent 
the ordinate, moving from A, and x the abscissa, and 
PB = BD=i a constant quantity ; then correspondinp 
to the uniform increase of x, the increment of y, an< 
consequently y, decreases; now as y increases, y is 
positive by Art. l6. but asy decreases^ ifs fluxion, or 
jfy is negative by the same article. 

If the curve be convex to the axis, and the ordinate 
move ironi A, then the increment of y, and therefore 
^, increases ; and as y increases, y is positive ; and, as y 
increases, it's fluxion, or jr, is positive. Therefore when 
the curve is concave to the axis, y is negative ; when 
convex, jf is positive, x being constant. HencCj at the 




point of contrary flexure, y changes it's sign ; but a 
quantity may change it's sign, either by passing 
through O, or infinity i* hence, at the point of contrary 

■ I ■ ■ ' ' ' ■ ■ ■ II ■ ■!■ ■ ■ ' ■ 

* When a quantity from positive pass through o to negative, it's 
inverse virill pass through infinity to negative, the signs in the latter 
case being the same as in the former. 
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flexure, j* := 0, or infinity. What we here mean by 
infinity is only in respect to it's value at any other i 
time, that term being relative; and in this case we are | 
to understand that y is indefinitely greater at that 
time than at any other. If we conceive a line to be 
drawn from A parallel to JSC, and consider it as an 
abscissa to the curve, and draw lines from it to Q^ 
C, r, parallel to AD; then the former abscissse AP^ 
AB, AD become equal to the ordinates, and the or- 
dinates PQ, BC, Dr, become equal to the abscissae ; if 
therefore y be made constant, if = 0, or infinity, at the 
point of contrary flexure. Hence, we have the foU 
^Jowing 

" Put the equation of the curve intofiuxions; make x ory 
constant ana take thejluxion of the equation again, ami 
get the value of y or x, and put if = 0, or infinity ; from i 
which find the value ofs., which gives the abscissa corres- 
ponding to the point of contrary Jiexure. And to deter- 
mine for any value o/' x, whether the curve be concave 
or convex, substitute that value for x into the expression 
for y, the x being supposed constant, and ij it come out 
positive, the curve is convex to the axis ; if negative, 
it is concave. 



\ 



EXAMPLES. 



Ex. 1. Let the equationof the curve be y^3x+l6i?- \ 
2xK 



Here^ = 3i+36xx-Gx''x, and y = 
{iix=l)36-l3x. Now make 36- 



- 120^ = 0, and | 




j:=s3 ; take therefore AB - 3. and draw the ordinate 
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BC, and C is the point of contrary flexure. If a: be 
between and 3, 36 — I2x is positive, therefore the 
part AC of the curve is convex to AB ; but when x is 
greater than 3, 36- 12a; is negative, and therefore the 
curve is concave towards the axis. 

Ex. 2. Let the curve be the Conc/iOiW o/'Nichomedes; 
aee Prop. 22. Ex. 7- 

Put AP = X, PM=y , CA = a, AD = b; then 
x^ = {a-^y) X ^b^ — y* ; take the fluxion, and yi + 

— •'., • • -; substitute for x it's value, 

y^ + b^a 



and we get i = — - 
Btant, and we have x = ' 



; X ^ ; now make y con- 



b^f ■ 



I 



"(SV-y) -< V»'-»' " 

which put — 0, in which case the numerator = ; 
hence, y^ + 3fl?/'^2 6*a ; fi-om whencey may be found, 
and then x, which will give the point of contrary flexure. 
This curve is the Conchoid of Nickomedes. 

Ex. 3. Let the equation of the curve be y = 180X* — 
X10x'+30k*-3x*. 

Herey = 36oxx - 330 x' x + laox'x - 16 a:**, and 
y = 360x^ -GBoxx^ + SGOx'x' -6ox^x' = O, or ~a^ + 
6x'~ lIx+6 = o, whose simple factors are 1 - x, 2— x, 
3 - X, and the roots are 1, 2, 3, the abscissae corre- 
sponding to the points of contrary flexure, of which 
therefore there are three. As — a^-f-6jr'- II x + 6 = 
(l—x)x(2-x)x(3-x). when x is less than 1, this 
quantity is positive, and therefore the curve is convex to 
the axis ; when x is between 1 and 2, it is negative, and 
the curve is concave; when x is between 2 and 3, it is 
positive, and the curve is convex ; when x is greater 
than 3, it is negative, and the curve will then continue 
concave. 



^1 than 3, 

L: 



(80.) If W making jl ^O, the equation has 2 equal 
roots^ then / passes through without changing tt*i 
sign; in this case therefore^ the point found is not a 
point of contrary flexure. . And this wilt always be the 
case^ when the equation has an even number of eqiuil 
roots. For more on this subject^ see Problems at the 
end. 

^81.) To find the point C of contrary flexure of a 
Spiral, it is manifest^ that as long aii the point A a{H 




proaches to C, the perpendicular Sj/ upon the tangent 
must increase ; and after Jl has passed through C 
to B, the perpendicular will then decrease ; therefore 
at the point C it is a maximum ; hence, if we make 
the fluxion of the perpendicular =? 0^ it will give the 
point of contrary flexure. 

Ex. Let the spiral be that in Article 32. 

HereSj^ = ^^^^^^,^^ ; hence, 2 5'y x % =i 

2m^y^^\y + (2m + 2)xm-^^,y^^'y , but S^ = O 

t^ + m^f"^ ' ^ * 

therefore am'^y^^ ^ + (2m + 2) x mT"*y**"+ ' = ; hence, 



= - -^ ZS , and y = --3- 



xt. As- 



m " w 

suming therefore m a whole number, 3 m must be an 
even number, and therefore y is impossible, except m be 
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a negative number greater than 1 , in which case the 
quantity under the radical sign becomes positive. 

For the Lituus, m^s ^2, and y^-v^ xt sz4\ x t 

IS ^/7x t. 5 

If m=l, it is the spiral of ArcMmedeSj and y is im- 
possible, therefore it has no contrary flexure. 

If m = - 1, it is the reciprocal spiral, and y is infi* 
nite^ therefore it has no contrary flexure. 



^' 



157 



Sbct. VIII. 



Ok the motion of BODIES ATTRACTED 
TO A CENTRE OF FORCE. 

Prop. XL. 

To find ihe time and velocity of a body descending or 
ascending in a non-resisting medium, in a right line to 
arjirom a centre of force ; supposing the force to vary 
as any power of the distance from the centre. 

(82.) Xjet t; be the velocity of the body at any time^ 
X the corresponding space, either that described^ or to 

be described, m = l6^feet^ t = the time, F the force 

compared with the force of gravity on.the earth*s surfiice, 
whii^ we will represent by unity ; then v v = ±2mFif 
the sign being + when v and x increase together, and 
-* when V increases as x decreases. For by Mechanics^ 

• • X X 

tJocFx /, and /oc-; hence, vxF x -, and vvxF x 

V V 

i, that isjVV isix>Fx in some constant ratio; let vv=: 
dFx. Now when a body falls upon the earth's sur* 
face, t^ =i 4mx by Mechanics, x being the space 
described ; hence, vvss2mx ; but if a? be the space to 
be described, and a the whole space, then t;' = 4 m X 
(a — j:), znd vvsss — 2mi; hence, v'u = ± 2mx; but 
in this case, F= I ; therefore, d=: ± 2m ; hence, vvss ± 
2mFx. Also, the velocity of a body moving uniformly 
is measured by the space described in 1^' ; therefore 
to find the time corresponding to the space + x, we 
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have V : ±x :: I" : t = ± -, because v is the velocity 

with which x is described in the time t^ and when the 
velocity is uniform^ the space is as the time. 

Cor. If the force of gravity on the earth's surface be 
represented by 2 m, then d= 1, and vv=^ ± Fi. If F 
be constant, t?*= ± 2 Fx. If the forces -F, F, jP', &c. 
act on the body, then vv =: ±{F+F + F' + &c.) 

X X9 • 



Prop. XLI. 



Let a body begin tb fait from any point A towards 
the centre cf force S ; to fmd the velocity at any point 
C, and the time of describing AC. 

<«3.) Put a = SA, x^SC, V = velocity at C, and let 



C 



the force vary as x^^ and at any distance e from Si let 
e represent the force compared with the force of gravity 
on the earth's surface, or unity; then c" 



x^ 



e / ^ \ 

-jXIf'ss^if rf=-j W«», the force at the distance x\ 



xaf+* + C; but 



hence, t;^= — 2md^x. and — = — 

2 « + l 

whenivsO, or = 0, and O » ^--x a^+^ + Ci.*. C=5 



imd 
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V* 2md 
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— — xa^^^i consequently— =——-x(a'*+^--jp"+^),and 
v=\/i^^7^+i_a«^i. Hence, /=-^=- 



a? 



\/^Amd 



, whose fluent gives t\ but 

this^can be found only in particular cases. 

CoR. To adapt this to bodies felling at the eartl\9 
let c * radius of the earth, e = 1 . 

BXAMPL£S. 

Ex. 1. If w = O, then a?* = 1, and the force is 
constant, and v = ^J Amd X v a — J?. Also, / =s 



— a? 



p— r /-= = I X a-d * X - jp, whose 

Amd X si^a-x ^ Amd 

2 • l 

fluent (Art 39.) is /= ■ > y x a-d + C; but when 

^j ATnd ' 

/ = O, x = a, .•. C= ; hence, ^ =. - 



i 



4m 



Ex. 2 . If w = 1, then v =3 ^2mdx V^a* - a?' = 

\^2mdxCD, if upon iS^ a quadrant be described, 
and the ordinate CD be erected perpendicular to AS. 




Alflo,r 



^=v' 



-J? 
x 



2m<2 V a^-3^ 



^ but if ;e = ^P, then 



we 
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(Art. 460 z:-x::a: ^/a^-J?^ /. y ^, _ ^, = - ; 

hence^ /= y ;j x - , whose fluent (which wants no 

correction^ because when f = 0, « = o) is ^= V - — -j x 

-, the time through AC; hence^ if jii= 1,57079 (which 
is - of the circumference of a circle whose radius.= l\ 

4 
have V ■ , X p for the whole time through AS, 

because here z = AF' = pa. Hence, from whatever 
distance the body falls, the whole time of descent will 
be the same, it being independent of AS. If SA = r, the 

radius of the earth ; the time through AS = p 

Ex. 3. If w = - 2, V = x/4mrf X kJx^^—ot^ = 

\/ 4mdx V • Also, /= — -7===x I -- 

0'3c y Amd v a — a? 

^/4md x/aa?-a?' V^4wrf V\/jaj7-a;» y/ax-^a^ /» 

viliose fluent (Art. 40. and 46.) is / = ; ^ x 

V 4 ini2 

(viM7— X* - a cir.arc, whose rad.= -; « and versed sine x) 

+ C = (if upon ^S' we describe a semicircle) y x 

V 4ma 
(CB - SE) + C; but when f = o, this becomes 




r 



2m 
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i^nsequently t = . , X (CE + arc AE). Henoe^ the 

whole time to S = ■ y— ^ x arc AES. 

V4ma 

Cor. As the arc AES varies as a, the whole timed of 

descent vary as or. Hence, if 5 be the sun, A the 
place of a planet at it's mean distance^ the times of 
descent of a planet at it's mean distance to the sun varies 
in the sesquiplicate ratio of it's major axis, or as the 
periodic time. 

Ex. #. If « = - 3, t; = y/ 2Tndx ^/ ar~* - a~* = 
i^2mdx ^^—. . Also, / = — /■ J X — 7=====-, 

and therefore t^—f==s x ax/a* — a^= > ; x AS 

^^ 2md ^ V 2md 

X CD, which wants no correction, because when 

tszOj CD=0, and both sides vanish together. Hence, 

the whole time of descent to S ^ » ; X ^«S". 

1^ 2ma 

Ex, 5. If e = 1, c = r, the radius of the Earth, n = 
— 2, and a be taken any distance from t he Eart h^s 

cen tre gr eater than r, th en d = r^ and v = ^^ Amr* x 

-^^^^Vis/Tm X V — — the velocity acquired in 
falling from any distance a from the cent re throu gh 

a — X; and when a? = r, v = r^ 4m x y = 

' ^ ^ ar 

^4mrx \r ^ "" ^ the velocity acquired in falling 

through the space a — r to the Earth's surface. 

If a be infinite, v = ^ 4mr the velocity which a body 
would acquire in felling from an infinite distance. 
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I 



If a = 2r, v=*yTmr the velocity acquired in falling 
through a 6pace=radius. 

Ex. 6. Let the body fall from the surface of the 
Earth towards the centre S; then n = 1, e = 1, c = r, 

d = ~ ; hence, « = \/ — x (r' - ^') ; and when x = 0, 

r r ^ 

v = \^ 2mi; which is the velocity a hody acquires in 
felling from the surface of the Earth to the centre, 
because within the Earth's surface the force varies 
directly as the distance. But by Prop. 148. Cor. 2. 
this velocity is the velocitv of a body revolving about the 
Earth at it's surface; and 4pT- being it's circumference, 

we have s/ 2mr : Apr :: 1" ; t" —py — the time in 

which a body would revolve about the Earth at it's 
surface. Hence, if SA represent the radius of the 

Earth; the time of describing ^^ = ^\/— = 

centre S. 

Cor. 1. From hence we may find how far a body 
must fall above the Earth's surface to acquire the ve- 
locity in a circle at the surface, supposing » = - 3 ; for 

then, by the two last examples ; ^JTmrx v 2-II — = 

a 

>J 2mr\ hence, a = 2r, and a — r = r the space fallen 
through. 

Cor. 2. L<et s be the space a body must fall through 
by the constant force of gravity at the Earth's surface 
to acquire the velocity ^ 2rm in a circle ; then, by 
Meckanms,v^ — Ams:=2rm\ hence, s=^r\ and the 
same is true for any circle. 



(Ex. 2.) the time of falling from A to the 



t ■: • 

Ex. 7« If instead of supposing the body to fall from 
a state of rest at -^, it be projected with a velocity 6, 

then when ^ = a, t? = J ; therefore (Art. 82.) — - = 
--^— xa«+^ + C; hence, C=- +— j^xa«+^ ; con-. 

sequcntly v^\/b^+—^ x (a»+>-i^). Now to 

find what height the body will ascend if it be pro- 
jected upwards^ we must put t; = O, and then 6* + 

— r-rx (a^'+'-o^^+MsO; hence, a?=- — ^x6'+a?*+' » 
n+1 ^ / » ^ 4mrf I 

the greatest distance from the centre of force to which 
the body ascends. If we assume vv = ± Fiy we get 

V = \/j»4._L-x (a«+i— 0?"+^). Here when v = C^ 

^ .-L. 

VL -I- 1 fit + 1 

a»s3- X 6* + rf'+M the greatest distance from the 

centre to which the body can rise ; and this never can 
become infinite so long as the index is positive, 

or as long as n is greater than — 1 . But when n is less 
than —1, the index becomes negative, and therefore x 



is equal to unity divided by x A^+a"+' 



"1 



w + l 
which will be finite or infinite according as x i*+ 

a***"* is positive, or nothing; and if that quantity becomes 
negative, x becomes negative or impossible, which, 
as that can never happen, it shows that the supposi- 
tion of V:=0 was impossible; that is> the velocity will not 
be all destioyed when x becomes infinite. If a?=0, t;=: 
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3 bk 
r Bz -; — - hy 4ihe last Art. and two valueB of r Mirespottd- 

isig to the two values of d, will giv« e. Hleace, # : i»* y. 

r : fT- X D* the resistance corresponding to the velocity 

Vi therefore (Art. $3.) ^i) ^ ^^^^ "^V^e ^ 

-fgp-^ -- -t;*i ; lience^is — 6i?^"''v, conae<]pieiitly 4? s — 

•r— X v'""'+ C; but when a? = O, r=:rf, and the equa- 

tion becomes 0= - x cP""' + C; hence, C = ^ » ' 

S — c 2 — c 

X ^'"^; therefore x = x (rf*"'- v*""')- 

Hence, when v = O, and c is less than 2, a? = —— 
* ^ ' 2-1^ 

X cP"% the whole space described before the velocity is 

all destroyed. 

If c=:2,is= — <~^aQd^=:6xh. 1. - c I because e^ 

nhd'\ nhd* r , rf „ u /> i^ 

-T — TT I :: — TT X h. 1. - . Hence, when v = O, a? ba«- 
3mbk/ Smbk v ' 

comes infinite^ therefore the velocity will never be 
destroyed. 

If c be greater than 9^ 2 -- c is negative, and by 
making t;sO, x becomes infinite, which shows that the 
velocity will never be all destroyed. 

Also (Art. 82.), /==- = -- ev'^'v, and / ss - j^ 



X v^-^'-^-Ci but when ^=0, v =: d; hence, C = r^ 
X d^-'; therefore / = --^ x (i*"' - v*— )• 



e 
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Hence, when t; = o, and c is less than 1, ^ = — — 
X d*^', the time of describing the whole space. 

Ifc^lj tsa: ^n .whose flucnt corrected is t sa e x 
h. 1. -<• Hence, when t; == o, ^ becomes infinite. But 

V 

it appears from above, that, in this case^ the space is 
finite ; hence, the body is an infinite time in describing 
a finite space, and which space is e d. 

If c be greater fhan 1, then 1 — c is negative, and 
when V ss o^ t becomes infinite ; but the space will still 
be finite whilst c is less than 2. When c is equal to, or 
greater than 2, both the space and time will be infinite. 



2 — c 



1 



As v s= rf* "* — •- - X 0? y substitute this quan- 

e I 

tity for v, aqd it gives t ='•- x 



l-e 



d^-^^d^-' ^ *1) i showmg the relation be- 
tween / and 0?, except in the cases where the fluenta 
fail. 

Prop. XLIII. 

Let a body he projected in a resisting medium di- 
rectly to or from, a centre of ^ force, and he attracted hy 
a constant jorce towards that centre; to find the space, 
time, and velocity. 

(86.) Let F be the force compared with gravity 
which is represented by unity, and retain the notation 
in Art. 85. Now when the body descends, the whole 
accelerative force = jP — the resistance s and when it 
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ascends, the retarding force = F+ the resistance ; that 
is, in the former case the force = 1^ - 3* ^ ^ » *^^ ^^ 

the latter, it = F + -. x v^ Hence (Art. 82.), vv = 

±2mx (^-F + TjXv^'Jxi, the wpper signs being used 
when the body descends, and the lower when it ascends ; 
hence, (if -k = c) a? = -— x -5=7= — 3. 

If c = 2, i =s X f^zz — 5 , whose fluent (Art 45.) 

is a? = — X -L. X - h. 1. (FTev') + C; but when 
2m 26 

d? = O, t; S3 <; and the fluent becomes O = x — 

4me 

h. 1. (F+ ed*) + C; hence, C = -i- x h. 1. (F+ erf* ) ; 
^ '^ 4me ^ ' 

consequently x = X h. 1. - JH^ ^ . Hence, we may 

find V in terms of x\ for 4mea? = h. 1. -y^= — \\ 



therefore put w = the number whose h. 1. is 

. , F^ed^ , 

4mea7, and then w = -ri ^; hence, v = 

F ^ ev^ 

« 

(87.) If the body ascend^ and w = 0, «= x h.L 

5; — the distance to which it ascends. 
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rv^ 



(88.) Let the body descend. Now when F= -^ 
the resistance becomes equal to the accelerating force; 
hence, i?*= , and v = rf V — , the greatest ve- 
locity the body can acquire; for when the resistance 
becomes equal to the attractive force, there can be no 
further acceleration. 

1 F 

(89.) If rf = O, « = X h. 1. r^ 3. 

^ ^^ * Ame F:+:et^ 

(90.) Also (Art 82.), /=?=--X'Yr- — 5 ; hence, 

• 

when the body descends, i = — x -Fi — '5 whose fluent 

^ 2me F \ 

e 

^^^ ft 

(Art. 45.), (putting -=a«) is t =y-^ x h. 1. ^-i^ 

+ C; but when/=0,f;sscf,andweeetO =-: x h. I. 

^ Amae 

a+d .^, ^ l-.-a+rf 

:> + C ; hence, C= •» — : X n. 1. •% ; conse- 

quently/= x ^h-l' h.l. ^. Hence, if we 

substitute the value oft; in terms of j:, we shall get t in 
terms of a?. If the body fall from a state of rest, / = 

1 U 1 « + V 

•: X h. L . 

4 mat a — V 

(91.) When the body ctScends, /= - — x -^ -^ = 

X -5 5, whose fluent (Art. 46.) is # = 



2me fl* + v*' 2mefl 

X '^ M + C, M being a circular arc whose radius is 
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V 

I, Bxsd tangMt - ; but when t =i0^v = d; put there- 

d 
fore iV= the arc whose tangent is -, and we get t^z 

'X (A^— M). For the whole ascent, t; = 0, 

2mea ^ ^ 

/. ilf = O ; hence, t = x N. 

2mea 

(92.) If we apply these expressions to the descent of 
a globe in resisting mediums upon the earth's surface^ 
then as unity represents the force of gravity, that is 
the force wnen a body falls in vacuo, we must find 
the value of F when a body descends in the medium. 
Let the density of the body : the density of the me- 
dium :: n : 1 ; then if ti; = the weight of the body 
in vacuo, we have, by Hydrostatics^ w : weight lost 
when in the fluid :: n : 1 ; hence, w :w ^ weight lopt, 
or weight in the fluid, :: n : n- 1, therefore the weight 

in the fluid = u> x = (if w = 1 the force of gravity) 

- ■ ■ ' which is the gravity <rf the body in the fluid, or 

the force witk which it endeavours to descend ; this 
therefore is the value of R Also, c = 2. 

(930 By Art. 84. rsl—r- ; hence, (Art. 88.) v(^d 

^ ft ft ^ 

\/?= a) = rfV^lSZ|M, the greatest velocity the 

body can acquire by falling in the fluid. Also, t = 

^ — X ^h.l. h.I. -^^ ; and when v =z a, t 

becomes infinite ;. therefore the body never can acqmre 
it*8 greatest velocity. 
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ni 



(94.) The greate3t height to which a body can as- 
cend when projected upwards^ is (Art. 87.) 7-^ x h. 1. 



F+ed" 



ntPh 
6mbk 



Zhk 



X h. I. (1 +-—7 X— »^ 



Prop. XLIV. 

To determine the reliance of a medium, by which 
a body may describe any curve about a centre of force, 
the force to the centre being given. 

(95.) Let ABC be the given curve, S the centre of 
i^ce, and F the force of tibe body at B towards it, 
the force of gravity being unity; draw DE perpendi- 
cular to BSj meeting the tangent BE ; and D v per* 
pendicular to BE. Put JB=^z, BS^w, BD^-w, 




BE =:i, V => the velocity in the curve at B, and s = 
BQ=^ i the chord of the circle of curvature at B passing 
through S, m s= iG-jiyfeet. Now it is well known, that 
a body, whether it moves in a resisting niedium, or 
not, must fall down | ^ by the constant force F to 
acquire the velocity in the curve; for the resistance 
causes no deviation from the tangent, but only retards 
the motion of the body, so that it may preserve 
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it's proper proportion corresponding to the force ; 
hence^ by Mechanics, v* = 4mFx is=:2mFsi ther^- 

Fs+sF 
fore ^ = m X . i the whole fluxion of velocity in 

A/imFs , ^ 

the direction BE. But, by Mechanics, the velocity F 
which the force F continuing constant for any time t, 
would generate in the direction BS, is 2m Ft; .*. /^= 

2 m Jr/= I because t = — - = - j m x ■ , the 

V V v/ ^2mFs 

fluxion of the velocity in the direction BS, arising from 

the force F; hence, BD : Bv (:: BE^z : BD^ ^ib) 

2Fz '^2Fw 

:: mX - > . ^ ■ : m x i „ the fluxion of velocity 
A^imFs j^ 2mFs 

in the direction BE arising from the force F; 

from which if we take the whole fluxion m x 

Fs + sF , .„ Fs + sF-^2Fw 

/ ri 9 there will remain — m x • /■ ^i 

j^2mFs' y/2mFs 

which ^ is the fluxion of velocity arising from the 

resistance, in the time that the force F would generate 

2Fz 
the fluxion of velocity m x > ^ ■ ; but the fluxion 

^ ^2mFs 

of velocity generated or destroyed in the same time 
is as the force ; hence, the resistance : force F :: 
Fs^-sF+2Fw 2Fz Fs + sF+2Fw 

ss/2mFs A^ 2mFs 3 Fz 

: 1, omitting the sign— before the first term, as it only 
signifies the force to be retarding. 

(96.) When the centre S is at an infinite distance, 
and the force F becomes constant and acts in para:llel 

hues, then'jr=0, and the resistance : force Fi: — r-r— 

2 z 
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: 1. But if we draw AP parallel to BS^ and PB per- 
pendicular to it, and put JlP=x, then ^= - i? ; hence» 

the resistance : force F :: r— : 1. Or to obtain this 

Hz 

proportion in terms of the abscissa and curve, put 
y=PB ; then by Art. 64. »*=i*+^; and by Art. 98. 

=-7r= — rr^; therefore if we suppose^ constant, we 



s 

X X 



A 



uiik ; 2xx*--(£'+y')xx Hxx^-z^X , 
shall have s = ^.., -^ ^ = — ; hence. 

X^ X* 

T— = — r-ni ; therefore the resistance : force F 11 



2% 2x 



% 



• •• 



%x 

—— * 1 

••J • * . 



2X 



EXAMPLES. 



Ex. 1 . Let the curve be a parabola, and the force 
he constant and act in lines parallel to AP. 

Put x=^j4P,i/=PBj then ao? = y% /. ax = wy*""'y, 
and (y being constant) ax=zn.{n - l).y'*'"*y* ; Also, ^== ^ 



— -^ ^-^ -^ X 2/^ y^, and x = — =2 ! ^ 






2if* ~ 2 .n .(w— 1) y 

sistance. 



hence, -:r73- = ^ ^ . ' v X '^ ^..^^ — ^ , the re- 



If n s= 2, the resistance becomes s O. 

• ^ - 

If n be less than 2^ but greater than 1, the resistance 
becomes negative; the medium therefore must propel 
the body, not retard it. 

If n= 1, the medium becomes an infinite propelling 
one, and the body moves in a right line. 
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MOTION or BODIES 



Ex. 2. Let ABC he a quadrant of a circle, and the 
force he constant and act parallel to AO* 

PvitAO=a, JP = x, AB^z, then 5Q=*=a-^ 



and i= — i; hence^ 



J- 2i 



3i 
2z 



sPB 



= the Fesist- 



2z 2z 2OB 

ance^ gravity being unity. Hence, at A the resistance 
=0. When 3PB = 2BO, or radius : sine of AB :: 3 : 2, 
the resistance = gravity ; and at C the resist ance : 

gravity :: 3 : 2. Also, the velocity is as V ^ Q- 
Hence also, the resistance at BocPB. Now if we sup* 
pose the resistance to vary as the density of the me- 




dium X the square of the velocity, then the density 
varies as the resistance directly and square of the velo- 

•.1 PB PB AT . . ^ 

city inversely, or as "05= p7j=-^755 hence, the den- 
sity at B varies as the tangent of AB. All this agrees 
with what Sir I. Newton has proved in his Ptinapia, 
Lib. 2. Sec. 2. Pr. 10. 

Ex^ 3. Let CAV he a cycloid, and the force he cour 
stant and act perpendicular^ t^i the^ hmse CV. 

Here BQ=^s^ and if AO=a, ^s^a-^Xy therefore 

i- 
ii=-i, and i= -2*; also, i;=:5L£(:Art. 54. Ex. 2.); 
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i 

hence>" . = ~ ^ = (because x : An :: An : AO 




ssa) ^jyjythe resistance, gravity being unity. Also, the 
velocity varies as aJ BQ. 

Ex. 4. Let the force tend to a centre S, and vary 
as w", and the curve be the logarithmic spiral. 

As F^ufyF^nu/""^; 2\sOyS=^w,.\s=zw; hence, 

, . w*'w+nw'^+2tv^ w+3 w 

the resistance = — — = — - — x -r = 

210^% 2 z 

n "4" 3 c t* 

(as ^ : i in some constant ratio c : d) x t, the 

force tending to S being unity. 
If n = — 3, the resistance == O. 

If n + 3 be negative, the medium must propel the 
body. 



»i+i 



Also, vsz^2mFs:=zs/2mx w * . Now the resist- 

W"f"3 C 

ance being to the force jP, as x -^ to 1, if F be 

jg a 

represented by it*s true value u/^, the resistance will 

71 "4*3 c 
become — — x ^ X m)^ ; and since the density of the 

medium varies as the resistance directly and the square 

of the velocity inversely, the density varies as —jjj , or 
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as — . Hence, if the density of the medium vary in- 
versely {is the distance, the body may describe the lo- 
garithmic spiral, whatever be the value of n ; agreeably 
to what Sir I. Newton has proved in his Principia, 

Lib. 2. Sec. 4. Prop. l6. If w == — 2, i^'s i^ , or JF' 

varies as the square of the density, as he has also 
proved in Prop. 15. 



•r 
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Sect. IX. 



On the radius of CURVATURE, and the 

EVOLUTE OF CURVES. 

Pkop. XLV. 

Jh^ndthe radius of a circle in terms of the Jhixions 
of ifs abscissa^ ordinate and curve. 

(97.) XiET JCrDFhe a circle, O the centre, CBf^ 
perpendicular to ADj Cs a tangent at C, brs parallel 




to CB, cutting the curve at r, and join rC, rf^. Put 
AB — a,BC^y, AC^z, and OC :=^ a, then Cf = i, 
CE = i, Es = y. Now the triangles Crs, C/^r are 
similar, for the angle srC ^ alter, ang. rCV^ and the 
angle sCr ^ angle CFr in the alternate segment ; 
hence, sr : rCr.rC: Cy=^2 CB ; but by Art. 23. it 
appears that the limiting ratio of r C : ^ C is a ratio of 
equality ; therefore the Timiting ratio of sr : rC is *r : 

N 
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'sC, or (Art 77.) - ^y : 2, the sign — being prefixed, for 
tbe reason in Art, 78. the curve being concave to the 



axis ; hence — ^jf i z ^ 



.-. fiC=-5^; and by 



similar triangles CEs, CBO, i : » :: — r : CO = — r=, 
—y -xy 

X being constant. If Ab' be peipendicular to JIO, and 

hC to Ab' ; then considering Jb' as the abscissa and 



b'C the ordinate, we have. 



the same reason. 



CO = T-- , y being constant, and * positive (Art. 79.), 
the curve being convex 16 'the axis. Lastly, 1^ similar 
triangles OBC, CEs, i:ii:yi r=^, and i^Vv^ make 

S.constant, wehave ^^~^ —^=0 ; hence, VF-^Jind 

by the same proportion, x : a .1 y (-~-\ ' r ~\: 

Thus we get the radius under ihree circumstances, 
when X is constant, when y is constant, and when s 
is constant. 

DEFINITION. 

(98.) Let ACfF be any curve, AB the abscissa, BC 
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the ordinate, Cs a tangent at C, and let O be the centre 
of a circle touching the curve in C, and draw OB^ 
parallel to ^iJ/ and DbErts parallel to 5C, cutting 
the curve in t and the circle in r ; then if, by bringing 
Ds up to BC^ the limiting ratio of ^r : ^^ be a ratio of 
equality^ the circle is said to be a cirde of curvature 
to the turve. 



Prop. XLVI. 

To Jimd the raditis OC of tKe circle pf cuwature to 
the curve XG at the point C. 

(99.) Whether we regard the curve ACov the circle, 
CE^ Esy Cs will be the first fluxions of the ^sctssa, 
ordinate^ and curve ; for (Art. 23.) these fluxions de- 
pend entirely upon the position of the tangent, which 
IS common to both; and by the Def. (Art. 98.) the limit' 
ing ratio of sr : st being a ratio of equality, the second 
fluxions of the ordirtates are equal (Art. 77.) ; hence^ 
the second fluxion of the ordinate is the same, whether 
we regard the curve or circle. Now in the circle^ if j?,y, 
and z represent the abscissa, ordinate^ and cui-ve, CO 

=r -*T-rn (Art. 97^), X being cpnstant; befice, in the 
—xy 

curve AJVyMx^ y and 5? represent the abscissa AB, or- 
dinate BC, and curve AC^ the radius of curvature CO 

For the same reason, CO = t^ , when y is 



— ^> yx 

%i z 
constant ; and CO^ •^, when z is constant. But as 

a« = i« + ««, ^»e have 2x'x + ^iff=^, and f = - %\ 

" X y 

• • 

hence. CO = -- -r.. 

N 2 
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When we make ij y or k constant, it will simplify 
the operation, if we substitute unity for them. 

EXAMPLES. . 

Ex. 1 . Let AC he the common parabola ; to find the 
radius of curvature. 

Here ax^y^^ .*. y^chx'^^ and y= jaij?"4, x being 
constant and= 1 ; hence, y^--\orx ^= ^\ also, 

z^J-FTfWi +^=|\/5±f ; therefore CO 



--xy 2ja 

When a? = 0, CO = j a, the radius of curvature at 
the vertex. 

Ex.2. Let the curve be an ellipse. 

By Prop. 10. Ex. 2. if m* == — ,y»=:iii*x(a*- a^); 

fl ' . ' 

hence (making i = l)j yy = — m*x, yj^^ y* == — 1»', 
and -.;^ = ^-_ — ; byt^^s— - — ; hence, — j? = 

y y 

— ^ 5 — ^ ; also, 25^^ = 1 H r- ='^— ^ 5 hence. 



^ 



by substitution and reduction, 3^ = — "■' » 4 — 

the radius of curvature. 

Ex. 3.. Lef the curve he the catenary. 

Here (Prop. 130.) 2;* = 2aa?+x*, and putting z 
constant and = 1, we have %-=zax-\- xx, and 1 =aic -f 

z 1 — i* 

jeSc + df; hence, Jt = , and x =: s 

a + J? a + ar 
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— 13 — - =5 ' ^ — >o ; also, ^ = r- ; hence, 

^77- :=^ a ^ — the radius of curvature. 
X a 

At the lowest point 2; = O, and tlie radius = a. 



If X = V*> then CO = — f^ — ^-r— ' — Hence, except 

for the conic parabola, the radius of curvature is 
nothing or infinite, according as n is less or greater 
than 2. 

Ex. 4. Let it he the logarithmic curve ; tojmd the 
radius of curvature. 

VX 

By Art. 44. y =s '^— =? (if x be supposed constant and 

* 
= 1) -, •••i' = — , and - iV = - £ = ii ; also, 5 = 

^WTrWy^ +-.=^?^> hence, CO= Ji- = 



y^ +y^ , which being negative, shows that the centre 

O lies on the other sid^ of the curve, the curve being 
concave the other way. 

Ex. 6. Let the curve ACW he a cyAo\A. 

Let 1VR be the axis, and draw CL parallel to An ; 
put ACfr=2fFR=:a, AB=x, BC=^y, AC:=z, then 
fFC=a-^z, fFL sLJa- yi an4 by the property of the 
curve, a* {Afr):'a^' {W&) :: \a(lFR) : i(a-y) 

(ITL) ; hencie, y = jj— , y- j , therefore 
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RADIUS OF CURVATURE TO SPIRALS^ 



i* = i»^y*= 



2az'-z'' ., , ._2az'-^*ycz 



a' 



X i% and .f = 



a 



, and 




• i 



- . (a'^z)x z^ 

fmaftuig i cdnstant) .lyss .! ■ n . i. ; hence (Art. 99.) 

CO (=-^) = n/s^TTF. 

• Cor. When «.= 0^ COs=: ; when t!^ comes to fFj 
or zr=:a^ then CO (then becoming fFS) = a ; hence> 



•1 .. 



To FfiiD THE RADIUS OT CURVATURE «>/ 

SPIRALS. ,_— - 

(106.) Let CO be the radiiid of the circle of curva- 
tore to the spiral /SCZ at C, ^x^ dmw iS'^r^ meeting, 
the tangent JFC in s 5 then by the Definition (Art. 98.), 
the limiting ratio of ^r : ^^ is a ratio of equality, con- 
sequently rt ultimately van^h<B4sJin r(^i|pei^ to,^r^<>f st 
Hence, . the tangents ry, tt/ will ultimately, form with 
Mch other an angle which be<}omes* evanescent in re- 
' roect to tine angle 'formed by the tangents ry and sCV; 
TOerefore, ultimately, the difief ence^ j^^ of the pier- 
pendiculars^'iipon the tangiehts at r and f ^beconaes evaq- 
escent in respect to the difference between SVeLudS^; 
consequently the Umit of the ratios of Sy and Sy to 
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SVy must be the same ; but the-difference between ST 




and Sj/i SY«a.A Sy, or the .increment of SY in each 
caset is ultimately the fluxion of ,SK in each case; 
hence, the fluxion of the peniendicular to a tangent to 
the curve, and to the circle of curvature, is the same. 

Prop. XLVII. 
Tbjff/wi the radius OC of the circle of curvcUure to 
* the spiral at the point C- ^ ■ <' ,./ .'f 

(101.) Put 5C=^, dravr5Jt]peVp«hdica1ar to CO, and 
le\.Sy=:CKT=:v, CO^ir; and^nsidering tUeppint C 
as deBcribtjig. the -QiKld, the points S and O being 
fixed, 50 is constant J, now,p5'=0C«+CS»-2pC 
X CK ss r" + ^' — 2 rVf whose fluxion "therefote is = O, 

or3yy~2rv=0, r being constant; hence, r=^. 

Now if we consider y and v in referenc&to the apical 
instead of the circle, p, or sE, will be the same for 
each, by Art. 31. because fJ^dejjpnds only upon the 
position of the tan^nt; and (Art. lOQ,) v is thesame 
n>r the circle and spiral ; hence, if 'we ronsitfer the pqint 

C as deBcribing the spiral, we shall still have r =i~^ 
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* ^ V ii 

Cor. By similar triangles^ y s v :: -^^ (C'L) 



EXAMPLES. 



Ex. 1 . Let it he the logarithmic spiral ; to Jind the 
radius of curvature. 

m 

Here y : t; :: #i : n, a constant ratio : hence, v = —2, 

and V = — ; therefore CO=yy x — r = — ^ . 

Hence^ the chord CP' of the circle of curvatui^ 

2 9* '2/ 

^ssing through S, ==— -2 =s»2y = aSG. 

Ex. 2. Le< i* he the spiral o/* Archimedes ; to Jini 
the radius of curvature. 

• • • 

V* • 

By Ai:t. 32.t>= / ,^^ ; hence, •« = ij/^y X 5^+ /^ " « 

2i^x(y>.fO-y-y ,ttil^ , the«rfb.^ 00 =yy X 






s 



yif + 2t'yy-y^ + 2t 



The same expression for the radius of curvature 
will do for all curyes, where the relation between SV 
and SC is known. 

For example, let the curve be a parahola, S the fo- 
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COS, end a s ^ of the principal latus rectum ', then y = 
^' a«d y' = J*' •••B'=^; hence, CO^^J^. 
Also, *C^ = ^« 4y = 4 CS, 



On the evolutions of CURVES. 

« 

definition: 

If (fig. last but one) a thread COS be wound on the 
curve ruS, and by unwinding it, keeping it stretched 
out, the end C describes the curve -<^C^, then rOS 
is ssud'to be the evohUe to AC fV^ called iht involute, 

CoR» CP is always a tangent to r OS. 

Prop. XLVIII. 

(102.) To Jind the abscissa and ordinate of the 
evolutei' 

Draw ON perpendicular to jiRy AT perpendicular 
to ARy OK parallel to AR; product CB to meet 
KO in P ; draw nv parallel to CB, and Cm to AR^ 
and let the evolute beg[tn at r -, put AB s= x, BC s ^, 
AC =s z, . tben^ (considering Cn as a tangent at n) 
Cn = i. Cm ?s x^ nin = y ; let ^i\r= w, iVO == i^ 

CO^r. Then by sim. tri. z : y :: r : OP=rx%, 
5 : i:: r : CP:=rx%. Now AN=^AB+OP = x+ 



z 



z 



rx^,rN=^x+rx'^'-AP, and NO ^ CP ^ CB 

z 2 

=r X r - y. Comparing therefore these values of AN^ 

NOy or rNy NO, we get the relation of the abscissa 
and ordinate of the evolute. 
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EVOJL.UTES OF f:U|lV£9. 



Ex. I. Jj^t,:AC)IV fie the osmmon fdtdhch. 



Here (Art. 99.) r =%-= .{^ .^ And at A, x = 0, 

therefore rA=ia. Also ^i>r= (ar + ^Jy) = ^ + 3x, 

?= rf'-r y ) = -r-r-i.hence^ 
y ^ a* 

ON^xa t r]y* :: Ip: ,27 a giivien ratio; therefore 

r OS is a semicubicai parabola. 

S4C. ,3 . J ie4 AC W ie a cycloidf AR /Ae aw. / 

» Produce ^/l to meet the evolute in S^ and draw 
ST parallelto TS. Then (Art. 101. Ex. 2. Cor.) 
r coincides witb.W ; and by the ^ same E^dwiple, JiS* 
(a«) : J(^ (2az - z^) :: ^T ( = iiy^ ia) : ^JT 

(= AT? = -|, which is "the property of the 

cycloid. Hence^ SO A is a cycloid similar and equ^ 
to ACfF. 

Ex. . 3.^1 Xc* TZC; ie the logairilhi 

centre, a ^ ;. . 



' r > 



•A 



(V^ 



DnlW the ta'Agent' Cy, on Which let fall the petp^ti* 
dicolar :%V ' let, CO pe the radiui/ of cwrratuft, <J^ 
#hich let fell th4 perpendicular SlK, and let NO be the 

- C. 



Ik " » I * - *. 



;•- \ 



/\ 



< 1. 



V > / 




^^.■' 



evolute. then (Art. idl. Ex, I.\ CQ = ^ w^ch 
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y 



is to SC ( =y) 3S m : Hy B, constant ratio ; and the angle 
SCO the complement of SCj/ being constant^ the 
triangle SCO is given in specie ; hence^ SOC is con- 
stant^ and CO being a tangent to the evolute NO, 
that curve is also fi^logaritoinie spiral whose centre 
is S. Now m :n :i y : V II CO : SC, but y : v :: SC 
: CK; therefore CO : SC :: SC : CK, hence, the 
triangle SCO is similar to SCKy and therefore the 
angle SOK=SCy ; hence, the spirals are similar and 
equal. ri .:•• '\ .-': "^ •• ; v^rr ? v- ; ;-.j ; "; ,f\ 

The value of CO (corrected if. necessary) gives the 
length of the evolute. 
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Sect. X. 



On logarithms, and EXPONENTIAL 

QUANTITIES. 

Prop. XLIX. 
Criven a number, to find ifs logarithm. 

(103.) Let 1 + j? be the number, y ifs logarithm, 

and m the modulus ; then (Art. 44.) y = = 

mx (i-jpi+^'^-^i + &c.) hence, by taking the 
fluents, y = mx(j?- i^ + ^o^ - } J?* + Ac.) which 
wants no correction, because when x ss o, y vanishes 
as it ought, for then the number becomes 1, whose 
log. = 0. Now this series will converge quicker the 
smaller 07 is. If j?=l, y=mx (1 -^+^-- J + &c.) = 
the log. of 3. If m = 1, y = 1— f +i-&c/the h. 1. 
of 2. Hence, as we are at liberty to assume m what 
we please, we may, to the same number, have as many 
diflferent systems of logarithms as we please. 

If m = 1, and x be very small, the h. 1. of 1 +x is x 
very nearly. 

(104.) But to find a series which shall converge 

1 +a? 
quicker, let the given number be — — ; then (Art. 44.) 

a 

X 

y = 2mx - — -; = 2 m X (i + ^*i + ar*i + &c.) whose 

fluent isy=2m X (a?+ia:^ + iar^+&c.) If m = 1, we 
get 3^= 2x(x+^a^+ix^+kc.) for the hyp. k^. of 
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t 



l-x' 
hence, 


Let X = ^, an 


■J- ^ 


= 


0,33333333 

123456? 

82307 

6532 

564 


-rt-y 




51 


» 


0,34657354 
2 




0,69314708 



and then the number becomes 2 ; , 



This h. I. of S is true to & 
places ! the true value to 7= 
places being 0,6931472 ; and 
it would have required at 
'least 100000 terms of the | 
series in Art. 103. to have 
given the value with the same' 
degree of accuracy. 



(105.) The common log. of 2 is 0,3010300. Now 
these different values depend on the different values of 
m, and in the former case m = I ; hence, 0,6931472 : 
0,3010300 ::!:»( in the latter case = ,43429448 the 
modulus of the common system. Hence, if any com- 
mon log. be divided by this modulus, it gives the cor- 
responding hyp. log. Or if any hyp. log, be multi~ 
plied by it, it gives the corresponding common loga- 
rithm. For the various methods wnich have been 
invented to calculate logarithms, the reader is referre4 
to Dr. Hutton's very excellent Introduction to his \ 
Tables of Logarithms, and to Mr. Maseres's Scrips 
tores Logaritlnnici. 

(106.) By Art. 42. a set of quantities ji°, A', A\ A^, 
A*, &c. in geometric progression will have their lo- 
garithms in arithmetic progression ; hence, the indices 

0, I, 2, 3, 4, &c. may represent the respective loga- 
rithms. Now in the common system of logarithms, 
^=10; hence, the logarithms of 10", 10', 10% 10\ 
10^ &c. or of I, 10, 100, 1000, 10000, &c. are 0, 

1, 2, 3, 4, &c. And if between 10° and lO', we in- 
sert an indefinite number of geometric means, as 10" j 
10*", 10^", &c. n being indefinitely small, then some o^ I 



190 LOGARITHMS. 

these means must necessarily make up all the inter- 
mediate numbers between l and 10, as 2, 3, 4, 5, 6, 
7, 8, 9, or at least be indefinitely near to them ; the 
indices therefore of such means must be the logarithms 
of these numbers; for instance, if 10™= 2, then rn = 
1(^. of 2; if 10'" = 7, then sn = log. of 7; and 80 for 
any other number. 

It DEFINITION. 

(107.) The measure of a ratio 1 : iVis the number 
of times which any other assumed ratio 1 ; A must be 
taken to make that ratio. Thus, if iV = A', the mea- 
sure of the ratio of 1 : A* is 2, that ratio containing 2 
ratios of 1 -.A. 

(108.) The ratio of 1 : ^, \ : A\ 1 : A\ &c. con- 
tain 2, 3, 4, &c. ratios oi \ : A ; hence, the indices of 
A express the number of ratios of 1 : ^ which that 
ratio contains; for instance, 1 : A* contains 4 ratios 
of 1 : ^ ; hence, 4 is the measure of the ratio I ; A^ j 
also, the measure of the ratio of 1 1 A'" is m, that ratio 
containing vi ratios of 1 -.A. Noiv if we put A = 10, 
then the measure of the ratio of 1 : ] 0"* is m ; but by 
Article 106, m is the logarithm of 10" ; hence, the 
logarithm of any number is the measure of the ratio of 
that number to unity. In this sense, It^rithms are 
called the measures of ratios, the logarithm of any 
number N showing how many ratios of 1 : 10 are 
necessary to make the ratio of 1 ; N. 

Hence, every ratio 1 : A'' has some certain mea- 
sure in every system ; now that ratio whose measure is 
7n, the modulus of the system, is called the Modular 
Ratio by Mr. Cotes. 

(109.) \ix=y", then by taking the logarithms of both 
sides (7>7g'. Art. 6.), log. x = nxIog. 1/; hence, if we 
have any equation of this form, log. x =■ nx log. y, 
then will a; =y. If ^ be constant and n variable, the 
carve denoted by this equation is called the logarithmic 
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curve. Further, if — = -^ , then m x h. t. j? = 

h. l.y, and i?^ = y, or j?^ = ay, for this gives back the 
^ven fluxional equation. 

... ...... ' ..'■■■ 

LEMMA. 

(110.) IfHif^+^^:+5^iiS^=0, or(^+a) 
^ ^ la +bx -hex -hda^ + icc.) ' ^ ■ 

4 (B+h) X x + (C + c) x^ + (l>+rf)xar^ + &c. = 0, 
whatever be the value of a? ; then must A+a=:OyB+b 
=0, C+c=0, &c. Tor as we may take or of any value, 
letjr =: O9 and then ^ + a = ; hence, the rentasiUng 
part, (B + b) xx+XC+c) x x^+(D+d) x x^+icc. =^0, 
and dividing by x, (B+b) + (C+c) x x + (D+d)X 
J?*+ &c. = O •, let 0? = O, and then -B+ ft = ; and thus 
we may proceed for all the coefficients. Or we may 
consider it thus : The equation cannot become = 0, but 
when it's roots are substituted for x ; the equation there- 
fore cannot vanish for every value of a? you may assume, 
unless you make each term vanish^ independent df^ x, 
by making each coefficient s O. 

Prop. L. 
Given a logarithm, to find ifs number. 

(11 1 .) Let 1 + or be any member and y it's logariliim, 

mx 
then, y == ^~— ; henc?, ^ + ^ = wi, andy + a^ — mi *» CK 

Assume a?=ay+%* + cy^rl-^c. then x=ay+2byy+ 
3cy^y + &cc. substitute these values of x and x into 
y +^y— wi= 0, and we have» 

ii+ «y^+' W + &H=0; hence, (Art. 
^may -^^mbyy '^imcy if — &c.) ^ 

110.) l-ma = 0, a-2w6=0, &-3mc=0, &c. there- 
fore a =-^: 6 = = — — ; c = — • = — r — ^ ; &c. 

lore a ^,€1 ^^ 2W*' 3W 2.3m\' 

bence, x = ^ + ^^^ + ^ ^ . + &c. consequently 



m 



3 m* 2.3m^ 
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14-a?=i+J^+-^+ ^ ■ + &:c. the number whose 
logarithm is y. 

m 

Ifin= 1, then i+^-^+V +^2^213 '^^' ^ *® 
number whose h. I. is y. 

Cor. If a be that number whose h. I. = 1, then the 

V* 
b. 1. of a' is y X h. 1. a = y. Hence, rf's 1 +y +'^ 

+ 1^3 + &c. ; if y be negative, o-y = l -y+^-^. 
4.&C. Hence, 

3 ^2^2. 3. 4^ 

a"— a-" , .y* y' , „ 
= V + -^^— + + &c. 

' 2 ^2.3 ^ 2.3.4.5 ^ 

Prop, LI. 
^ 7b find the wodidar ratio. 

(112.) By Aft. 108. every logarithm is the measure of 
the ratio of it*9 corresponding number to 1 ; hence^ y 

is the measure of the ratio of i+ — +-j2L-.j — 2 — . 

+&C. to 1 ; now (Art. 108.) the modular ratio is that 
ratio of which the modulus is the measure ; henoe^ 
if we make m = ^, m will become the measure of the 
above ratio, and the ratio will become the modular 
ratio ; making therefore m =: y, the ratio becomes 

H-l+i+~+&c- =2,7182818 to 1, the modular 

ratio, which is therefore the same for every system, it 
being independent both of m and y. 
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(113.) A quantity is called an exponential, when it's 
index is variable. 

Prop. LII. 
To Jind theJlnxUm of the exponential H. 

(114.) Put a^=«, and let ^= h, 1. j:, Z = h. 1. « ; 
then by the nature of logarithms, f/X=Z, therefore yX 

+ JKfsiZ; but by Art 45. X=-, and Z »- ; hence, 

X , z 

• • * 

^+Xy=i^i consequently i=-^+ jk JlTy snyaj'-'i + 
X!K?y. 

If X be constant, then i = 0, and % = XsS'y. 

If y be constant, y = 0, and % ^y^^ 'i, as in Art. 1 1 . 

■ 

Prop. LIII. 
To find the flMxion of the exponential x^*. 

(116.) Put 2^' = Wj and let a^ = v, then v' = «;; 
hence, if ^= h. 1. r, we have (Art 114.)w=»t;*""'v 
+ Vv' z ; but 9= jpy, and v =y ^ifl^^x + Xafiy ; henoe, 

by substitution, w — zx^'^ x {y3fi''H+Xafiy) + F3fl^z 

=3 «ya?y'"' X a^"*i+» A'ljy'"" xcfiy-^^ FiflH. If any 
one of the quantities x, y, z^ become constant, it's 
fluxion = 0, and the term vanishes where that fluxion 
enters. In like manner we may find the fluxion, 
whatever be the number of quantities. The meaning 
of tiiis notation is, the z power of i?'^, not the y* power 
of X. If this latter had been the meaning of the 
notation, we must have puty'=t;, instead of :i;^=:v» 



19^ 



Sect. XI- 



f 



On ihe fluents, of QUANTITIEIS. 

Prop. LIV. 

(116.) Put fl?» = i», 2"= a?*, then a»" =ar, .♦. ^ x 
«♦»-»« =i, and2'"-'z = - xi; hetace, J^=! -Xttt-s 

M I* O +ar 

"wF'^PTiJ* cons^uently (Art.;4p.) i^ == jr^x 
circ. arc, whose rad. = by tan. = a?. 



• r 



Pj^Op. Ly. 



Lett =c 4 — J, to £Brf F. 

■ 

(117.) By the same substitution, JP'=- x S"^— ^s*?^ 

#• ty^ "^ ftp IS 

X ,a. ^o 9 hence, (Art 45.) 1^= — r x h. 1. 7-tE 

Prop. LVI. 

ic^ F = --y=======, tojind F, 

4^a -i-z 



• . 
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2 X 

(118.) By the same substitution. F= - x - y, '. •; 
hence, (Art. 45.) F= ?x h.l. (a? + ^/F+F). 

Prop. LVII. 

Let F = Vn ^ n ' ^^^'^^ ^• 
(119.) By the same substitution, F = - x y ,^ 

= A>C-TS=5 ^^'^ce, (Art. 46.) F = -j^x cir. arc, 
n6 ^6* — x* no 

rad. =6^ sine = A?. 

Prop. LVIII. 

(m.) r= j^ X ^ ; , ; put . + ±= ^, 

a a 

then «* + -JS+-~i = Jc* ; hence, 2' + -5J + -- = a?' 

a 4 a* ^ a a 4a* 

c . c i* 
•(. - ss (by putting —5 = rf*) ai*+rf*; also, 2 = i ; 

Prop. LIX. 

(lai.) Ppta»=2, the^ar»-'x=-xjs; also, a*" = 2» ; 

o 2 
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hence, ^= ix / ^ . i. . > whose fluent is given 

n t^az^+bz+c 

in the last Proposition. 

Prop, LX. - 

( 1 22.) Let X = --+ 2, then 2« + - « + - - (by Prop. 58.) 



j5»+rf*; also, 2'+*=af 



6 



>+l 



2a 



. and ^i=ZIr X i , 
^ 2a 



1 ^""2a 



X a? 



hence, F = —7= x — ., » ; expand the nume- 

rator, and taking the terms separately, the fluents of 
those terms where the index of x in the numerator is 
odd are found by Art. 41 ; and where they are eveu by 
Art. 127. 

Prop. LXI. 



x"-'x 



Let F = •■ >■ ^„ . , , , to find P. 
Vax*M-bx°+e "^ 



.r->l^*. 



(123.) Puta;»=y, tliena?'"=/, and^rf'-^isS—^?; 

It 



.V' '.y 



hence, ^=- x , ;! : whose fluent is found bjr 

Prop. 59. 



Prop. LXII. 



x*x 



X 

(124.) Assume -i; == -y======, then (Art. 45.) vssL ^I. 
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{x + \/a* + a?*) ; put w = \/aV + ar*, then w = 

a*xw + 2x^i a^x 2x*x ^ . jl 

hence, F^^iv^id'v, and Fsju;- faV Call thia P. 

Prop. LXIII. 



x*x 






ax 



(125.) Assume a; =—7====^, then (Art 4p.) v = 

dr. arc, rad. = a, sin. = a?; put w = ^Z^*^'*""^* ^'^^'^ 
^ a^xi'-2j?x a^x 2x^x , • 

hence, jF= f a^ — i-ife, and -F= |^a» - ^. Call this Q. 

J? « 

Cor. Hence we get the fluent of - X v 2 ax — a? 

=a?4~^i^/2a- a?; for put \/2a — a? = y, and a? = 
aa'^y*, a?*=2a— yy, therefore a?i"^i=: — ^^ . 

hence the given fluxion becomes y— ^--|— ; the same 
form as above. « 

. 3^X X 

»=b. 1. (x+x/ar'-a*)' Assume to = V^x*— aV, then 
ni> = 2 !F- a' V, and JF = I «; + J a'v^ 

Prop. LXI V. 

4 
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^136'.) AssuiQe V = ^Ja^.9^ 4- a^^ then a; = 

y 3 ^ = y + -yi^iui— -; =K (Art. 12i.) 



Cl ^'« 



3a*/*+4F; hence, ^=54.*-^ P, and jP =^ Jt; - 

4 



'^p. 



PRor. LXV. 



X'*X 



ie^ F = — /•■'a"- ■/ .? to jtnd F. 
(127.) Assum.e y = a/o^o* - #, tjjen i;= ^^p^ =f=g 

hence, JP=if!!d - J v, and F = ^« - iv. 

4 ^ 4 

In -jthis manner you may continue the fluents when 
the numerators are a?^i, «*i, ^^f, &c^byaw»mi«g 

X e .y^a^i?'^^ ± x'\ ^a'x'^±x'% ^/aV«T^ &c. 
respectively, and by taking the fluxion,* you will, in 
like manner,, get v ip terms of the given fiiucion and 
of the next inferior fluxion. 

Prop. LXVt 

fj€t F == X" i >y^a* ± x% n being an even numher, to 
Jind F. 

(128.) Multiply and divide the fluxion by aJjO^ ±x\ 

a^x^'x ±a?'-^^x 
and F = >. ^ ^ — ; hence, as the indices a 

sj a zhx 

X in the numerator ar^ ev^i\ numbers, the flueht^^ 



FLUENTS bF CluAlifmts. 



i^ 



®f "7 ; '^ , ahd \'^^i-^ i" may each be lound fcy 

the method directed ih the )adt t^fopoditioh. 

If n be an odd xi\xm\kvy Fttikf be found by Art. 41. 

■ ; 

■ 

IPROP. LXVlI. 

I.c^ F=:xV2ax-x*, foJindY. 

(1 29.) Let the mdius -^^O == fl, ^P = a ?, then the s ine 
PM = ^/2aa? - x\ therefore, F = xy/Y^HH^ * 




(Art. 49.) the ^ fluxion of the area AMP ; hertce, F =t 
the area AMP. 

PR*, LXVIII. 
Lett :=: xx\/2ax-x*3 #0 ^W p. 

(130.) Assume ii?=i x 2gg-x^ |^, thena&=(flri— a^i) 
X i^2ax^ oJ* =ai\/2aj: — j^"* — JP; helice^ F= 
«i\/saj?-x*--w, and Fz;;: a :K arfea AMP-^.w. 



Prop. LXIX. 



Let F ^ 



=: , Vo'T^wrf P. 



>^2ax — X 
(131.) Assume ^c; = ^/2aJ?— x*, then 'fi; = y , ^ 



^ 



aa? 



a?a? 



ao? 



fiaa? - 0?* vTSx — st ^J2ax - x* 
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ai 



^*"'*' ^= ^2a-c-^ ~'^> »"<* (Art. 46.) F= « - 
IV, % being a circ. arc, rad. s= a, versed sine s= c 

Prop. LXX. 

(133.) Put V^ =y» then a; = p^, and ^ = 
Jl2#. hence, F=:^=-2y + -M^, and 
F= -2y+h. 1. i^ (Art. 45. Ex. 6.), This fluent 

• • • 

teaches us to find the length of the Cissoid of Diocles, 
the fluxion of the length being of this form. 

Prop. LXXL 



x"x 



Lef F= JLi, toJindF. 
X— a 

(133.) Divide the num. by the den. till the index of jr 
in the remainder = 0^ and the remainder will then be 

tf"*i; hence^ i^^== af»-^i+aa*»~^i + a®i;«'""^i + &c.+rf* 

X ; therefore (Art, 37. and 45.) jP = — -f 

*F — ^ nt 

+ • r-+&c.+a'*x h. 1. (x— a). Here m must 

be a whole positive number, otherwise the index of 
dannot become = 0. If thA denominator be 17+ a, th 
terms will be alternately + and - . 

If m=^, or JF= , F may be thus found* 

X = »•, then a^ = 1^, and x^x = |«*v ; hence, F 
^v y^^^ 1 1 ^ 1 _^ _J_ \ 



if 
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801 



(bs^ah 'rr>^ (' — i- — n^ ; therefore F =s ^ — sss 

— rx I — -7 r), and tbosie fluents are found by 

4 \v-^b v+b/ •' 

this Proposition. 

Prop. LXXIL 






^rm-l 



^^^F=^j-p^, to/firfF. 



^1H> 



X 



r 1 



I 

to 
I 



^« 



1 


1 


^ISd 


Q^Cd 


X 


X 


1 


1 


1 


1 


3 


s 


1 


1 



I 

X 

I 

I 
19. 



1^ 



1 

+ 

X 



1 

I 



0» 

^ 

+ 



»_ 



^• 



X 

'I 

I 
%%• 

I 

X 

19 

f 

i 

I 

M 

+ 

n 
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continue this division till the index of z in the re- 
imdnder becomes m— 1, and the refkiiiinder will be 

_r— 1 « 

±r^X z'^^^ii hence, F.^ g x z^'^-'^'^i - « 



X 



^-2m-l^ ■ - ^ ^'""" ^ 



= + 



3j^-2m-i^ + &c. + 5— T X . ,^ ; now the last term 

1^= ^ X — ra^ :; h&c* =*= — r? x h. 1. 

(a+bz^). Here, r must be a whole positive number, 
otherwise the index of z can never become m — 1 . 

If i^= :^^ = - z'-^z - s^-45 - &C.+-H., or 
1— «• 1— »* 

, according, as r is an odd or even number, then 



^r-l jgr-a 



1-2* 

F^ -^-^-85c.-ih.l. (!_«•), or+h.l. 
1-2' 



z'z 



I( F— T^r— i, the termsT in the division go alternately 

I "p z 

+ and — , and the last term is + or — , as the number of 
preceding terms is even or odd. 

If F = 7— nr-3 the last term becomes + 7; x 

— r-T-=; whose fluent is found by Prop. 56. 

Prop. LXXIII. 

1 a: , L , ilf , 

L«t ::;j li^rr? — 5— = r + + &c. 

af^—paf 1 + &C. a?— a a?— 6 a? — c 

to find £, Z/, M^ &c. where a, i^, c, &c. are the roots 
of a:* — jpa:""'^ + &c. = O. 
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(135.) Reduce the fractions to a common denooii- 
Qator, and it will be the same as the denominator oh 
the left, and consequently the sum of the numerators 
= 1 ; hence Kx (x— J) x (*— c) x &c.+i x (a? — a)K 
(a?- c) X &Cf +]\/i X {x-a) X (<?— J) X &c. = 1 ; now 
as thi? is true let x be what it will| make ^ = a^ and then 

iTx (a - J) X (fl ^ C) X &C. =« 1 , /.if «= , If , « r — s^^i 

^ ^ ^ ' . (a-i)x.(a-c)x&c, , 

Make x — hy and th^n X x (i&-^<K) x./i-^c) x &c. » i^ ,\ 

Xr= ^, !■ '^ V — 77 — r-.^ — 5 — . In like manner, we get the 
(ft-a)x(i?— (?)k&g. '^ 

other numerators. 

»rj' 1 ■ _ -^ . I^ 



n ■< 



/(.-»+)) <--+!) 



thep in the S9me maqner it appears, that K = - ^ ■ / . . — 

fg-he 

and L =s-T 7.-. 

Prop. LXXIV. 

x'*-px"'"^ + &c. • ^ 

positive number. 

then iST, Ly &c. are known by the last Prop. ; hencc^ 

— r— r — =x * + r + «c. Now (Art. 

133.) the fluent of :^'^'* is ^ +- ^^^7' + &c- + 

JKii* X h. 1. (j?— a) ; in like manner, the fluents of 'all the 
other quantities are found, the sum of all which is F. 
^om the. sum of sdl tbiese <jU9j^tijti€3 =? (1^+ X^ -^ &c.) 
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X— + {Ka + Z.6 + &c.) X + &c. + KoT x 

h, 1. (x-a) + LlTxhA. (ap - 6) + &c. But by Dr. 
Waking's Med. Alg. last edition in the Addenda^ 
K+L+icc.=:0; Ka+Lb+&c. = 0,&c. through all 
those terms, when m is less than n ; in this case there- 
fore 1^= A'a-xh.l.(x-a)+L*«xh. 1. (a?-i)+&c 
If m be equal to or greater than n, the coefficients of 
the first n— 1 terms will become = O. 

(137.) If 9n be less than n^the quantity- 



JCjh IjX Inx 

may be resolved into -I ^A + &c. for in 

thisca8eAx(j7— 6)x(^-c) x &c.+ Zx(«-a)x(ar— c)x 

&c-+&c.=j?^; hence, if Jf=a,i5r=, rr— t x — » — ; 

{a^l^x^a-^cjxixc. 

1 b^ 

ifx^L L= 7T X — 71 — X — o — »&P- Thereasonwhy 

' (6-a)x (6— c)x &c. "^ 

7n must be less than n is this : The quantity K x 

(j?— i) X (x-c) X &c. + Lx (a:- a) x (a:— c) x &c. + 
&C.- 1:^=0; and that this may be always true^ the 
coefficients of the like powers of x must be assumed 
= (Art. 110.)^ and by such an assumption you would 

deduce the same values of Ky L, &c. as above. Now 

the product of each of the quantities into which K, L, 
&c. are multiplied^ is of n - 1 dimensions in terms of x, 
there being n — 1 factors ; hence, if m be greater than 
n — 1, there is only one term in which x is of m dimen- 
sions, therefore this term can never be made to vanish, 
generally with the rest. But if m be equal to or less 
than n— 1, then this term af^ will come in with others 
having the same power, and the whole coefficient may 
be made = O. 

But the denominators may be otherwise expressed ; 
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for as (a:— a)x (x-ft) x &c.=af*— jp«*"' + &c. by taking 
the fluxion we have i x (x— J) x (x- c) x &c. + Ax 
(a:— a) x (a?— c) x &c, 4.&c.«na!*-"*i- (n- l).j»ar*"'i+ 
&c. hence, if x = «, we have (a— ft) x (o-c) x ficc. = 
fM^"*-(n-l).;>a"""*+&c. If j: = ft, then (ft-a)x 
(ft— c)x &c.=swft*"^ — («- l).pft^"*+&c. and so on for 
the rest ; hence, take the fluxion of the given equation, 
omitting Xy and write a, b, c, &c. for x, and we get the 
denominators. 

Hence, when m is less than n, the fluent of 

(x^ft) + &c. which agrees with the conclusion in Art. 
136. because k^Ko^^ Z = Lft^, &c. 

(138.) If two roots, a^ ft, be equal, one of the quantities 
must have a quadratic divisor (a? — a)^ For example : 

Let -5 r- =s -7 r^ + I then re- 

cc^^px^ -{-qx'-r (a:— a)* a: — c 

ducing the two quantities on the right to the same 

denominator, and making the numerators equal, we 

get Lcc* - Lex + Mx — Mc + Ni^ - 2 Nax + 

iVa*- 1«=0; hence, (Art. 110.) making L + JV=: 0, 

M ^ Lc - 2Na = O, — Mc + JVfl^- 1=0, we have, 

L = ^ Nj M ss ; consequently + 

c c 

Nc - siVa =0 ; therefore JV= .: ; L = ^^ ; ilf 

= ==^ . Hence, the fluent of -7 -r: • or 

a — cj OT'^par+qx — r 

Lxx+Mx , Nx u .1 f J u ^ 

>^ — H may be thus found. Put ar-a 

= ;k, then a: = 2; + a, and x = .4 ; hence, "^^^ — 

Lzi+Laz+Mz ,.p ^ ^^ ,v Li bi 

• ^ . ^ = (if La + M^b) — + --r 



» z^' 
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b 

whose fluent (Art. 46. and Sf.) is L x h. 1. ;2 — - =b 

b Nx 
Xr X h. I. (a?— a) - -- — : and the fluent of is JV x 

hr. L(j?-c). 

(1390 I^ ^^^ ^^ ^^ ^^^^^ ^ impossible, those tiv^ 
binomial fractions most be incorporated into one. Thus, 

let -= r = 7 H , and sup- 

(xr-^px^-k-qx-^r x — a x-^b ay—c ^ 

L M 
pose : a and b to be impossible ; then -^ "^^ == 

^ — f — rr-^^ — , ^ , and the impossible quantities 

X "" ( fl "T" ^^ ) X X T" w O 

vanish, as wi ll app ear by substituting, m + ris/ - 1 for a, 
and m— II a/ - 1 for i. 

Phop. LXXV. 

x*~px + q ^ 

(140.) Piit x-^f ^ Zy then a: = ;s + §;^, and i = a; ; 
hence, dx^dz, 2Lndcxx==-czz+ipcz9 .\ cxx + dx 
=c»i4-(jj»<?+rf) xi=(if-|pc+^e)c22-He»; afeoy 
J?*— j»x + xP*=^^; hence, J?^— ;>a? + y=«* + 9 — ^/i* = 
(if 5-:^/? = tf) 2* dt a*, according as a* is positive ow 
negative, or according as the two values of x are 

., , .,, rr ri CZZ + CZ OZZ 

impossible or possible. Hencej Jp =» — ?— *i 



z^dta* z^ztia* 
+, ^ . '\* Now (Art. 45.) the fluent of j is- 

Z^±C^ ^ ' Z^-^^G? 

GZ c 

^ X h. 1. («? ± a'). Also, taking, + a\ -5—— 5=— >e 



, whose fluetat (Art. 46.) is — x cir. arc, rad» 



sj*+a*' ^ ^ a 
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:=: a, tan. = is. But taking - a?^ -<j 



esj e 



«* — a* 2a 

^^^. , whose fluent (Art. 45.) is — x h. 1. ^tlL±. 
«-o ^ 2a sj + a 

call the fluent of this second part B^ and jP=: |c x 
h. 1. {%^±a^)^-B: Call this fluent Q. 

Prop. LXXVIi. 

• 

Let Y^ . ^"^ ■ , U^fini F. 
x*-px+q '^ 

(141.) If the roots of x* -^ oa? + a = be both possible, 

1 K L 

then (Art. 135.) resolve— r into 1 r ; 

^ ^ X'^px+q x^a x-b^ 

* IsiiJ^x L tXf^th 
an4 -Fae h / > , > whose fluents are found by 

Art 136. But if the roots be impossible, divide u^Sk 
hy x^-^px+q until the remainder becomes cxx + dx, 
c and d being put for the coefficients which arise fromi 
the division, and let the quotient be sfl^^^x + a^''^x\ 

+&rr"*i+&c. where a=», A = »*— a,.&c. ; hence, JF==: 

' * j_ // ' - 

jf*'""i+a^"^iH- baf^^^x + &c. +-r- ;— , oonse- 

a? --px+,q, 

quendjr (Art. 37. and 140.) F'=^.^;^^+—^^+ —^^ 

+ 8CC. + Q. 

If m = 2, then J? = «+.Q. 

If m = 3, then F = ii^+ax+Q. 

If m = 4, ^en:Fsn^a^-hia^+hx+Q. 

Phop. LXXVII. 

• r 

2 — pz+.q 
(1 43.) Put X = - » a-*,then a**" ' =»*r «•+ ', and «»-«i 



9Q8 FLUENTS OF QUANTITIES. 

= — z^^i ; hence, F = ^ = — -; — ^^ . ^j 



X* x^^ 



1 af^x 



9 i-^ + ^ 
9 9 



= Ofl=,-,f = ?')-ix 



^ which is the same as the last form. 

Prop. LXXVIII. 
LeeF= , ' tofndT. 

(.«.) First. /=. -^^ -^(putting *-^, 

put «** = Xf and then ^^ = a?'* ; also, - = -^ — -5; = 

|»x-, /. - X - = -; hence, F= — 7- x y-jj-— -r 

1 2dx 1 

= —rT=^x — 7^=rr> and (Art. 45.) F= ^ 

X h. 1. ' * ^. . If iP be negative, F= - 

\/cr+jj«4.rf ft 

^ix: -- y— X cir. arc, rad. = dL secant 5= a?. 

Prop. LXXlX. 

v/ C* - Z" 

(U4.) Putar=v^c^-s!*, then x»ac«-«*, therefoie 




ZZV D- + Z* 



Let F = ' ^ , fo>irf P. 
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xz = -xx, and v/6» + a» = Vt>*+c*-x*— (if a» =? J» 

+ c*) v^a»-a!» ; hence, J* = - i V^a*-ar*. Now let 
^iV^ be a circular arc whose centre is O, (See Fig. 
p. 167.) and PA/ be perpend icular t o AO, and put a= 

0/4, x=OP, then PJ/= v^o*-**; hence, F=— the 
fluxion of the area OPMN (Art. 49.), consequently 
Frr - area OPMN. 

Prop. LXXX. 

(g+hz-jVe+fz" ^ 
(145.) Put \/7+f^=x, then z''=—Z^i and g + 
A«-=^+j.x (x*-e)=^^ + ir' = (if -^^^ 

= a, >= j)a+Jj[r*; also, ««^""''i = 2 Jx xx, and «"""^i 

=s — XXX; hence, jPx= ^ j—- ' whose fluent is 

n nx{a+bx*)^ 

found by Art. 45. or 46, according as a and b have 

difierent or the same signs. 

Prop. LXXXf. 

Let F = \/2+^ X x-^-^z, tojind F. 

g + hz^ ' ^ 

(146.) Put J'g + h^=x, then g^=' ^ ^ ^ , and e+ 

=5 J )a + ix* ; also, z^'^z = — x xx ; hence, F= 
n y n 

3i ^. 

— X V a + 6j?* X i, whose fluent is found by Art. 46. 
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when b is negative and a positive ; but by Art 45. when 
b is positive and a either positive or negative. 

Prop. LXXXII. 

LetFz=z . ^ r ^. — 7 — , u mx to fifid F, r and m 

(e+fz'")x(g + hz"») ^ 

being vphole positive numbers. « 

(147.) By Art. 135. (, 4->-) x (g + A ^") = i+T^ 

J r— s where JST and L are known; and the 

g + hz'^' 

fluents are found by Prop. 7^- 

If jP = 7r=v — 7 r- =; 5 this resolves itself into 

(e+/«*)x(g+A«*)' 

^x . „/ + Lx^— ^(Artl35.). And if the 

m 

denominator of Fbe c +fz^ + gz^^^ this may be re* 
solved into (a+65^) x (c+rf«"*). 

Prop. LXXXIII. 

Let F=:e + fz*|" x gT¥?]'x 7f^-% tojind F, trAcre 

% is a whole positive number, and r half any vAok 
positive number. 

(l48.)Putf; = e+/«%then2''=— ^; hz'^-rx (^-^)5 

J J 

g + A«" = g +^x(t;-e)=g — T+yf Xv = Qfd^g 

T.W + ^xt;; JK** = 7^ X t; — e(' ; ^n^"'"*^ = -a 

X V — e)""'^ ; 2"*""* « = -^ X V - ep'v ; hence^by 
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8d[>stitution we get F =: »"• x rf + >» x —r:xv—e\'~ *i;; 

— T — Y 

and by expanding rf + •>«; and v — e]'""\ and ac- 
tually multiplying each term into li^v^ then when r 

A l*^ 

is the half of an odd number (as t+i)^ d+^m = 






X V rf -f 7.1;, expand d+ 7.1; 
7 / 



, and the fluent 



can be found by Art. 39. or 41. But when r is 

r 

^ and 



h\ 



the half of an even number, expand d + -r^t; 

dien the fluent of each term may be found by Art. 37. 
except m be negative, such that one of the terms be of 

the form - , in which case the fluent of that term is 

found by Art. 45. 

If r = — I", and m a positive whole number, the 
fluent may be found by Art. 41. And if m = - 1, 
then the fluent may be found by Art. 41. except for 
one term in the series thence arising, whose fluent is 

found by Prop. 78* i' being of the form 



vy d -f 7.V. 



I^ROP. LXXXIV. 



Lett^ ^^t^f' X X, to find P. 
c + dx* ' "^ 



(149.) Multiply the num. and den. by ^/a + ha?^^ 

and we get ^=(e + £i3:»)x^/^Ti>"(c+iix*)xVa+&? 

P 2 
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+ . T"^^ / , ^ > But lAxeJirst of these terms 

= T-z IT /, j: , and in the second term. 

- .... 6x*i . J . ic X • , ., 
by division ^-p^ = 2 X «- ^ X ^^-^ ; hence, the 

^'"^"^ term = -j^y.-jJ=^- "J'^^^^.^.jJ^^ ^. j^' 
and the last term of this = — r x 



> ft i • Ac\ 

hence, F=3x-^====+(a-^;x 



X ^0? 



-— J, ; now the fluent of the first of 

these terms is found by Art. 45, or 46, according to 
the signs of a and ft, and of the second by Prop. 80. 

LEMMA. 

To resolve . ri« into ■ . > ■ + xm-i 

a? + apxa? + Aj a? + aT i?-*-ar 

L o P Q « 

Pi +&c. + ==r; + -— -Y^H-i + — r^r"T r=i + 



&c. continued to m and n quantities respectively. 

(150.) Reduce the fractions to a common denomi- 
nator, and make the numerators on each side equal, 
and {A) H x {x+by + K x {x-^by x (x+a) +Lx 
{x+by X (a'+fl)* + &c.+Px(i?+«r + Qx(^+a)**x 
(x + b) + R X (x + a)"^ X {x + by + &c. = 1. Make 
x + a = 0, or x=: —a, and every term where x+a enters, 
becomes = 0; hence, /f x (j? + ft)" = 1, or jff x 

(ft - a)** = 1, ..H= ,. ^ ; ■. Take the fluxion of the 
^ ^ (ft— a)** 
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equation (-^), and omitting i, we have (B) nH x, 
(x+by-^+nKx {x + 6)**-' X (x+a) + K x (x+b)" 
+ &C. = 0; inakej?= —a, and we have hHk (6— a)""' 

+Kx (J-a)»=0; hence, A: = ~ -— = ^^— ^, ; 

thus by continuing to take the fluxion of the last equa- 
tion^ and then making a? = — a, we shall get the values 
of Lj &c. In like manner^ if we make x + b =i O, or 

X = - J, we find P = z Tv^ ; then by taking the fluxion 

of the last equation, and making a?= - i, we get Q = 

-z jT^TTi 5 and by proceeding as before, we get /?, &c. 

Prop. LXXXV. 

• x'x • 

Let F = r— ; — r- — 7 — rTAT^ to find F, r being a whole 

(x+a)"*x(x+b)'** -^ ' ^ 

positive number. 

(151.) By the last Lem, /•=^^+j^.+&c. 

+ (^+6P+(^+JF^ + *'*^- P"tx.+ a = 2, then 

jc^z-^ay therefore of*"' = (& — ay'*^^ and jf i = 

x^ X ( ^ '^^ 0.1 yt z 
(z-'dy X i; ; hence, 7 — ; — r- = ^— — ^ = «'-"* i; - 

r— 1 

ro«'""'*"''i + r. a*z'"'^''^i - &c. where the 

2 

number of the terms = r + 1, and the fluent of every 
term is found by Art. 37. except that term where the 
index of is is — 1, whose fluent is found by Art. 45. 
and the sum of all these multiplied by H, is the fluent 
of the first term. In like manner^ the fluents of the 
other terms are found. 
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Prof. LXXXVI. 



, • X a + bx 

Lef F = /^ . u -v../ ■ . ^^ X 



(a+bx)x(c+dx c+dx 



m 

n 



, tojmi ¥. 



Put z = then - =t ; — / , , . ; henoe^ 

c+dx z (a+bx)x i^c+dx) 



2^1 



jr = -r — — -T, and i' = 



bc—ad' mx{bc—ad) mx{bc'—ad) 



a+bx 



c+dx, 



Prof. LXXXVII. 



Given A the fluent o/e+fx"P x xp x, toflnd B *Ae 
^i«6w^ o/e+T?]" X xP +° X, awd[ C the fluent o/e+fe^ 

X XP X. 



m + i 



(152.) Assum e Q=c+/a»|"**'xa:^+', then Q = 
(p+l) X e+/a;»)'"'^* x a;Pi+ (m + 1) x w/>f «+/a!»|"' x 
a!»'+»;p=(p + l)xC+(m+l)xn/xS; hence, by taking 
the Age nts, Q = (p + 1 ) x C4- ( m+1) x n /x 5. Also, 
e-h/yj "'"^' X x^i = (e+fxyx e +faf\'" xa^x = ex 
e +fafr X af i +/ x e+/i"|'" x xP+'i, that is, C = 
eA+fB, therefore C=eA+fB. Nbw from, the^ra* 

fluent, B = —7 — ^^--T — /> , and from the second, jB= 

(m + l)xnf ' ' 

C-eA , Q-(p+l)xC C-eA ^ 
— 2" — ; hence, — — ,..J .. = Y' — » •*• ^^ 

Q+(m+l)xneA . „ C-eA 

p+i+(m+i)xn ' «>»»«q"e"«y « = :ry 
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C eA Q+ [m+i)>cneA eA „ 
/ y (/)+i+(w+i)xw)x/ •/ 

may continue the fluent as far as we please, increasing 
m by 1, and p by w. 

Let e = a^yf^ i, m = — |^^ />=0, « = 2; then ^*= 
-7===, and ^ = h. 1. (x + j^^T^) (Art. 45.) ; 

hence, fi the fluent of /"a a = 2^^ ^T^ - j«*^:> 
as in Art, 124. also, Cthe fluent of a'+ai*] xi=jafX 

Prop. LXXXVIII. 

Z^/ R=e+fx» + gx*'+&c.,A=R'x»-'x,B=x»A= 
R'x"+''-'x, C = x-B = R^x-**— X, D = x»C = 

itx^+'f-'x, &c. §i»e» the fluents of all hut one, to find 
tf tat fluent. 

The fluxion ofafR+'^if'-^R (mRx+(s+ l)xR) 

3 (substituting for A and R their values, and putting 

• • • 

p=sn+m) meA + (p + m.jB + {2p+m).gC + &c. 

hence, af^R^^ =meA+(p+fn) .fB + (2p+m)gC+&jc. 
and if g be the number of terms m R, and jf - 1 of these 
fluents be given, the other fluent is known, being the 
only unknown quantity in the equation. 

Prop. LXXXIX. 
Lee R=z e+fx°, to^nd the fluent o/'x~+"-'xR-. 

From the last Prop, we have B = - — ; — r— r. — 

{p+m).J 

^^^ r. the fluent of oT^^-'iR. Now as ^ = 



{p+m).f 
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jR'j?'»+»~'i, to find C in terms of B, proceed in like 
manner, writing m+w instead of m, and we get C== 

; r— ?• - 7^—; :—• — 7. the fluent of /ra?^^*'* '^. 

(p+wi + w) .y (/? + w + w) ./ 

• » • 

Also C=a?"5=j?^+''*""^i; therefore to find D in terms 
of C, write m + 2 w for w, and we get D = 

; — : ; r— y, - ~ r — > the fluent of 

{p+m + 2n).f (p + m + 2n) .f 

^ » +3n- 1 jjjfj*^ tiere the law of continuation is manifest, 

and thus we go up to the fluent of a?'^+'^^""'i?/J'. 

Ifii=0, i»/=»+w,thenB=-^^x^; C=- 

m+n eB _m.{m-\'n) e^A ^^ _ m + 2n 
M+n^Y~MxM+n'^J^'' ^" ^ M+2n ^ 

fluent of oJ^+'^^-'i /? generated whilst x flows from o to 
^ w.(m+w).(w+2w)...(m + (r— 1) .«) 

"/I "" "■ M.(iJf+w).(M+2w...(iJf+(r-l).w) ^ 
'2s;X A, where the sign is + or - as r is even or odd. 

If R=€'-faf, and i? = 0, then the fluent generated 
whilst^flowsfromotoy »»i,/.(M+n)....(M+(r-l).») 

If m=i, n = 2, «=-i, c=l,/=l,theniI/=:2, and 
J=: i ■ > ^=2: circum. of a circle whose rad. = 1 ; 



j?fj: 



hence, the fluent of y ' , generated whilst ^ flows 
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from to 1, is '^"^ — - — ' X AyV being the num- 

ber of factors. • 

If Az^isJ 1 — a?*, where A is the quadrantal area, 

the fluent of afx^l — a?% generated as above^ is 
l ,3.5....(2r-l) . 

2.4 .6. . ..2r 

If X = r- , ^ , then /—-^ — i = ,^+, , and 

the former fluent represents the fluent of this quantity 
generated whilst z flows from o to infinity, for when 
x=:0, « = 0, and when x=l, z is infinite. In the 

second case, the fluxion becomes . ^ r+gj and the 

latter fluent represents the fluent under the same 
limits. 

If in the equation af^R'^^ ^meA-\- (p-\'m).fBf 
neither m nor p+m ^re equal to nothing, A and B 
mutually depend on each other. If ^ = O, £ is found 
in finite terms ; if p + m ^ 0, A is found in finite 
terms. 

As the series may be continued either way, let 
jR =faf'^e, A = aT'-'xRy B — a?-»Jf, C = a?-»-B =x 
a?-*»^ Q = a?-'"^, then we get Q = 

> r-i -r ^^ f X ^ X -4. If m be 

{m-^n) . (m- 2w) (m — rw) e 

negative, so that a?"* 11'+^ may become — ;jp, then this 

quantity becomes = when x is infinite and when 

hence the fluent here found is between thes« 
limits of X. 



_7f 
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2r-l 
2r 
of ar. 



Q= 2 X f X . . • . — T- — X -4 within the above limits 



Sometimes the fluent may be found by transforming 
the fluxion from the sine or cosine of an arc to the 
tangent or secant ; or the converse. 

Prop. XC. 

To radius = 1 , let or = sine, x = tangent of an arc ; 
then (Art 46.) -^^^ . al80^= -^ ; 

hence, F = A, and i^= -J = - ^^^1^. 

Prop. XCI. 

By the same substitution as in the last Prop, we get 
fluent (Art. 46.) is jP =r a cir. arc, whose radius is i and 

X 

tangent «, or - ^ ^ . 

^f X '^ X 

Prop. XCII. 



^ ^ = i7^^' '" -^"^ *■• 
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The same notation remaining, assume — ^i__— ^a= 

*, then F m. — x - ; hence, jP= -^ x h. 1. «. 

na z na 

Prop. XCIII. 
LetF=zvx''Xy where v=:h. l. -, to Jind F. 

(153.) Assume — — -+r= J^thenvaf^rH — — +r=: 

w+1 w+1 

Fssvx^x; hence r = — — • — = I because ^= I 

n+l ^ 1— x/ 

/r^ + ^r 1 

= (by division) — x 



(n + l) X (1-0?) ^ -^ ^ w + 1 

( — a?*i— af""'i?— &C.H ), therefore r=: — r— - x 
^1-a?/' w+1 

(— — -+— +&C.-V ); hence, F= — -— H r— - x 

Vn+1 w >^ ' w+1 w+1 

.^+— +&c. -v). 

Prop. XCIV. 

Let Frsrvx** X, where v isa circular arc whose radius 
is I and tangent x, to jind F. 

(154.) Assume — — -+r = J'; thenvof^iH h ^ 

^ ^ n+l n+l 

ssF^iv^^x. Let ra be an odd number, and then r = 

—;r{i'~^^^^ "'(n+i)x(i+x») ~ "« + 1 ^ 

(«»"'i-o?"""»i+&c.± v) ( i f ^ )> where the sign of 
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. W + 1 . 

V will be + or — , according as is even or 

odd ; hence. r= — — -x ( + — &c. + r ) ; 

' n+l V w w— 2 / 

therefore F= — -— H — — -x ( +-"r-z -&c. + t?|. 

If n be an eoen number, the last term of the division 
will be + — ' — i, whose fluent is db ^ h. 1. (1 + j?) s= 

± h. 1. s/TT^\ hence, F= • + 



n+l n + \ 

+ — = &c. =i= h. 1. V 1 + X*), where the 

n « — 2 ^ 

sign of the last term is + or — , according as | n is odd 
or even. 

Prop. XCV, 

Let F = z^x'^'^x, where z = h. I. x, to Jind F. 

(156.) Assume F = a2{'*+6«'*-'+c»"*-'+&c. a, J» 
c, &c. being variable coefficients in terms of x ; hence, 
by taking the fluxion, we have, 

but by Art. 46. S = -; hence, by transposition, 

X 

aa^+ i«'»-^+ cV-*+&c.'l 

^j[f^ ^xz^-i «*^^ + ^ ' — ^a^ •+&C. I • 

07 J? J 

therefore, by Art. 110. a- j?*""^i=0, i+ =0, c + 

X 

(m- l.)Ji ^ o i_ • 1 . .»* ,• 

^ — =0, &c. hence, a = af'^^x. .\ a = — ; ft = 

X n 
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--max ^mx'''~^x . , ^maf^ • — (w — l). 6iF 
= — (m— l)x —mxf'^x ^ m^fn - \) .x?^ « 

hence^ F = - x ^s*^ r- x «*^ ^ H ^^ r-^ x 

«*"■"* -&c. wh^re the law of continuation is manifest, 
and the series will terminate when m is a whole positive 
number. 

Prop. XCVI. 
Let F = a* X" x, tojind R 

(166.) Assume Fiisa'x (po^^+jx""^ +rif»-"* + &c.) 
and let m = h. 1. a; then (Art. 114.) ma' x is the 
fluxion of a' ; hence, by taking the fluxions^ 

mcf xx{pa^'{-qx?'''^-\- rjf*-* + )&c.l _^«^^. 

a' X (w/>x""'i + (w— l).5^"*i+)&c.j 

divide both sides by a'^Xy and transpose af^^ and we have 
mpaf^+mqaf^^^+ mrj;^"'* + &c.| _ 

- a?* + »JJ>^'"^+ (w — l).5a?""*+&c.j "" ' 
hence^ (Art. 1 10.) mp — 1 = o, m j + wp = 0, mr + 

(n-l).j = 0,&c. ...;,=^;y = ^=-_i r = 

_(«-2M^ _ (»-l)x -« ^^:(^)&e,hence,F=: 
m m^ m^ 

a'x /^— a?" - A^^'+^^^— r— ^^* - &c.^ where the 
Vm w* m^ » • / 

law of continuation is manifest, and the series will 

terminate when n is a whole number. 

Prop. XCVII. 
To Jind the fluent of ., , .:^ , given the fluent 

Jl t^ Z 

-^ Idt z" 
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az'+^ 



(157.) Assume- ^ + Q forthe fluent ; then, by taking 

the fluxion, we have -^ ====-— ^ 

• z^z z^ z 

,. . na^ z . , ^z 1 

= — »az^« + „ ; hence, 



((r+l)xtif«"i;-- waa'i+^^^) + Q=((r+l)xa - na) x 
+ > ■• + Q ; assume na=: 1, or a =- , so that 



1 ± «** r^i^* w 

, z^'z , wa^'^i , , ^. 

the terms ,, and ,^ may destroy each other, 

and we have Q= ( 1 ^ x -• ; hence, if P be 

V n / \±z'^ 

the fluent of . we have Q= ( 1 — • — ) x P ; con- 

sequently the fluent required is - x \ ;j+ ( ^ ) 

X P. 



Prop. XCVIII. 



Let F = - vax + x*, to find F. 
Pa. -r^El =,, ,h«» x=-^ , X = ^IS^, 
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hence, F= ~ \f -, and by the last Prop. F =» 

Prop. XCIX. 

• • 

Let F = ^£jL^, to find F. 

Assume d x hA. {caf + uf^^) for the fluent; 

,• ., n . . , rcaf""'i + (r + l)jfi 
then Its fluxion is a x , , ,. . — ^ — - = 

dcrx + d X (r + Vs.xx , . v ^ ax+bxx 
-^--5 ^ ^, which put = . ^ , 

we get dcr — a, dx (r + 1) = 6 ; therefore r = r , 

d = *£Z5; hence, F= ^^ xh. 1. (ca?^x^). 

Prop. C. 

To find fluents where there are two variable quan^ 
titles in the given fluxion. 

(158.) It frequently happens, that a fluxional equa- 
tion contains two variable quantities, in which case, they 
must either be separated, or reduced to the fluxion of 
some known fluent ; but no general rules can be given 
for this purpose, and the reductions must be left to 
trial and the skill of the Analyst ; the following Rules^ 
however, may be of some use. 

RULE. 1. 

Multiply or divide the given equation by some 
function of the unknown quantities^ so as to bring them 
to a form whose fluents may be found by some of the 
rules already given^ or to the fluxion of a known 
fluent. 
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EXAMPLES. 

* 

Ex. 1. Let - + "= , Multiply both sides by 

w^y*, and it becomes wy"j;"'"^.r+wj?y*"*y = waa?^'*""i ; 
now the fluent of the first part is known from Prop. 7* 
to be af'^% and the fluent of the other part is found 

(Art. 37.) to be — \ — -— ; hence, the equation of the 
fluents is af v** = — \ . 

Ex. 2, Let if — 0? i* = fi?. As z does not enter 
into this equation, conceiving it to be deduced irom a 
fluent, % must have been supposed constant. Multi- 
ply by i, and ix — xxz^ =zfiz^, and as ^ is constant, 

the fluent is | i?^ — | i* z* = fx %^ ; hence, z = 

. 

X 

M .J , whose fluent (Art. 45.) is z = h. 1. 

^ 3 y X ^ X 

(f+x+^/Q/x+af). 

RULE 2. 

Sometimes the fluent may he founds hy the addition 
of a new variable quantity. 

EXAMPLE. 

Let az = zi — xx. Assume z=ia + x + v, then 
z =i X + V ; hence, by substitution, ax+av = ax+xi 

+ vi — xx^ therefore av ^=vx. or x = — ; hence, 

V 

(Art. 46.) X ^ a x h. 1. v ; consequently « = a + v + 
a X h. I. v, and by substituting for v it's value « - fl 
— ^, we get 0? s a X h. 1. (« — a - j?). 

RULE 3. 

7%e Jluent may sometimes be found, by first putting 
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the equation into fiuxlonsj making one of the Jbmons 
constant. 



.», .Vv 



EXAMPLE. 






Let ^T = a?+V T'' Make y constant, and 

y * V .. 

put the equation into fluxions, and ^ V- hi=» 

« + y + -^^-T5 — ^; hence, -i— =-4^ =-^,and 

•^ X if X 

(fl+y) X i^ = aj^', consequently a^^ii = a+^ "*y ; hence, 
(Art. 37. and 39.) we have 2a?^ = 2 x a + y| . 



RULE 4. 



'Jf^ on/y owe o/' Mc variable quantities (x or y ) en/er, 
substitute for thejluxion of one qfthem^ the fluxion of 
the other multiplied into a new variable quantity. 

EXAMPLE. 

Letyy^i= ai* + 2ai*y* + ay*, where x is wanting. 
Assume zy =: x^ and we get ya^y* = a«*^ + 2a«'^ 
+ ay*, ory^ = a^*+2a«*+a ; hence, y = az^ + 2a% 

+ - , therefore y=:3a2^i; + 2a^ 5-, consequently 

z z 

az 
isszy=3 az^z + 2azz , whose fluent isa? = f a^* 

z 

+a «* — a X h. 1. is ; and if in this equation we substi- 
tute the value of z in terms of y, found from the equa- 

tjony =^a«^ + 2a« + -, we shall get x in terms ofy. 

z 

Prop. CI. 

In anyfluxUmal equation of the slecond order, where 
the fluxion of one of the variable quantities (x) is 



"226 FLUENTS OF aUANTITIES. 

constant, to transform it into one in which y is 
constant. 

(159.) Suppose the value of ^ to be expressed by 
a+bx+cx* + dx^ + &c. then^ = fc+2ca?+3 da?+ 

X 

&c. Make x constant and take the fluxion, and ^ ;= 

X 



• •* 



^cx ^& dxx + &^. Now make y constant, and— ^^ 

.=2cx+6dxx + &c. when therefore x is constant, the 

•• • •• 

value of -^ is the same as — —^ when ii is constant. 
X x^ ^ 

Hence we have the following 

RULE 5, 

If in any fiuxional equation of the second order ^ in 
which X is constant, we substitute for t, the quantity 

X 



.• •• • •• 



, g , or for y the quantity — ^, we shall transform 

the equation into one in which y is constant, and thus 
the fluent may be often found. 

EXAMPLE. 

Let sty - xjf —a^ — ^ = o, which being supposed 

to have arisen from some fluent, x is constant, as x does 

• •• 

not enter. Substitute — ^^ for y (in which case y be- 

• X 

• •• . »• 

comes constant), and we get xy+x x «t- + a x *t— — 
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•py .o .. .. xxv , n 

-^=0, or ar + xx + ax ^^ = 0, whose fluent is xa: 

4-ai ^y which, as the fluxion is = O, must be 

equal to some constant quantity ; let it be cy^, and 

^, . 2hxx . 2abx . « ,A 1 

then if = -r — ; — 5 + -7 — ; — r, whose fluents (Art. 45, and 

46.) are y=i x L+a x V/ — x .df, where -4 is acircu- 

c 

lar arc, whose radius is 1 and tangent "7==t="> and L = 

^^ 2 DC 

h.l.{2bc + a^). 

RULE 6. 

If the fluxion of one of the unknown quantities (x) 

• - • • •• 

he constant, and the equation contain x, y, y, and x or 

y be wanting f it may be reduced to first fluxAons by 

substituting z x = y . 

Let i*+^* = *^ ; put y =s zxy then j? = zx ; hence^ 

n 

ni^ X (1 + «^) = y 5 i, or y % = wi x (1 -f ^*) = ny-x 
— ^-— , and — ^ = :; r ; hence, (Art. I09.) y^ = 



.2n .,. ^y 



(l+««)xa%or^-.l = *'=|r,andi=-7...=== 
a denoting an invariable quantity. 

* The given fluxion being supposed to have arisen from some 
fluent, it is easy to conceive that this constant quantity must be such 
as cy ; because the eauation, after taking the fluent the first time>. 
arose from taking the nuxion of the fluential equation, and therefore 
i cry must uecessarily enter into every term. ' 

a 2 
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RULE 7. 

Sometimes it is useful to substitute for the ratio of 
the unknown quantities. 

EXAMPLES. 

1. \jeixi ^ay z+yy:=^0. Put « =^, then^s 

xz + zx\ hence, the fluxion becomes xx + azxx + 

z^xx + x^zz ^ O, and - = -— , whose fluents 

' X z^ + az+l' 

are before given. 

2. Let axy + xs/^F+yF = 0. Put - = ^z* - 1 ; 

then we get ^ + , — ; — v — , . , . — , — , . = O* Rc- 

P Q, R 

solve the latter term into 1 -— - H , and 

z+a z+l «-l 

then each fluent is found by the preceding Rules* 

RULE 8. 

Sometimes a fluent may be found, by assumifug a 
fluent which, when put into fluxions^ shaU be oftht 
form of the ^ven fluxion^ and then finding the values 
of the assumed constant quantities. 

EXAMPLES. 

1 . Let {ax + by) X x + (cx + dy) x y = ; assume 
the fluent to be x+myf x x+ry\ =:As. constant quan- 
tity ; then n x h. 1. (x+my) +sx h. 1. (x+r^y) = h. I. 

. J nx + nmy . si+sry , 

j4, and ; ^ H ^ = O; hence, (n + s) x 

X + my x+ry ♦ v ^ *»y ^ 

xi+{sr + sm) x yx + (nm + sr) x xy+{mrn+mrs) x 
tjy = O, wiiich is of the form of the given fluxion ; and 
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'(equating the coefficients of the corresponding terms, 
we get m, n, r, s, and thence the fluent required. 

a. Let 2xp + 3yx + lOyif = 0, where the term 
a:i is wanting. In this case, assume x+oi/Px y''=^ 
a constant quantity ; then m x h. I. (z + ay) + n x 

h. I. «= h. ]. A, and ^ + _i = o, or myx + 

nxy+(m + n) x ayy= O; compare this with the given 
equation , and m=3, w = 2, a = 2 ; hence, the fluent is 
X + 3yp X y. 

When y^ is wanting, assume ax+y]"* y ^ = A. 

If the fluent cannot be obtained by these means, 
or any other artifices, it may be necessary to have 
recourse to infinite series (see Art. 111.) in order to 
express the fluent, in which case it will be very useful 
to attend to the follovring 



^f Let the quantity whose value is required he assumed 
equal to some unknown power, n, of the other quantity^ 
and let that power with ifsjiiixion or fluxions he sub- 
stituted Jor their supposed equals in the given equation. 

Let the least exponents for an ascending, or greatest 
Jbr a descending series, of the quantity thus substituted, 
be made equal to each other, and thence n will he found. 
Or if there happen to be only one or more terms having 
the least or greatest index, make the coefficient of that 
term or terms = 0, and you get n. 



^^%ers 



Substitute this value ofn for n, and take the differ- 
ence between one of the equal exponents, and every other 
lonent of the sarne variable quantity. 

To these differences, write down all the least num- 
rs which can be composed out of them by continual 
addition, either to themselves, or to one another, lilt 
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ycu get as many terms as the required series is to be 
continued to. 

Let each of these terms he increased hy n for an 
ascending series^ a7i£2 decreased iy n for a descending 
series y and you have the required exponents. 

In equations where the higher order of foimms are 
concerned^ the series must be assumed in terms of that 
quantity which flows uniformly j and that is known by 
observing which quantity has no second, Sgc. fluxions. 

Ex. 1. Let the equation be a'i^+a?®i*-* a* «* = O^ 
when z\%2l circular arc whose radius is a and sine x. 

Assume «" for x, then n%^~^z = jp, and by substitu- 
tion, the equation becomes a* w* «'""**«* + z^z^ - a*i* 
= 0, and the indices of .« are ^n—2, 2n, and O, for we 
conceive the last term a* z* to be a* »* x* ; and putting 
the two least indices 2n-2 and O equal, we get n^ l\ 
which substituted for n, the indices become O, 2y O, 
and the difierences are O, 2, and by adding 2 con*> 
finually, we get the series 0, 2, 4, 6, &c. to which 
add w, or 1, and we get 1, 3, 6, 7j &c. for the indices. 
Assume therefore x^pz+q^i^+rz^+sz' -^-hcc. and 
putting 5= 1 to shorten the operation, x =/> + 3jx* + 
5r5i*+7^2;^+&c. and this squared and substituted 
into the given equation, we get 

a'^^* + 6a*p5^*+10fl*pr«*+14a*/i^«^+&c. 

9 a* q^^+30a^prz^-\- &c. 

+ p^z''^ 2pq^+ 2prsfi + &cc. 

-a' + gr*«^+&c, 

hence (Art. 110.), a'^p^-a' — O, Sd'pq+p* = O, lOa* 
j»r+9a*9*+2pgr=iO, l4a^ps+30a^pr + 2pr+^=0; 
&c. and from the first, j» = 1 ; therefore 6a* 9 + ^ =0, 

and a = - -^—r = — -r—;; — ; ; hence, 10 a* r = — 
^ o a* 2 . 3 . a* ' 

9aY-2j = ^5rx(9a'y+2)=-^x(-i + 2)=:-|= 
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1 1 

-—-—-—, therefore r =-----——: ; also, 14a*»*=: -30 

^ '^ ^ oa* 120 a* 120 a* 

"357^ = 24^* ""gc^^ ""367^ """3^§^ therefore 5 

■^; hence, j?=:« — 



14x360a^ 2.3.4.5.6.7a" 



2,3 a* ^ 2.3.4.5 a* 2 .3 . 4.5 . 6.7a^ 

Ex. 2. Let 2aa'y* - ay** + 2a?^;^*^2y^i* =0. 
Assume j? = y", and i = ny^' % and (y being constant) 
5t = n • (w — 1 ) . y^^^if^ ; therefoce the equation becomes 
(omitting ^*) 2ay*- w.(w- l).ay'* + 2y*^- 2«*y^ = 0; 
here there is only one power of y having the least 
index, therefore we must assume 2 a — w,(n— l).a=0, or 
n • (n— 1) = 2, and n = 2, and this is for an ascending 
series. Substitute this for n, and the indices become^ 
2, 2, 4, 4; now the difference between one of the 
least indices 2, and ' the other indices is 0^ 2, and by 
adding 2 continually^ we get the series 0, 2, 4, 6, &c. 
and increasing these by n, or 2, we get 2, 4, 6, 8, &c. 
for the required coefficients. Assume therefore x = 
l'y*+9y*+^y^+*y®+&c. theni = 2/>y+4yy^+6ry* 

+ 8*y^+&c. (assuming y = l), and x = 2/>+12yy*+ 
30ry*+56*y^+&c. also, i* = 4py + 169*3/^+ l6pyy* 

+&C. hence, by substitution, we get 

2apy^ + 2aqy^ + 2ary^ + 2asy^ + &c/ 
— 2apy^ '-i2aqy* — 30ary^ - bSasy^ + &c. 
+ 2p'y^ + 4pqy^ + 2q'y' 

+ 4pry^ + &c. 
- 8p^y^ - 32pqy^ - 32 yV 

— 48pry^ + &c. 

hence, 2a/? — 2aj»=:0; 2 ay— 1209 + 2/?*— 8/?'=0; 
3ar-30ar+4p5r— 32/?9 =0; 2a*— 56a*+2gr*+ 
4/)r- 32 9^—48 /9r = 0; from the first equation it 



>=0; 
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appears that/? may be assrumed at pleasure; from the 

second equation^ q = ■ ^ - ; from the thirds rs?--^; 

from the fourth, s = — -~- ; &c. hetice, x = ptt* -^ 
3P* 4 3/?» « 31/?* 3g 

For a descending series, we make the coefficients of 
the highest powers of y=0, or 2 — 2 n' = 0, and w = 1 ; 
and the indices become 1, 1, 2, 2, and taking one of 
the greatest, 2, from all the rest, the remainders are 
— 1 and O, and by adding — 1 continually, we get 0, 
— 1,-2,— 3, — 4, &c. and these increased by », or 1, 
give 1, O, - 1, — 2, - 3, &c.; hence, assume x = py + 
g+ry^+sy^+icc. and we get, as before, 

2apt/ + 2aq + 2ary "^ + &c. 
— 2ary~^ — &c. 
2py+4/}gy+2y*+4yry-^+&c.J = O; 

+ 4pr + Apsy^ + &c. 
- 2p'y^ + Apr + Spsy"^ + &c. 

hence, 2/?*-2/?' = 0; 2a/?+4/?y=0 ; 2^9+2 j*+ 
8/?r=:0; Aqr + 12 ps :=i 1 we may therefore assume 

p at pleasure, and then ? = - ^; r = ^ ; *=g|^J 

&c. therefore ar = /,y.| +^ +^^ + &€• 

Although this rule may become sometimes imprac- 
ticable, yet when it can be applied it never takes in any 
unnecessary terms. 
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Sect. XII. 



On the summation op SERIES. 

Prop. CII. 
Tojind the sum of l^x+S^xHS'^x^+fcc sV. 



(l6o.) Assume a? + a?* + «^ + &c. . . . j^ = 



sf'^-x 



x-1 

= a ; take the fluxion of both sides, divide by x^ and 
multiply by x ; repeat this operation, and you will raise 
the powers of the natural numbers an unit every time \ 
hence, 

1 0? + 2jp*+3a;'+&c *x' = — r- = ft; 

X 

l*j?+3V+3V+&c «»a?'=^= c; 

X 

l'x + 2«a?'+3V + &C ^a?* = ^ = if; 

X 

Thus we may continue the operation to any power* 

Prop. CIII. 

To find the mm of 1.2.Sx + 2.3.4x' + 3.4.5x*+&e,. 
(s— Sj. (s^l).sx-*. 

(l6l.) Assume as before, take the fluxion, and divide 
by X, repeat this operation till you have gotten tho 
number of factors, and then multiply by :r ; hence, 

1 +3a?+3«» + 4ar'+&c saf'^ =s ? = 6; 

K X 
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X 

Prop. CIV. 

Given ax° + bx*" + cx^** 4. &c. + m x""" = A ; tojind 
(p + n) x.(q + n) X ax° + (p + 2n) X (q + 2n) x bx*" 
+&C. .1 . . (p+vn) X (q + vn).mx''\ 

(162.) Multiply the given equation by a^^ and aof'^^ 
+ 6^+*" + &c. = AxTP = J5; take the fluxion and di- 
vide by i, and (p+n) x da^+""* + (p+2w) x ftaf +**"' 

-|.&e. = -r; divide by a?P"*, and (p + «) x aa^ + 

X 

(p+2n) X Ja?*"+&c.= -— p; = C. Now multiply this 

ei[luation by ifl^ take the fluxion, and divide by ofl'^^x, 
and we get {p + n)x (q+n) x aa?^ + (p+2»)x(y + 2n)x 



bx^ + &c. = ^ - . • 

X9 X 

In this manner^ any factors may be introduced^ by 

multipljang by such powers of x as shall produce the 
factors required. 

Prop. CV. 

Let the sum of -^ — f"T* "" ^^* ^^ infinitum 

be required. 

(163.) By Art. 54. Ex. 5. ?-l+~ - &c. = ^. ^ 

1 3 > 

being an arc of a circle whose radius = 1, tangent = x. 

J?* x^ X 

Multiply by a?, and ^ — ^-|-^ — &c. = Ax; hence^ 
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2x 4x^ 6x^ a Ax-^-xA ^ J ^ 

r-+-7 — &c. = ; = (because A = -— ^ 

I 3 • 6 X ^. 1+x 



x 



• » 



by Art. 46.) A + -— — 
If £ = 1, then 4- — ^ + 4- - &c. = .<i -j- §. 

Prop. CVI. 
To 5«m scries hy means of the fluent o/" vx"x, v 

being := A. /. . 

1 —X 

(164.) By Art. 153. the fluent of vafi is — — r + 

— TT >« ( — TT H H 7 I + &c. ~ V = « X 

n+1 \« + 1 « n - 1/ 

\n+l « + 1/ («+l) X (»+l)'^'(n+l)x« '*' 



a» 



— 1 



— T— 7 r + &c. But V = hyp. log. = X + 

(n+l).(w-l) ^ Jf ^ X_^ 

^x^+^3i^+^x^+kc. ad infinit. hence, i;afi=a;"'*"'i+ 
^af+^x + ^af'-^^i + ^a^'^^x + &c. whose fluent is 

>-- — + — 7 r+ -4 r + —7- — ::v +&c. Make 

these two fluents equal, and we have ^ ^. >C 



(« + 1) X (« + 1) (w + 1) X n 
V . . . 7T+&C. to »+ 1 terms = ~— + » /^ V qS + 

— r + Sccad infinitum. 

(165.) Ifn=0, then -+--+—+ &c. adixfimt. 

aar X {x^l)+x'r hcncc, if 0?= 1, o + T^ + qTi ■*" ^^* 



2 2.3 3.4 



< .'. 



=sl. 
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(166.) Since -^ + -^ + -2^ + &c. = «« - r +ar, 

multiply by x, and — - + ^-^ + r-^ + ccc =t;xar 

- ri + ari; now by Art. 153. the fluent of vxi 
is 1^ va?* — § V + 1 a:' + |-x ; also, the fluent of vi is 
vx-v+x\ hence, the fluent of va:i? — ri + a?iis |- 

a* 
va^-^vx-^-^v-^x + ^x" \ consequently (J5) p-^-g 

Assume f ra:* — ra? + | v = O, or a?* — 2 a: + 1 = ; 
hence, j?=:l; makej?=l, and— ——+——— + &c 

— I 

4 11 

Let -a? =K f , then t; = h, 1. - ; hence, ^ 2» "^ 

1 1 . • 9 L 1 4 5 

3.3.4 4^ 32 3 64 



»T • 



Let a?=:|, then t; = h. 1. 2 ; ^^"^» f^^ g ''"TTl 

X-g + &c. = o X Ji. 1. 2 — Y^. Thus by assuming 

0? and determining v from it, we may find the sum of 
the corresponding series. 

In like manner, by multiplying £ by i and taking 
the fluent, we shall get four factors in the denomi- 
nator, 1 • 2 .3 .4, 2.3.4.5, &c. or if we multiply by xi 
and take the fluent, we shall get the factors 1.2.3.5, 
2.3.4.6, &c. And, in like manner, we may add what 
fiictors we please, by multiplying by such a power of x 
as will produce that factor. If the Reader wish to 
see more instances, he may consult A. de Moivrb's 
MsceL Anal Lib. VI. 
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Prop. CVII. 

7b sum series Jrom the fluent of vx" x, where visa 
circular arc^ whose radius, is unity ^ and tangent x. 

(167.) By Art. 154. the fluent of vac^x'i^ - + 

^ ^ ^ n+1 

— r-rX I H &c<=Ft; I, wherethesign of t; is 

+ or — J according as — :— is odd or even, when n is 
an 0^ number. But (Art 46.) vsof-— + ---&€. 

hence, vjf^x=:af^'^^x +• &c. whose fluent 

af***"* ^'*'* j?*"*"^ 

is — -^ - —-7 + — ; — -25^. - &c. Make these fluents 

n+2 3.(n + 4)^5.(n+6) 

equal, and we have x(t;af+^?v 1 r — &c.) 

^*+» ^+* a?"'''^ 

= — r~ - -— 7 + —-7 ^ — &c. adinfinitum. 

n+2 3.(n+4) ^ 6.(» + 6) ^ 

Let be an even number, and assume va?""** ' - 

2 

r =0, and then 07 s 1 ; hence, — -- x I 1 -l - &c. ) 

n+1 ^ n w— 2 / 

. n+1 ,1,1 1 1 

' to — — - terms, is equal to - —z — -—r +■ / . /w — 

2 « + 2 3.(n+4) 5,(n+o) 

&c. oif infimtum. 

If n = 3, then r-r — ^rr+T-r— &c, ad infinitum = J 

x(-i+i)=j. 

Let — — be an odd number, and assume n s i, 
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1 

a?= 1 ; then v becomes ian arc of 45° ; and we get — — 

— — - + -— — &c. ad infinitum = arc 45° — |. 

If n be an even number, then (Art. 154.) we get, in 
like manner, 

-^ X ("vaj^^* - ^+-^ - &c. T h. 1. x/r+^)== 
n+l V n w— 2 ^ 

^+a X^'^^ X^'^^ 

— r^ -" ir^ — r^ + t—/ — r^r " &c. nd infinitum. 
n+2 ^.(n+4) 5.(«+6) ^ ^ 

where the number of terms to be taken in the first 
series is- ^n, the first and last terms excepted, and the 
sign of the last term is + or — , according as | n is odd 
or even. 

If n = 2, and j? = 1 , then v becomes an arc of 45° ; 

111 
and we get -— • - —jr + -r-r — &c. ad infinitum = 

I" X (arc 45** - f + h. 1. vS). For more upon this sub- 
ject, see A. de Moivre*s Miscel. Anal. Lib. VI. 
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Sect. XIII 



On the maxima and MINIMA of CURVES. 

Prop. CVIII. 

Tojini the nature of curves^ in which some quantities 
remaining invariable, others are the greatest or least 
possible. 

(168.) J_jET ABC he any curvilinear area, PDj RF 
two fixed ordinates indefinitely near to each other, 
and the ordinate QE an arithmetic mean between 




them, so that En=zFm, Dn, Em being parallel to AB. 
Now it is manifest, that the nature of the curve DEF 
must depend upon the position of the point E, as by 
varying the position of that point, you must necessarily 
vary the curve ; upon the situation therefore of this 
intermediate ordinate, the determination of the equa- 
tion to the curve, from the data, will depend, Hence^ 
PQ, QjR, are the only variable quantities, 

(169.) Let any given quantity M be made up of 
^,5,C,A^,&c.orlet^+jB+C+/)+£+&c.= 3/, 
and at the same time let some other quantity m be 
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required to be a maximum or minimum, and let the 
corresponding parts of m be a, bj c, d, e, &c. and 
then will a+b+c+d+e+&c. = m, ilf and m being 
expressed in terms of the same variable quantities. 
Now let us suppose all the quantities in each to re- 
main constant, except two which correspond, that is, 
let C and Z), c and d be alone variable ; then C+ D 
is constant and to satisfy the other condition, c+d 
must be a maximum or minimum ; hence, (Art. 21.)^ 

C+JD=0, c+rf=0, and from these two equations we 
may get the relation of the variable quantities which 
compose them, which will be found sufficient to de- 
termine the nature of the curve. 

Prop. CIX. 

Given the points A and C, tojind the carve in which 
a body will descend from A to Cm the least time 
possible. 

(170.) Put PD=mj QE=n, En^Fm^a, the con- 
stant quantities, v = PQ = Dn, w= QR^Em ; then 
DE^^a^+v", and EF=^Ja^+w\ Now AB being 
parallel to the horizon, the velocities at D, and M 

are as ,^/m and ^Jn, by Mechanics ; also, the times 
being as the spaces directly and velocities in versely, die 

times through DE, EF will be as 7=— and 

'^ — ^ — ; hence, as AB is given, r, w are two parts 

ts/n 
of this given quantity, whose sum r+w is constant; 

also, "^^JI^ and — ^ j^^ are the two correspond- 
\/m \/n 

ing parts of the minimum, whose sum — — 7=-' — + 
Vm 

• =s minimum (Art. 109.) ; hence, -y+WsO, 




n 
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VV WW 

VV 

w = — ^y ; consequently 



= = O, and 





nx \/a*+w* \/mx />/a*+t;* 

-7=B= . ; now these are two similar quantities^ 

Vnx V «* + «!?* 

which- express (in their ultimate state) the fluxion of 
the abscissa divided by the square root of the ordinate 
X fluxion of the curve ; two successive values of this 
quantity therefore being equal to each other^ shows the 
quantity itself to be constant ; hence, put AP = Xy PD 

i 1 

ssy, AD:=:Zj and we have —7= = —7=. a constant 

V y X i ^r 

auantity, which is the property of a cycloid, the 
iameter of whose generating semicircle is r. 

Prop. CX. 

To determine the nature of the curve AC whose 
length is given, when ifs area is a maximum. 

(171.) The same n otation remaining, we have DE 

+EF= aJ a* i-v* + i>/ a^+uf a constant quantity, the 
sum of two parts of the given curve line AC; also, 
Wiv + nw is the sum of the two corresponding parts 
of the maximum; hence (Art. 169.), mv + nw ^ 

vH w*w 

max. .\mv+«w=0, and--7=f== + — p======| =^» 

• mv ' ^t r ^^ mwv 
hence, = - w, therefore , , = o. 

v w 

consequently — / ^ , ^ = , — . ^ ^ ; which being 
^ '^ m^a*+f^ n^a* + 11^ • 

11 



m 
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i 1 

similar quantities, we have -*7 = -* a constant quantity, 
or rx=^i/z the equation of a circle by Art. 46. 

Prop. CXI. 

Let the surface of the solid generated hy the revo^ 
bition of the cui^e AC about AB he given ; to jini 
the naiure of the curve, when the solid is a maximum. 

(172.) Put p = 3,14159 , &c. then (Art. 66.) 2pm x 

y/cF+t? + 2p ns/oT+w^ =5 the sum of the two parts of! 

the given surface generated by DE + EF, a constant 

quantity; also, pw*v+/?w*ti? = the sum of the two 

corresponding parts of the maximum, generated by 

PQED, CIRFE ; hence, pm^v + pn^w = max. /. 

(neglecting the constant multiplier p) m^v+n^ = 0^ 

mvi) nww , . m*v 
and ' . , A — r = ^; hence, w = r-, 

which substituted for w in the second equiation, we get 

— y ^ = — . ^ i ■ , which are the same quantities 
msja^+v^ n^a^+w^ 

as in the last case ; hence, the curve is a circle. 

Prop. CXII. 

To find the nature of the curve which generates 
a solid of the least resistance, when moving in ajtmi , 
in the direction of ifs axis, its greatest diameter BL 
and length AC being given. 

(173.) By the Principles of Hydrostatics, the resistance 

mo^ ftcS^ 

against DE is as -^ 1 , and against EF as -5 — ^ ; 

hence, the sum of the two parts of the quantity which is 

m oi^ 71 a^ 

to be a minimum = -r r ^ ; also, as AC is 

a^+v^^a-tux" ' , 

given, v+Wj the sum of the two corresponding parts 
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in the given quantity, is constant ; therefore - 7-- — — 




•Tnr; — ni = ^> and v + w = O; hence, a; = 
— lib ; consequently, by substitution. 



mdrv 



(a^ + v^y 



. ■ g ,v^ , which being similar quantities, we have 

^'^ = r a given quantity, which is the fluxional 

eijuation of the curve. 

Tb$t the curve does not meet th^ axis at A^ ap- 
pears from hence; y=rx tt^ = ^x-et-s — rr-, where 
*^ ^ if^x En^xDn 

the numerator must evidently be greater than the 
denominator, and therefore y must be greater than r. 

(174.) If the greatest diameter JBL, and area BMNL 

be given, then mv -{-nw will be given, consequently mv 

• 1 * 

*+ nw ss 0, which gives ^r^ = r, the equation of the 

curve. 

If the greatest diameter and bulk be given, then in- 
atoad of t^-f-u; being given, /?m*t; + pn^w will be given 

(Art. 169.) ; hence, m^v + n^iv =: 0, which gives ^-rj = 

r, the equation of the curve. 

R 2 
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Although PDEQ, QEFR are here taken as in- 
crements, yet we reason upon them as fluxions, con- 
ceiving their limiting ratio to be taken, and conse- 
quently the conclusions are mathematically true. 

Prop. CXIII. 

To Jind the nature of the curve AC, so that a body 
may move from A to C in the least time possible^ the 
velocity at any- point D being as DS', S being any 
fixed point. 

(175.) Let DSj FS^ be two given distances including 
a given angle DSF, draw SE, and Dn perpendicular 




to SE, and Em to SFy and let En=m F. Put 5© = 
m, SE =z n, En = Fm = a, the constant quantities^ Dn 
=s V, Em = w the variable quantities ; then DE » 
^a^+v^ and EF = a/cFT1v* ; and the time of 

descnbmg DE == — — j — , and of EF = ^ — ; — ; 

hence, ^ , + -^ — 7— = max. apd it's fluxion 
m' rl 



VV WW 



= + i , = o ; but the A DSE i 

V tv V w 

measured by — , and if ESF hy — ; therefore — + r 

^ m n m n 

V w • — >iv 

= A DSF, and — + - = 0;. hence, w= — — -, 

m n i» 

VV nwv , 

therefore r . ^ . o 7~i i . ^,a «* O, and 
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V w 

Zirri — / o a = Tl — / , . ; that is, if SD = jp, 
AD^z^ Dn^y^ then f^. = -jri a constant qnan- 

titjT. 

If r = 1^ then ^ is constant^ and the curve is the log. 

spiral. 

If r = 2^ then cy ^ xzy and the curve is a circle. 

There are several other methods of solving this kind 
of Problems, but perhaps this is the easiest for the 
young Student, as showing more clearly how the steps 
bear upon the question. From this, however, another 
method presents itself. 

We have already C+Z) = 0, c+rf = 0. Now 
consider C to represent, for instance, PQ, and />, Q/f, 
which two quantities are denoted by v and w, then C, 
c, the corresponding parts will be represented in terms 
of V ; for if the second series represent, for instance^ 
the corresponding incremen ts of the curve, then c will 

represent DE^ which = ^/oF+U*, and thus in all 

- other cases ; hence, for C put i), and for c put a v ; 

for D put iv, and for d put fiw ; we have therefore 
if^W^Oy a^+/3w=0; or mi; + mw = O, and tia^ 
^it^^sO, where iw, w, may be any numbers, posi- 
tive or negative. Hence, (m+wa)x v+ (m+n)3) X 
W =s O ; and making the coefficients of each term = O, 
we have m+na=0, m+n/3=:0. Now {m+na) x a; = 

mC-i-nc which therefore =0. Let x = -4P, y = PZ), 
M=^AD; then from what is already done, y is constant, 
and also y (a), and i only is variable, and represents t; ; 
hence, v^ic ; which in the equation (m + wa) x ic = 0, 
may be omitted, and we may put m + na ssO. 
Thence^ the following 
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RULE. 



Multiply the correspondent fltixions (C, c) hy m and 
xky and make the sum = O, and you get tlie equatiof^^ 
the curve. 

You may put one of the quantities m ovn, = 1 , and 
the other negative in the case of two quantities, as 
generally more convenient. 

Ex. 1 . Given the abscissa^ to find the curve, when 
the time of descent upon it is a mimmum. 

Put x:mAP, y=PDy z = AD ; then, C iiepresMits i, 

and the time down « is as -j = ■ ^ ^ > Ivhich 

y* yi 

• •• V 

nxx i 

sents c ; hence, (if w = l) if — i y ^ = o, and y' 

z^ni, which is the property of the cycloid. 

Ex. 2. Let the length of the curve be given, tojhtd 
the area a maximum. 

Here C=^%^s/x^+y^ is given, and c^siyi ; faence^ 

mix .. 1 • > 

/ .i, .^ — y^ = 0, and mx =« yz the property of a 
\/ X +y 

circle by Art. 46. 

If the area had been given to find the length a 
minimum^ the same conclusion would have followed. 

Ex. 3. Let the abscissa be given, and the surf atSe a 
maximum ; tojind the cur^ve. 

Here C= x, c = 2pyV x''^if\ hence, (leaving out 

yxx 
the 2;?), mx - " 7^T~g — ^j ^^^ mz^yx, the properly 

of the circle. 

We may also apply this to spirals. Let us tidce ^ 
Example in page 205 . Put y = SD^ i « Dn, i^sDSi 
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Aen C=-, c- *^ ^ ; hence, — . / ., ,' .. »0» 

y y^ y yva^ + y* 

and ^ . = m a constant quantity, 
y * 

If instead of supposing a maximum or minimum, 
and one given quantity, we suppose more given quan- 
tities, then we must conceive each quantity to be in 
like manner divided into correspondent parts. For 
instance, let there be two given quantities ; then this 
new given quantity we represent by a' + y + (/+dr+«^ 

4-&C. and hence, by proceeding as before, m C+nc+ 

/>c^=sO. Here we interpose two ordinates between PD, 
MF, and besides t;, w, we shall have another increment 
#, and so on. 

Ex. CHven the abscissa^ the length of the curve^ and 
the time down the cm^ve a minimum^ to find the curve. 

Here C=i, c=K = \/iM^, and c' = ^=— ^2 

a maximum. Hence, (leaving out x) m- j .^ + 

^j^7^p=0; or (ny*-;^)»xi« = m'yx(i'+y«)the 
equation of the curve. 

In any c urve re ferred t o an ab scissa and ordinate, 

«, yf> i(\/^Tp)i2py\/x'+y\py^Xj represent the 
fluxion of the abscissa, area, curve line, surface of the 
solid, and solid respectively; let therefore these con- 
sidered as given quantities, be represented by C, c, 
if, c\ d'\ and let M represent the maximum or mini- 
mum; then by the same reasoning it appears, that 

inC-|-iic+/ic?+jc^' + rc/" + Tkf = o. Or without M, 
we ikiay suppose one or more of the other quantities to 
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be given^ and some one a maximum or minimum. 
Thus we get the equation of the curve. 

It is supposed that x does not. enter into any of the 
quantities here employed ; it does not enter into C, c, 
djd'yd"\ if therefore it does not enter into il/, the 
above equation will hold good ; when x enters into M 
it is not so easy to arrive at a general rule, although 
particular cases may be frequently solved. 

There is another method of solving Problems of this 
kind, which we shall here give, and the Reader may 
take his choice. 

Prop. CXIV. 

Let y be given ; then when Az — Bx is a maximum 
or minimum, A x = B z. 

Here Az — B^/z* - y^ is a max. or min. hence 

(putting X for \f^^-^) ^^ r— = O, therefore 

Ax = Bi. 

Ex. 1. Given the points A, C, and the length of the 
curve AC ; tojind when the area ABC is a maximum. 
(Fig. Prop. 108.) 

As A and C are given, the point B is given ; hence, 
the fluent of x is given, or of ax ; also, the fluent of i, 
or of hzy is given ; and the fluent of y i or of cyi'm 
max. hence, 6 i — (a + cy) x i = max. it being the 
addition of constant quantities to that quantity which is 
a max. Therefore ii = (a+cy) x i, an equation to a 
circle. The quantities a, b, c, are determined from the 
given circumstances. 

Ex. 2. Given the base AB, and length of the curvi 
ACB ; to jind the curve, when the centre of gravity 
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Ue9 at the lowest point pombk from the horizontal 
base AB. 

Let DC be the axis, CE = x, EF^y, QP=^i&i then 
the fluent of ay is given, the fluent of hi n given. 




and (Prop. 27.) if / = the length of the curve, the 

flu xz 
distance of the centre of gravity below D = — '-. — = 

a min. or fluent cxz^^vdah. ; hence, ay— (6 + cj?) x z 
= min. therefore ai = (6 + ex) x y\ but when 
0* s O, y =^ z, and hence, a = i, and putting c = 1, 
a i = (a + J?) X y an equation to the catenary. 

The reader will perceive that here, y takes place of 
X, and X o£y. 

Ex. 3. The points A, C, being given, and length 
of the curve, to find when the solid generated about AB 
u a maximum. 

Here the fluent of ai^, ii are given, and (Prop. 32.) 
the fluent of py^x, or cy^x is a max.; hence, fti — 
(a + cy) X i = max. therefore ii = (a -f cy*) x i; an 
equation to the elastic curve. 

It is here understood that a, b, c, denote coefiicients 
either positive, negative, or may be made to vanish; 
and that the max.^or min. has other given quantities 
annexed to it, and therefore such a quantity stiU 
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remains a max. or min. To express the equation 
more generally, we may assume {a+by+cy*+&,c.) 
X i =i (p + gy + ry* + &c.) x z. By this method 
there is no occasion to have recourse to flaxions of an 
higher order, or to resolve the curve into a number <^ 
indefinitely small parts. 



d5i 



*ff 



•. \ 



Sect. XIII. 



MISCELLANEOUS PROPOSITIONS. 

Prop. CXV. 

Given the sign EB of an arc AB tfa circle ; tQjind 
the sine qfn times AB. 

(176.) I^ZT AB=x,aind j4K=n%; putOB=si,ys± 
OE the cosine of JB, r = the sine BE=>^V-if\ 
x=ttte cosine 06? of JK, then ^1*-^== the sine OK 




of AK. Now (Art. 46.) a : -^ :: 1 ^ -s/l»-y», /. i = 
; for the same reason, the fluxion of nz, or 




i*-r 



ni 



• /•*■; 1 % hence, /■■■ •' =« , ■■: ; mul- 

tiply both denominators by v^-1, and y i ^ ^ ^ = 
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-^=====, whose fluent (Art 45.) is h. 1. (a?+va?*- 1*) 
•J ^ 

=r n X h. 1. (y + s/y* — l') ; hence, (Art. 109.) x + 
v^a:»- 1* = y + x/F"^^^' = (Art. 34.) y" + »y-* 

\/y*— 1' X (^* - 1*) + &c. Now as this equation con- 
sists of quantitie s, partly possible and partly impossible, 
\/a?*— 1* and s/y -- 1% being impossible, it is manifest 
that the possible and impossible parts must be respec- 
tively equal. Hence, assuming the impossible parts 



equal, we have, V^x*— 1* = ny^'^^^y^ - 1* 4- n . 



n- 1 



2 



3 



y»-' X ^//— 1' X (y« - 1*) + &c. Multiply both 



sides by^-1, and V T - x' =«y""^vrF^+». 



n-1 



2 



_^yi-3 ^ ^y^jl~^ ^ (y*- 1*) + &c. = (because t; = 

V^ l»-y, and - w* =y»— 1*) ny'-'v-n . ^^ .2zf 
y(-3t;3 ^ gjc^ the sine oiAK. 

Prop. CXVI. 
Given as before, tojind the cosine of AK. 

(1770 Assume the possible parts of the above equa^ 

w— 1 
tion equal, and we have a?=y*+w . y "*"^ x (y'— 1*) 

»— 1 
+&C. = y'*- n .— r— y^'^V + &c. the cosine of AK^ 
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Prop. CXVII. 

Criven as before^ tojind the tangent of AK. 
(178.) Put t = tangent of AB, then by Plane Trig. 

< = -, radius being unity ; hence^ the tangent of AK^=^ 
tin. AK ^y ^- ''•^i— 1~ -y "^ + *''• 

oo8.^a: ^n = (^y 

dividing the numerator and denominator by y) 
^ 2 3 y3 ^ 2 3 

It "" 1 V* w •— 1 

1— ».— -— •-: + &c. 1— «. .f* + &c. 

2 y* 2 

Prop. CXVIII. 

To resolve v*" - 2xv'' + l*°=o into ifs quadratic JSm- 
SOTS, the limits of x being + 1 and — 1 . 

(179') Retaining the notation in Art. 176, we have 

x+s/^^^^=J/+s/!r- li''. Putt;=y + ^/y*-l^ 
transpose j/ and square both sides, and we get tf— 2y y 

= - 1% .-. v'-^yv + l^=rO. Also, ?/• = x+yfjF^ ; 
hence, by transposing j?, and proceeding as before, we 
get v*'* — 2xt;''+ 1 =0, the given equation, of which 
we have one quadratic divisor v^ — 2yv + 1* = 0, v 
being the same in both equations. Now if to the arc 
AK, we add 36o®, 2 x 36o®, &c. we shall come again 
to the same point £, and consequently we shall have 
the same cosine, or x; hence, x is the cofeine of 
AK, 360^ + AK, 2 X 360° + AK, &c. But y is the 
cosine of an n^^ part of that arc whose cosine is x; 

. . .u • r^*" 36&'+AK 2x360*+^jr 

hence, y is the cosme of — , •. — -, 
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&c. which cosines call a, 2, c, &c. substitute therefore 
these values fory in the equation v* — 2yi;+l' = 0, 
and we get t?'- 2«t; + 1* = 0, «;•— 2Ji;+ l* = O, v* — 
2c» + 1* = O, &c. for the quadratic divisors required ; 
hen^e,(i;*- 2 av+l*) x {x^-2hD + V) x &c.=i;®'*- 2xif 
+ i*", retaining the power of the radius in the last, 
term. Although there are an infinite number of arcs 
whose cosines are x, and consequently an infinite num* 
bpr of corresponding values of y, yet there are only 

n different values of y ; because, after taking n arcs, , 



n 



360+JK « ^. 11 4. • 

— , &c. the same cosmes will return again. 



n 



If a? = ± 1, or if JK be taken equal to the whole 
circumference, or half the circumference, the equation 
becomes v** + 2v'' + 1^ = 0, whose square root is 
1;^ + 1** = ; now as every equation which is a square, 
must have to every root another equal to it, the equa- 
tion v** =F 1 " =s o must contain the same roots as v** =p 
2 v* + 1*" = O ; the roots therefore of t;"=F 1" =0 are found 
in like manner. 

(180.) Hence, we may find the quadratic divisors of 
t;^ — 2a?i'^v^+r*'* = 0, which is the equation t;"* — 2a?t^ 
+ ,1*» =3 o, having it's roots multiplied by r (Jig. Art. 
28$.); multiplying the roots therefore of the above 
Quadratics by r, we have v*—2arv + r' =0, v^ — 2brv 
-|-f*=0, &c. for the quadratics required. IfAK = 9^> 
then 0? = 0> and the equation becomes v^+r^ = 0. 

' - LEMMA. 

Let l-*2ict;"+t;*"=0, a recurring equation^ have it's 

111 
roots m.pjq ... — , -, - ; and assume (Art. 179.) 1 - 
^ ^ m p q ^ ' 

ixv"" -^ «;•" = (1— 2ai; + «^*)x (l-2^t; + v') x &c. = 
(1 - mv) X (1 —pv) X (1 - qv) X &c. hence, mp =c 1, 



(— 1 
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m+fisi2a^ &c. &c. Now t;"-^-j = 2x; for v putm^ 

and m" + — * = 2a:. orm"+o~=2j?, where a? is the cosine 

of an are which is to th^ arc whose cosine is a, as n : 1 ; 
for the same reason n/*^^ +p""' = 2e, if c be the cosine 
of an arc which is to the arc whose cosine is a, as 
n— 1 : 1. In like manner, qr := ly q +r ^ 2b; and 
putting y" in the place of c, q"'.+r^=z2Xy ^"^+7^' 
2f\ and so on. 

Prop. CXIX.^ 

To resolve - — - — --r — 5; into ^ ^ ■ — 1 

z — rr — : — z + &c. x being the same as in the last 
1 — 2bv + v^ ^ 

Proposition. 

(181.) As 1— 2a?t;'*+t;-"=(t;-m) x {v-p)x(v^q)x 
Xy take the fluxion, divide by v, and make v ^ m^ and 
we get 2»m*~'"^— 2wa?m'*~' = (m— />)x (m — 5r)x &c. 

1 J ^ B C 

Assume - — - — r- = ; h ; + -: + 

1 -2xt/* + t;*'* 1— mv 1— pv l-yv 

&c. = i?_l- — -J-! — h &c. reduce the former 

1 — 2ai; + i;* 

to a common denominator, and Ax {I — jw) x (1 — qv) X 
&C.+ fix (1 — mv) X (1 - yv) X &c. + &c, = 1 ; kt 

1 , . ^nni^"^ ^2nxm^''^ 
1— mt; = 0, andt;= — ; hence, -4 X srni 

= 1, and A = — . For the same 

' 2 w m" — 2 n X 

reason, B = ^—^ — ; henc^ A i- B ss 

2np'* — 2n.x 
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for m + />9 2 J? for m* + j9*, and reduction) -. Also, 

J n 2nx (m+p) X mrp^"^ 2nxpm x (m''^' +/^~') 
^ " 4«'x (/>"— J?)x (»i*-a?) 

= (by the lemma and reduction) — : — ; hence, + 

w — no? 1 — jw 

1 a— ex 
jB w n-nx" p , 1 

1 a^ex 1 h^fx 
-i X t; ^—tXV 

2- . -. + &c, where / is 

\-2av+ff 1— Siv+t;* ^ 

found from 5, in the same manner that e is found 
from a ; and so on. . 

(182.) If X be negative, the given quantity becomes 
1 



n i_ a, an 



l+2Xlf'\'V 



(183.) In like manner, „ will be found equal to 

+- + &c. where -^ = -, -B = -, &c. and if 



l—mv 1 — pv n n 

(1 -mr) X (1 — iw)=l - 2at;+i;*, then — : 1 

^ '^ ^ '^ ^ l-mv 1— ;?v 

2 2a 

— — x i; 

n n , . . . ' 

=^: , ; and so on : n bemg an even number. 

1 — 2in; + i;*- ^ 

If n be an odlrf number, then of the equation 1 + v" =0, 
one root = — 1 ; hence, 1 +t; = O is one of the simple 
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equations ; and as the other part is made up of quadra* 

a 2a 1 

tics, we have T-rr:^ _ , — ^ r + &c. + --^ — 

l+t^=l-2at; + t;* 1+v 

If It be an odd number, the. equation i — tf* = o 

. ' w — 1 

contains one simple equation, and . — — - quadratics. 

Now the equation 1 -i;» == o, has one root = 1, con- 
sequently the simple equation is 1 — v = 0. Hence, 

2 2a 1 

, XV — 

1 n n o n 



1— v" l-2av+v* l+v 

If n be an even number, 1 — t;" = has two roots, 
— 1, + 1 ; therefore two of the simple equations will 

2 2a 



XV 

1 n n 



be l-v=o, 1+17=0; hence, ; r=-; ; — : 

M-t?** 1 — 2av + i; 



+ &^; -f 



L 1 

n . n 



1 — t; l+v 



Prop. CXX, 



Le/ F = - — - — s; to find F, x being constant, 

l-2xv'' + v^'' y ^ © 

4md the same as in the last Proposition. 

(184.) Retaining every thing as in Art. 181- we have 
1 . a-^ex . 1 • b — fx . ' 

F= " "-"^ + ^ " - "^ + &c. the 

, . l+Saw+v' l-2bv + t^ 

fluent of each of which quantities is found as in 
Art. 139. 
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f 



Prop. CXXI. 



• xr 

Let F = ^ , n being an even number , to find F. 

2 . 2a . 2 . 2 5. 

--y vv "V vv 

(185.) By Art. 183. F=^ ^^+^ r^ ; 

+ &C., whose fluents are found by Art. 139. 

2 . 2a . 

^^ 1;^ 

If n be an odd number, then F = ^ ^ — 

1 - 2ai;+t;* 

1 . 

- V I 

+ &C. + -- — , whose fluents are found by Art. 139. 
and 45. 



Prop. CXXII. 



Let F=-— — ;j J " fteiwg- an even mmber, to find P. 

2^^2a . 1 . 

(186.) By Art. 183. F^"^--^ 5+ &c. + ii— 

1— 2at;+v* 1— V 

1 . 

-*y 

+ Y4::^» whose fluents are found by Art. 139. and 45. 

If w be an odd number, we have F = 
2 . 2a . 1 . 

"V vv -v 

n n o , w 1/1 - . . 

-^ . ^ ^ . ^^^ + &c. +-— — , whose fluents are found by 

Art. 139. and 45. 



Ml8€B^LAN£(n;s PROPOSITIONS^ 



^ 



Prop: eXXIII, 



x'x 






Resolve T— — i into :: — z : — 3 + &c. + ^— r + 



\±x* 



1 — 2aj? + a?* 



1-j? 



^ the two last terms to be taken in aceordinc^ to 

circumstances ; hence, F= -- — r— 4- &c. + 

1- — - — , and F is found by Prop. 7 1 • 

Prop. CXXIV. 



LetY ^ 



=r, to find F. 



Put a3f+a?' = af'%'^, then «*» — 1 = ax'"^; hence. 



n «"■"'« 



X2 



as" '» 



^_« '^ «»-l' 



and JPis found by Prop. 72. 

Prop. CXXV. 
To demonstrate Cotes's propfirties of the circle. 

(I87.) Retaining every thing as in Art. 179^ we 
havet;'* — 2j?t;*+l** = 0, of which, tr»-2y v+1* = 




S3 
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is a quadratic divisor. Assume any point P, and draw 

PB, and putv^PO; then BO'=BP^ ^P0^^2PO 

xPE; that is, V = BP'-hv'+2vx (t/-v)= BP^^v* 

+ 2yv\ hence, fiP*=t;*-2yt; + l«. Also, y is the co- 

^AK 36q''^-AK 2x36o'' + AK ^ 

sine ot — -, ^ ^ &c. whose co- 

n n n 

sines are a, J, c, &c. and {v" - 2 at; + 1') x {f - 2 6t; + 1') 

X &c.=t;*'»-2^i?H 1^'*. Now let AK be the whole cir- 

cumference C, then the above arcs are — , — , — . &c. or 

n n n 




12 3 
the -, -, -, &c. parts of C; that is, if the whole dr- 
n n n 

cumference C be divided from A into n = parts at B, 
C, Z), &c. then the cosihes of the arcs AB, AC^ AD, 
&c. are a, J, c, &c. and j? = l ; hence, from what we 
have already proved, PJS* = v*— 2 av+ 1% PC* = v* — 
abv-\'\\ PD* = v*- 2cr+ 1% &c. consequently PB* 
X PC X PI>* X &c. =i;^ - 2V'' + 1*" ; hence, by taking 
the square root, we get PB x PC x PD x &c. = t;* 
-1», or P-t^=P0'*-.2^0", or AO'-^PO^ accord- 
ing as PO or AO is the greater, or according as P is 
without or within the circle, for every thing holds the 
same whether P be within or without. This is one of 
the properties of the circle. 

(188.) Let these divisions be again divided into two 
equal parts at b, c, d, &c. then the whole circum- 
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ference will be divided into 2w equal parts, and there- 
fore from what is already proved, Pb x PB x Pc 
X PC xPdxPD xSiC. = AO"'-P0'*, taking P with- 
in, for instance; divide this by the above equation, 

, PbxPBxPcy PCxPdxPDxkc. 

and we get, - 



ja"- po"" 



PBxPCx PDxkc. ~ 

that is, Pbx Pcx Prfx&c. = AO"-{- 



AO^~PO^ 
J?0"j which is the other property. 



P 



Prop. CXXVI. 



Let AP he the abscissa of ant/ curve, PMNQ an 
ordinate revolving about anyjixed point P, and cutting 
the curve in as many points as it has dimensions ; and 
draw the tangents My, Nx, Qw, &c. then will 

p— + ty- + -p — + &x. (the sum of the recijtrocal sub- 
tangents) be a constant quantity. 

(1 89.) Let the equation of the curve be y" — (a'+6'i) x 

y~' + &c.+pa^ — 9j;"~'-|-&c. = 0; and corresponding 

to AP the abscissa {x), let a, 6, c, &c. be the values 

ofi/; then (Wood's Algebra, Art. a/'-) a x h x c x 

j&c. =px?' — q3f~^-^&LC, take the fluxion of each side. 




ind abc &C. + 60C &c. + cahhc. + &c. = npx*~'x — 
- 1) x}*''"*^ + &c. divide this latter equation by 

former, and we have ~ + t H — + &*^* == 
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npaf-lx - (n - 1) X qx*-*x 4. &c. - a 

1+i + &c. = "^^^'~f"-!]j;yt"^^'- ; but 

• • • 

(Art. 23.) -—7 -rrTi --t, &c. are the reciprocals of the 
^ ^ axy ox ex ^ 

subtangents Pt/, Px, Pwy &c. ; hence, (dividing the 

numerator and denominator on the right hand side df 

the equation by j», which will not alter it's value) 

waj^^'-Cn- 1) X S'a?"-* + &c. 

P 1 1 1 « 

n /^ «-i I ft Py Px Pw 

x** - - a?* + &c. ^ 

But {Algebra, Art. 523.) the roots of ^e equi^ion 

af»-^2a^-i + &c. = are ^5, ACy AD^ ice. what- 

ever be the angle at P.; hence, (Algebra,\Atrt,. SJl.), the 

coefficients of a?*— ^af^-^+fcc. are constfeint; 8(nd if P 

^ . : . 

be assumed a fixed pointy x is invariably ;>, faience, af*** 

^x'*"'+&c. is constant, anfl na?*""*— Vw-l) . * «""* 
P . , . . P 

+ &c. is constant ; therefore the sum of the rA^iprocal 

subtangents is a constant quantity. 

Prop. CXXVIL 

Given the arc df a circle ; to findit-^'-mk^^mfd cosine. 

(190.) Put the radius OA = r, the arc AB = «, ifi 
sine BE = x^ cosine OE == y^ and^pri^qe^J^'to D; 

then (Art 46.) zi -- y v.r : x^sii-^^. 'Jfour torfKs- 

-ponding to the same value OE of y, x nof^ be either 
AB or ^Z> ; but the arc beginning at A, if we con- 
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sider jiB as positive, AD will be negative, therefore 
every positive value of j2* has a negative value equal 
to it ; hence, by the note, if we assume y in a series of 
the powers of %, only the even powers of z will enter. 




Assume therefore y = r-t-fl;z* + 6«*+c«^ + &c. the first 
term being r, because when ;s = 0, y = r ; hence, y = 

2azz + 4bz^i + 6cz^z + &c. therefore a? ^ = — r-^) 

= — 2ra)2— 4rJ«'— 6rc2* — &c. and i = — 2raz — 
3 .Arbz^z-b .6 rcs^z — &c. But (Art. 46.) z : x :: 
r : y ; hence, yz = ri, and yi — ri = ; now in this 
equation, instead of y and i substitute their values 
above found, and we have 

rz + az'^z + bz^z + Sicc.1 

27^az +3.4r*bz^z+&.6r*cz*z + kc.) * 

hence, (Art. 110.) 2r*a+r=0, 3.4r'i+a=0, 5.^r*c 
4-6 = 0, &c. consequently a = — — ; b = 



2r 3.4r* 

2^Af^" 5.6r» 2.3.4.5.6r*' '^ 

* If every positive value of z have a negative value equal to it, 
the equation whose roots are those vahies of z, will have only the 
even powers of z; for if r= a^ zs — a/then z — a = 0, z+a=0, 
and consequently the quadratic from these two will be z^ -^ a'^ = ; 
and as every such pair of roots will form a similar quadratic, it is 
-flMUiifest, that the equation formed by the multiplication of these 
qoadratics, will contain only the even power of z. 
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z* z* z^ 
r 1 7r-r + &C. Also, — 2ra=:l; 

- 4rJ =-^^ ; - 6rc=r ^ ■; &c. hence, x = » - 

2.3?'* 2.3.4.6r^ 



2.3r* 2.3.4.6r< 



Prop. CXXVIII. 

Tojind the sum of the series r? + ^ + -xi + &c. 
ad infinitum. 

(191.) Put the radius AO = 1, EB = x, ABzs^zi 

z^ z^ 

then (Art. 190.) a? = « - — -- + ^ . . ^ -&c. Let 

a? = 0, and then g— — ^+ - &c. = 0, or 1 — 



H — — — - &c. = 0, the former equation con- 

2.3 2.3.4.6 ^ 

taining one root = 0, it being divisible by z, or )S — 0^ 
{Alg. Art. 268.) which is taken away by dividing 
by z. But if c = the semi-circumference of the 
circle, the other values of z, corresponding to x = 0, 
will be 1 c, 2 c, 3 c, &c. ad infinitum, and by taking 
the arcs in a contrary direction, they will be — 1 c, 
—2 c, -3 c, &c. ad infinitum (Algebra, 47 1.); hence, 
these values of z are the roots of the equation 1 — 

— &c. = 0. Put « = - , and the 



2.3 2.3.4.5 y 

equation becomes l - — -- — - + ^ ^ ^ ^ — 2 — &c. 
^ 2.3.y* 2.3.4.5.^* 

= 0; multiply it by y**, and it becomes y^--^ — 

1 . «^ 
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+ o o J — 7 ■" &c. =0, which equation contains n roots 
2 . 3 • 4 • 5 

I 

s= 0^ the other roots remaining the same. But as j^ = --^ 

the values of v are — , — , ^r-, &c. and — -— , — r-, — t-, 

&c. flrf iw/! Now (j4lg. Art 352.) the sum of the 
squares of the roots of the last equation is j ; and the 
squares of the positive values of ^ being the same as 



2 .2 



c* 



the square of the negative values, we have -^ + — 

J c ^ 

+ 3^^ + ^^ inf^^y consequently p + _ + -^ + &c. 



c^ 



ad irif. = -tt. 

Cor. 1. In like manner we may find the sui;n of any 
of the even powers of the reciprocals of the natural 
numbers, by assuming the sum equal to it's value 
given by the same Art. in the Algebra. For instance^ 
die sum of the fourth powers of the roots of the 



equation \s±i hence. ±,+ ±^+± + &c. = i 



45' 



consequently — + - + - + &c. = ^ . 

The sum of the reciprocals of the odd powers cannot 
be found by this method, because the odd powers of 
the negative roots destroy those of the positive. 

Ill' c* 

Cor. 2. By transposition, — + -- + -_+ &c. = ^ 
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— X "T = — . And in like matier, we may find the 

sum of the reciprocals of all the even powers of 1, 3, 
5, &c. 

Prop. CXXIX. 

Supposing the force of gravity to vary as the n"' 
power of the distance from the centre of the earthy and 
the compressive force of the air to vary as ifs density ; 
to fnd the density of the air at any altitude above ihe 
surface of the earth. 

(192.) Let the radius of the earth = 1, x = the dis- 
tance of any point above the earth's surface from the 
centre, v = the density of the air at that point, the 
density at the surface being unity ; h = the altitude 
of an hoihogeneous atmosphere. Now it appears by 
experiment, that the compressive force of the air in the 
atmosphere, varies as ifs density ; consequently the 
fluxion of the compressive force must be to the fluxion 
of the density, as the compressive force is to the de!kisity, 
and this ratio is the same at all altitudes. Now at any 
distance x from the earth's centre, the fluxion of tlw 
compressive force must be in proportion to the force of 
.gravity, the density, and the fluxion of the altittide; 
hence, af^vx has a constant ratio to — v, writing the 
latter fluxion with the sign — (Art. 16.), because v 
decrease as w increases ; and according to this repre- 
sentation of the compressive force, A will represent the 
compressive force at the surface ; for at the surftice, t;=l, 
af's: 1, and this force is supposed to be the same for the 
height h\ thelrefore for the homogeneous atmospYier^, 
' where v is constant and = 1, the fluxion jf^vx becomes i, 
"and the fluent is x^ ' and it becomes h for the whole 
'^altitude. Hence, h i I i: afvx x - v, therefore j?" i = 

—Ax -^, and -, , = -Ax h. 1. v+C; but when;r=l, 
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t;= 1, and this equation becomes — — = C; hence, the 

^ n + l 

correct fluent is = - A x h. 1. v + , conse- 

n+i n+r 

quently = A x h. 1. v, an equation expressing 

the relation between the altitude and density. 

Cor. I. If we suppose the force to vary inversely as 

the square of the distance, n becomes - 2 ; hence, - 

— i = A X h. I. v; if therefore x increase in musical 

progression, - will decrease in arithmetic progression, 

and consequently the h. 1. i; will decrease in arithmetic 
progression. 

CoR. 2. If the force of gravity be supposed con- 
stant, /I = ; hence, 1— j? = Axh. 1. v; and if x in- 
crease in arithmetic progression, then 1 — a? will de- 
crease in arithmetic progression, consequently the h. 1. 
V will decrease in arithmetic progression. 

t^ROP. CXXX. 

Torrid the time in tvhich a vessel ABCDJilkS with 
a fluid J will empty itself through a very small orifice 
m^fU the bottom. 

(193.) Put a = 32f feet = 386 inches, x = mn the 
ifl^ptli (of the fluid at any^int^f time, z = the area 
of the surface PQ of the fluid, m = the area of the 
orifice, t = the time in which the surface of the 
fluid descends from PQ to BC. Now it appears 
by. experiment, that the velocity of the fluid at the ori- 
>fioe, is that which a body acquires in fallipg down f ^, 
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supposing the orifice to be very small compared with 




the surface of the fluid ; hence, by Mechanics, *J\ a 

• n/I" ^ :: a : i^ ax = the velocity (per second) at the 
orifice ; and by the Principles of Hydrostatics^ z : m 



:: \/ax : — x \/aa? the velocity with which the surface' 



descends ; hence, (Art. 82;) / = 



X 



m 



s/ax 



zx 
ms/ax 



the fluent of which^ corrected when necessary, gives t. 



EXAMPLES. 



Ex. 1 . Let tlie vessel be a cylinder or prism. 
Put h = Em it's altitude. In this case z is constant, 



zx 



and / = i — 
m^ ax 

^zx\ 2z 

^ ^ In ^ 



m 



sJH 



a 

and when 0?=^, t ^ — x 

m 



= — rj=- X X ajp, whose fluent is t 
m^J a 



which wants no correction; 



a 



the time of emptying. 



Ex. 2. Let ABCD be thefrustrum of a cone. 

Put Fm = c, mB^d, ^m = e, j^=3,14159, &c. then 
jPn = c ± Xy the sign + or - bein^ taken, according 



MISCELLANEOUS PROPOSITIONS. 269 

as the less or greater end is downwards; and {FA^ 
FD being now right lines) by similar triangles^ c : d 

:: c±x : Pn^-- x (c=4=a?); hence^ % = ^ x (c ± j?)*; 
consequently / = — ^ .— x a?""i x (ciJ*)^ x i=— ^^ — 7= 

(2 c* x' ± ^04?"^ + -l-ari"), which requires no correction ; 

• , , vd? I 3 5 • 

and when x—e^ f = — ^— r»- x (2c*e*±4ce^t t^"^* the 

whole time of emptying. » 

If the orifice be a circle whose radius = r, then m = 
pr' ; consequently t = .*- x (2c* e^ ± ^cer+ -rC*^). 

Cor. If the base be downwards, and we take the 
whole cone, then c i= e ; hence, t = ^ a /"- ^ rr ^ = 

-^ , the whole time of emptying. 

I5r y/ a 

If the vertex be downwards, and the orifice be so 
small that we may consider Erms equal to EF, then 
c=:0, d=0 ; but because c is always to d a^ FE : EJI, 

/. when c and rf vanish^ we may consider — = -ppy ; 



hence, /=7=r: — ^ .l>- x ie^ = ^^= the 

whole time of emptying. 
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Ex. 3. Let BFC he an hemisphere standing on %V^ 
hose. 

Put the radius mB ^ mF=i r ; then Pn* ^zr^-^x^y 

and a=px (r* — j?*) ; hence, t = 7== s 

msjax 



p 1 9 p 

— T= X (r^a?^2i — j?"^i), whose fluent is / = 7= x 

niA^a ^ Wrija 

(2r*a?^ — -f-ars*), which wants no correction; and when 

X ss r^ t =: I 7=? X r*, the whole time of emptying. 

5 m\/ a A ./ o 

If the orifice be a circle whose radius is w^ then 

w =s oti;*; hence, f =s - — ■ x— • 

If the hemisphere stand on ifs vertex, Pn* =s 3r« 
— J?* ; hence, z=p x (2rar — a?*), consequently /= 7= 

X (2ra;a i — xrx). whose fluent is f =5 >==« x 

{irx^ — T^?*^)? which requires no correction ; and when 

X = r, * = 7= = 7= , the whole time rf 

15m V a 16ii?*v/r • 

emptying. 

Ex. 4. Lc* BCF be a paraboloid standing on its 
base. 

Put it*s parameter = r, it*s altitude Fm = e, thea 
r X (e— ar) = Pn\ and /?r x (c — a?) = ;2 ; hence, / = 

pr 1 1 V , /% 1^^ 

•"^ — 7= X (ex^^x—x^x)y whose fluent is t = — tt^^ 
m^a ^ ' mV a 
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{2ex — -S-i^), which requires no correction ; and when 

X = e, t = f= = — - — ;= the whole time of 

3m ^ a Zvr^a 
emptying. 

If the paraboloid stand on it's vertex, Pn' =rx; 
1. 

hence, z^prx; consequently i = - — ;=, and i = 
TiisJ a 

2prx^ ... , , 

7=, which wants no correction : and when a: = c, 

3m^a 

L 2pre^ 2re^ , ,,. 

■m 7= = — r~F^, the whole time of emptying. 

In like manner, whatever be the form of the vessel, 
we may find the time of emptying, substituting into 
the value of/, the quantity z expressed in terms of x, 
and then taking the fluent. 

Prop. CXXXI. 

Jf a perfectly JiexJble chain ACh of uniform den^iy 
and thickness, be hung upon two pins at A and B ; to 
^nd the curve into which it willjorm itself. 

(194.) Let C be the lowest point, draw the axis CD 
perpendicular to the horizon; draw also EF, Gn per- 
pendicular to CD ; Fn a tangent at F, and Fm perpen- 
dicular to FE, Now assuming any part CF of the 
chain, we may consider it as if it were perfectly rigid ; 
for conceive CF to become perfectly rigid, and it is 
manifest that no alteration whatever can take place; 
for the gravity of the chain gives CFn certain situation; 
and if we make that part to become inflexible, we 
add no new force ; we only suppose a cohesion to take 
place between the constituent particles whilst they are 
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SO disposed. Considering therefore CF as a perfectly 




inflexible body, it is kept at rest by three forces ; at 
C by the action of the part BC of the chain in the 
direction Cz of the tangent at C; at ^by the action 
of the part FA of the chain in the direction Fn of 
the tangent at F; and by it's gravity in a direction 
parallel to EC; but * Cz is parallel to mn^ and CE to 
mF; hence, these three forces act parallel to the three 
sides of the triangle Emn^ and consequently will be re- 
spectively proportional to them^ the body FC being at 
rest. Put CE^x, EF=zy, CF=z, then (Art 23. and 
27.) Fm=ifmn = y, Fn = i. Now the chain being 
of uniform density and thickness, the gravity of any 
part C^ will be in proportion to it's length z; also, let 
a = the tension of the chain BC at C acting in the di- 
rection Cz, (a constant quantity, it not varying by cbang* 
ing the point 1^), represented by a length of chain whose 
weight at C acting in the direction Cz would keep the 
chain .dfCin it's position. Hence, a i z :: p : x, .\ai^zy\ 



a*x* 



but a* = i' + y* = i'* H ;j-, therefore z* «* = z*d? + 



a^x^y consequently x = 



zz 



sf^ 



z 



s 



, whose fluent (Art. 39*) 



* As by Mechanics, these three forces must be directed to one 
point, if the two tangents n F, zC be produced to meet, the inter- 
section must be in^the line of direction passing through the centre of 
gravity of FC. !....• 
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is jc = ^a*+z^+C\ but when x — 0, then « = ; 
hence, the equation becomes o = g +C, an d C^—ay 
therefore the correct fluent is a? = *J a^+z^ - a, and by 
transposing a and squaring both sides, a?* + 2aa? = %*, 
the equation of the curve. This curve is called the 
Catenary. 

From the equation z^ ^ x^ + 2ax, we get «« = 
«i + ai = (a+j?) x i, and ^^i* = (a + x)^ x df^, or 
((a + d?)*-a')x i' = (a+xY x (i*-y') ; hence, az = 
(a + ^) X if. 

-n 1 • flfi ax 

Jburtner, asy = — = / ==. we have y = a x 

« ^/x" + 2ax 

, I a + a: + ^x^ + 3aa? , , % + v/a^ + ^^ 

n. \. ^ = a X h. 1. • 

a a 

Hence, if c = the number whose h.l. = 1, then, (Art. 

1io\ i^O' + ^ + '^30^ + ^O'3D_Z+\^a^ + Z^ 

XXdi.) C S " — « 

a a 

If i3 be any where between A and C, so that B be- 
comes the lowest point, we must consider the curve as 
produced to C, and then the same equation obtains for 
the same abscissa and ordinate. 

Prop. CXXXII. 

If the chain ACB 6e of uniform thickness ; to find 
the law of weight and density ^ so that it may form 
itself into any given curve. 

(195.) Let w = the weight of any part CF, d = the 
density at F; then by the last Proposition, a:w::y:x, 

therefore w ^ax r . Now w ^ dz\ hence, d == -r. 

y » 

T 
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But w = ax r, and if y be made constant, w = a x t- ; 

y ^ y 

hence^ 1/ = -r-r, which gives the law of density. 

EXAMPLES. 

Ex. I . Let the curve be a circle whose radius is r. 
Here, i : y :: y : r — a? ; therefore w f=^ a x r 1 = 



y- 



iL - 



a X -^- = a X tan. of CF; the weight therefore of any 

part CF varies as the tangent of CF. Now, y' = 2ra? - a?, 
and yy = ri^xi, and (making y constant) y^ z=z rx^ 

a?x-i% therefore if=^- = = (because r : y 

r— 0? r — ar ^ 

.V r'i* , . (r— J?)xi , . ri 
:: z : a?) -^ — -. r; also. v='^ ' — 9 and ^ = — ; 

hence, d ( =-rr)=-r-7 vX, — ^r— .x^=t- ;t5. 

V yz/ y x(r — a?) {r^x)xx rx \jr — x) 

The density therefore varies inversely as the square of 
the cosine of CF. If therefore the arc be a semi- 
circumierence, the density at the highest point is in- 
finite. 

Ex. 2. Let the curve he a parabola. 

Here, />a? = y*; therefore, x = -^ ; hence, ip 

f^s a X -:) = — ^ ; therefore the weight of any part 
CF varies as the ordinate FE. Also, (if ^r be constant) 

if = ^ ; but (Art. 54. Ex. 3.) % = £±3!jL?^put, 
ting c=ii,; hence, rf(=p)=:-^;:^. The den- 
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sity therefore varies inversely as tjy' 4- ^j or inversely 
as the normal (Art. 24. Ex.). 

Prop. CXXXIII. 

Let CAD he a plane figure, or a solid generated by 
if 9 revolution about it's axis, moving in a fluid in the 
direction ofifs axis BA; to find the proportion of the 
resistance on the curve Une CAD, or of the surface of 
the solid^ to the resistance on the base CD. 

(1964) Draw FQsv and wr parallel to ABy rst. 




QPq perpendicular ta-4J5; then if AP = x, PQ = y, 
QA = «, it appears from Arts. 23. and 27. that ulti- 
mately, by bringing r up to Q, Qs = x, sr=^p, Qr 
ssz. Draw the tangent QG, and let fall the perpen- 
dicular FG upon it, and also GH upon FQ. Now let 
FQ represent the force of one particle of the fluid, 
then if that particle struck the base at v, it*s whole 
force would act to oppose the motion, because it acts 
perpendicularly to the base, and therefore no part of it*s 
force is lost; but striking the curve at Q obliquely, 
if the force FU be resolved- into GQ and FG, then GQ 
is here supposed to be lost by the obliquity of the 
stroke, and FG to be the only effective part ; but this 
not being opposite to the motion of the body, we 
must resolve it into FH and HG, and then FH is that 
part which opposes the motion of the body^ and^ZTG 
18 destroyed by an equal and opposite force of a par- 

T2 
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tide acting at q. Hence, the force of a particle at v : 
force at Q :: M : F-ff :: (because JFQ : Fbt :: FG : FH) 
FQ^ : FG^ :: (by sim. trian.) z^ : p\ Now the quantity 
of fluid striking Qr and vw is the same, and in pro- 
portion to sr or ^. Hence, if we consider it as a 
plane figure, as the whole force is as the number of 
particles x force of each, we have the force against 

t^ i^ it 

vw : force against Qr :: ^ : 'jj = ■ /I ,>^ = — = — ? 5 

hence, the whole resistance on the base : that on the 
curve :: the fluent of y, or y : fluent (F) of ^* 

For a solid, the number of particles striking the area 
generated hy vw will be as vfi? x circum. described by 
v, or SLSvwx J/, or asy^; hence, for the same reason, 
the resistance on the base : that on the surface :: the 

flu. of^^y, or |3^% : flu. (F) of-^- 

y 

EXAMPLES. 

Ex. 1 . Let ACD be an isosceles triangle. 

Here the plane is a triangle, and x : ^ :: x i y :: a 

x^ a^ 
{AB) : h {BC)y .'. ~ = p, hence, the resistances are 

as y : flu. — ^—^ :: y : — ^—^ :: ¥+a^ : 6' :: AC* : 

BC^. The same is true for the coney or for any prismatic 
solid. 

Ex. 3. Let CAD be a semicircle. 

Put AB = r, then / = 2 ra? - a?' ; hence, i = -^= 



MISCELLANEOUS PROPOSITIONS. 277 



yy 



y .nH^'- y' . V y yy-y^y 



and F=5 y - :^; hence, the resistances are as v : y - r-^; 

which^ when y =r, is as 3 : 2. 

Ex. 3. Let CAD &e an hemisphere. 

Here F yA^jln^, and F^W -t^^-. 

hence, the resistances are as iy' : ^y* - j-^ , which, 

when y = r, is as 2 : 1. 

Ex. 4. Le/ the solid CAD 6e generated hy a cycloid 
AC revolving about AB, BC being the axis of the 
cycloid. 



z' 



If a =5 BC, then y = « - — by the nature of the curve ; 



4a 

yj2i^fiZy) « yy-tl^ and F= iy^ - |^ ; hence, 
a ^^ a ^ ^^ 3a ^ 

the resistances are as ^y* : jy*— ^, which, wheny = a, 

3 a 

is as 3 : 1. 

(1970 Considering the body as a solid, and the 
force of a particle on, the base as constant, the force of a 

particle on the surfoce oc ^ , and the area generated by 

z 

rs being as yy, the resistance against Qroc^sL . 



378 MISCELLANEOUS PRQPOSiTIONa*. 



On MERCATOR's PROJECTION. 



Prop. CXXXIV. 

IfVhe the pole of the earthy EQ the equator^ PE, 
PR, two meridians^ mn a smaU circle parallel to ER; 
then the length of a degree of latitude : the length of 
a degree of longitude at m :: radius : the cosine of the 
latitude of m^ supposing the earth to be a sphere. 

(198.) For tet PC be the radius of the earth ; draw 




mr^ nr perpendicular to it, and join EC^ RC. Then 
wir, nr being parallel to EC, /iC respectively, the angle 
mrn= ECR; hence, by similar sectors, ER : mm: 
EC : mr the cosine of mE^ But when the angle is 
given, th^ length of an arc of a degree is in proportidh 
to the radius ; also, the length of a degree of the great 
circle ER, is a degree of latitude ; and the length of a 
degree of m n is a degree of longitude at m ; hence, a 
degree of latitude : a degree of longitude :: radius : the 
cosine of latitude. 

In Mercator's Projection, the sphere is projected 
upon a plane, and the meridians EP, RP are straight 
lines parallel to each other ; consequently P mrust be 
at an infinite distance from the equator ^Q. In this 
case, the arc mn being the same at all latitudes, the 
length of a degree of longitude is every where the same ; 
to preserve therefore the proper proportion between 
the degrees of latitude and longitude, the degrees of 
latitude must increase as you go from the equator, so 
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that they may always be to the degrees of longitude^ 
in the proportion of radius to the cosine of latitude. 

Prop. CXXXV. 

I 

In this projection^ it is required to find the length of 
an arc of the meridian, corresponding to any given 
latitude. 

(199.) Let P be the pole, E the equator, PCQ a 
diameter of the earth, C the centre ; m any place on 
the surface ; draw mr perpendicular to PQ, and jo^ 




mC, mQ. Put Cm = r, Em ^x,Cr (the sine of Em the 
latitude of m) =:y, and the length of Em on the projection 
sr z, called the meridional parts. Then by the last Prop. 

s/f^-jf (cos. of lat.) I r V. X I «!=—====; but (Art. 
iK= Txh.l..^^ + C (Art. 45. Ex. 6.) = r X h. 1. 



by the nature of logarithms. But by Plane 



Trig, sfr^^'jf (mr) : r +y (rCl) :: r (rad.) : y ^ ^ ■ 

s/r —y* 
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=r\/ — U. the tangent of the angle rmQ= cotangent 

of rQm = cotan. of irCm = cotan. § the comple- 

^ , , , /r+v cotan. i- comp. lat. 
ment of lat. ; hence, V = ^ — 5 

consequently « = r x h. 1. ^-^ ^^ — * + C; but 

when « = 0, cotan. ^ comp. lat.=r; hence, = r x h. 1. 

V 

-+C=rx h.l. 1 + C=0 + C, .*. C=0; consequendjr 

, • cotan. I comp. lat. i i ^ t 

^ =r X h. 1. = ^ = r X h. 1. cotan. ^ comp. 

lat. - r X h. 1. r, the length of the meridian Em in the 
projection. 

Prop. CXXXVI. 

Given the radii BC, AC of a wheel and clxIcj and 
the weight p which draws up w ; to Jlnd w, so that the 
momentum communicated to it in a given time may he a 
maximum, the wheel and axle being supposed of no 
weight. 

(200.) Put5C=6,^C=a; then^ by Mechanics, iihe 
forces with which w and /? endeavour to descend, are aw 




MISCELLANEOUS PROPOSITIONS. 281 

and bp; hence, the moving force is as bp-^-aw; also, 
the inertia of each weight is (Art. 6o. ) as a* x w, and 
h^ X pi hence, the accelerative force of the lever is as 

hp-^aw - , * 

1 g a » ^^^ ^8 the acceleration of any point of a 

lever must (besides the accelerating force with which 
the lever itself is made to revolve) be in proportion 
to the distance of that point from the fulcrum, the 
accelerative force of the point A, or of Wj will be 

. (zbp — a^w 
w ig a — , which is as the velocity generated in w i^ 

a given time 5 consequently the momentum of w will be 

abp-^a^w abpw^d^w^ 

^ Iz.^ . ^2 — X M? = — 1^ — ; — 5 — =s a maximum, or 
b^p-^-a^w b^p+a^w . 

hpw — aw^ 

-To- z — = a maximum ; hence, (Art. 21 .) it's fluxion 

bp + aw ^ ' 

(bpw - 2aww) X (b^p + a^w) -- a^w x {bpw - aw^) _ 

b^p + a*wf 
or {bp'^2aw) x {b^p+a^w)'-a'x (Jbpw — avf) = O- 

hence, a, = (\/^71 - ^) X ;,. 
If a = J, M) = (v^2"- 1) X /?. 

Prop. CXXXVII. 

CUven two weights w and p, and the radius CA of 
the axle, to Jlnd the radius CB of the wheels so that p 
may draw up w through a given space, in the least time 
possible. 

(201.) When the space is given, the time varies in- 
versely as the square root of the accelerative force; 
hence (by the last Art.), the square of the time varies 
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as — T^ 3 — a minimum, where b is variable ; put it^» 

abp-a'w * 

gm • , » CLw sJ (fw^ + a^vw 

fluxion a: O, and we get h =— + ■ • 

If j9 = «i?3 6 = a X (1 + \/2). 

DEFINITION. 

The centrifugal force is that force by which a body 
describing a curve about a centre of force, recedes from 
that centre in virtue of it's circular motion about it. 

Prop. CXXXVIII. ^ 

To find the ratio of the centtipetal to the centrifiigal 
force of a body describing a curve about a centre of 
force. 

Let S be the centre of force, PQ an indefinitely 
small part of the curve PW\ draw ClR parallel to 




PSVy PV being the chord of curvature ; with the 
' centre aS" describe the circular arc Qn, and draw Qm 
perpendicular to SP^ and A^Kto the tangent PY. Now 
PQ is the motion of the body in the indefinitely small 
time t\ resolve the motion PQ into Pmy mQ, and 
Pm would be the approach of the body towards Sin the 
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time t in virtue of the motion in that direction; but 
in virtue of the motion m Q in the time ty the body 
has approached S only by Pn; mn is therefore the 
space through which the body has receded from S in 
virtue of it*s angular motion about Sy and therefore 
represents the centrifugal force ; but QR represents the 
centripetal force; hence, the centripetal : centrifugal 

force :: QR : mn :: ^jr : p^ :: (sim. tri.) -pp- : 
1^ :: 2 PS' : SV' x PF. 

Cor. 1. If PJV be a circle about the centre 8^ 
then 2 SP^ = SY^ x PFy and the two forces become 

equal. Now mn:=^ ""5^ ^ TP^' ^"' when the time 

t is given, mn represents the force, and Qn the velocity. 
Hence, in a circle, the centrifugal, and therefore centri- 
petal force varies as the square of the velocity directly 
and the radius inversely. 

Cor. 2. The centrifugal force in the curve PfF in 
the same as in the circle ^Q, the angular motions being 

the same in each. NowQwoc . ■: ^^ ■ ;• hence, the 

^ r 1 r Qw* (area SPQV 
centrifugal force -^tj- varies as -^ ^^ — ^ . 

Cor. 3. As the centripetal force of a body is 
measured by it's weight, when this is equal to the cen« 
trifugal force, the latter is represented by the weight of 
the body. 

Cor. 4. As nm = — j— ; it appears that the cen- 

trifugal force varies as the square of the perpendicular 
velocity directly and the radius inversely ; and when the 
angular velocity is given, the centrifugal force varies as 
the radius. 
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Prop. CXXXIX. 

If the force of gravity upon the earths surface he 
represented hy 32^ feet^ and r in feet represent the 
radius of any circle, about the centre of which a body 
revolves with the velocity v, and F represent the cen- 
tripetal, and consequently the centrifugal force ; then 

F=:-. 

r 

f 202.) For let f^= the velocity of a body revolving in 
a circle at the earth's surface, about it's centre^ R := the 

radius of the earth ; then — ^ = the sagitta of the arc 

described in l"" = iG-^feet; and as the forces of bodies 
revolving in different circles vary as the squares of the 
velocities directly and the radii inversely (Cor. 1. last 

Prop.), 324. : jF :: -^ : — ; but 32^ = -^ ; hence, 

r 

If bodies of different magnitudes revolve about an 
axis, then in estimating the centrifugal force, the 
quantities of matter in the bodies must aldo be 
considered. 

COr. 1 . If r = radius of curvature of any curve ; then 
the force being the same in the curve and the circle, 
the same is true for the curve, r being the radius of 
curvature. 

Cor. 2. Let p = the periodic time in a circle whose 

A xu ,// J circum. 
rad. = r, then v : circum. :: 1 : », and v = oc 

V 

r /^\. r 

- ; hence, F i-^) <=x= t* When p is givcfn, Focr. 
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Prop. CXL. 

Let AZ he a slender rod revolving about an axis 
AW perpendicular to the horizon^ ana a ring moving 
freely on the rod be put any wfiere upon it ; to find 
the nature of the curve AZ, so that the ring may 
always remain at rest. 

Draw PM perpendicular to JfV^ and BM to the 
curve at M\ produce PM to a, and let Ma represent 




the centrifugal force at ilf, and Mb perpendicular to it^ 
the force of gravity ; then the compound force Mc 
must be perpendicular to the curve, or lie in the direc- 
tion BM^ in order that the body may be urged neither 
up nor down the curve. Let 2m = 32-^ feet, v = the 
velocity at the distance 1 foot from the axis, x = AP^ 
y = PMy d = PB\ then vy = velocity of Mi and 

(Prop. 139.) if Mb = 2m, ^--^ = v^y = Ma ; and by 
sim. tri. v*y : 2m :: y : d == -3- a constant quantity ; 



v 



hence, (Art. 24. Ex.) AMZ is a parabola whose 
latus rectum is 2<2 = — ^, and if v be given, the para- 
bola is given. 
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Cor. 1. Hence, y" = — ^ x a?, ox jf"i^ = 4mx\ that 

is, the square of the velocity of the point M =: 4m x; 
therefore (by Mechanics f) the velocity of that point is 
that which' is acquired in falling through P^. 

Cor. 2. Hence, if a vessel of water rpvolve uniformly 
about it's axis, the water will rise up ih the curve of a 
parabola; for the water cannot rest, till the above- 
mentioned compounded force MC acts perpendicularly 
to the surface of the water. 

Cor. 3. Let AM be an ellipse, one of whose axes 
(a) ^es in the direction Aff^j and the other (b) perpen- 
dicular to it, and draw the tangent MT. Then PT « 

-— ; and to find at what point M the ring will 

remain at rest, we have (as in the Prop.) v^y : 2mt: 

j^j^ 2ax-'X^ J 2 2 « 2ax-x^ 
y : BF :: : v, and v v = ^mx. = 

2m X PT=i 4m X i PT. Hence, the Telocity of the 
point M is that which a body would acquire in falling 
through jPT; and jPT being greater than PA, 
the velocity at M is greater than that in a parabola at 
M. As b is not here concerned, the velocity at M is the 
same, whatever be the axis perpendicular to Aff^. If 
AMZ be an ht/perbola, the velocity at Mis less than 
that in a parabola at M. 

Prop. CXLL 

Let mn ie the surface of water when at rest in a 
cylindrical vessel ABCD ; QV ifs axis perpendicular 
to the h&rizon^ and about which the vessel revolves 
with a given velocity ; to find the position of tht 
surface ofthejluid. 

By Cor. 2. last Prop, the surface PRT of the fluid 
will put on the form of a parabola ; and as the latus 
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rectum (/) is given from the given velocity, and PQ is 




riven, we know QR. Put Rs = x, PQ = r, then 
X = r^, QR t=:. a^ Fs ^h^ /i = 3,14159, ^c- tl^^n 
(Prop. 22. Ex.*l.) j/>/a?* = solid Rrt^ ip7^a=: solid 
PTjR; hence, ^p X {r^a-lx^) = solid rPT^; also, 
pr' X (a — a?) = solid Pmn T; therefore pr^ x (a - a?) — 
|-p X (r'a— /a?*) =?= content of the elevated water above 
mUf =i ^p Ix^ the water displaced ; hence, x = ^a, 
therefore Qs= Rs; that is, tne vertex R sinks cls much 
helaw the original surface of the water ^ as the water at 
the highest point stands above it. 

Hence^ (Cor. 1. last Prop.) the velocity of any point 
r is that which a body would acquire in falling down 
sRoT Qs. 



When X ^ by or when / = 



Tb 



R 



comes 



to V. 



Now if the velocity be further increased, R will fall 
below the bottom of the vessel ; let therefore S V C 
represent the bottom in such a case, b being now Vs. 
Here, the water displaced' = solid rtvu = iplx^ — 
hflx(x-by ; hence, pr*X(a-a?)— |^/?x (r*a — /j:*) = 
^p/ar*— Ip/x (x— J)*, from which we get x, and thence 
the parabola is determined. 

If the height of the vessel be given, and a given 
quantity (q) of water be thrown over the top, then q 
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must be added to the above-mentioned expression for 
the elevated water^ and that made equal to the water 
displaced. 

If w"=the time of a revolution, then v : 2p i: l" : n", 

, 2» , , 4m 4mn* mn* . 

and t; = -^ ; hence, / = —3- = ——r- = — r- 5 there- 
n v^ 4p^ jf 

fore —2" ^ '^ = y* ^'^ parabola, determined from the 

P 
time of revolution. 

If the vessel be of any other form, we proceed in the 
same manner. 

« » m 

If the form of the vessel be that of a paraboloid 

dh 
whose latus rectum = d\ then a =— ?=s==Tii anda?=: 

a/^ - dl 

, X (/- kJ(^^41). Let rf= /, then a is infinite and 

^ = & ; that is, if the height of the vessel were infinite, 
the fluid would sink to ^, and rise up and just cover 
the whole inside. This would also appear without 
investigation, as (because I =i d) the fluid puts on the 
^me form as that of the vessel. But it is here sup- 
posed, that the force of gravity (fim) continues as at the 
earth's surface. 

Prop. CXLII. 

Let a stone in a sling be whirled round the centre 
in a vertical circle B c L, B the highest point j with a 
velocity at B just sufficient to keep it in the circle at 
that point.; to Jina the force with which the string is 
stretched at any point c. 

Produce Octoty and let ct represent the centrifugal 
force ; draw cs perpendicular to BL^ and cr to c^, cr 
representing the force of gravity, and draw rw perpen- 
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dicular to horiz. ; produce OB to D, rmking DB=i BO^ 

D 

t 




Put BO = r, DB = ^?\ t; = velocity at c, s = Bs. 
Nowj Cor. 2. Prop. 149. a body must fall from Dto 
B to acquire the velocity in the circle at B. Then (by 
Mech.) v* = 4m X Ds =, 47nx{\r + s); and (Prop. 

139.) if cr = 2ri% = gravity^ c^ = — = ^-^ ^ ; 



27wr- 2ms 



and (sim.tri.) cr (2m) : cwr. rir-^Sy .'. cw = 

, . , , . 4m X (fr + ^) . 
nence^ c is drawn by a force = ^-= — 

2mr-2m^ 6m^ ^1 i. -^ i* -i 
= -- — ; therefore gravity : force with 



which the string is stretched n 2m : 



6ms 






3^ ; 



and this is true when c falls below O, when the force 

Hence, at the lowest point L, the ratio is 1 ; 6. 

Let OE be parallel to the horizon, and the stone 

begin to descend from E, and put Os =i s; then t;*=r 

. ^ 4ms , , . 

4m^^anac^ = ; also cr (2 m) : cw :: r : s, 

.'.cw sg. - ■■' ; hence, at any point c, the string is 

stretched by gravity just one half of what it is stretched 
by the centrifugal force. 

y 
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At J5, Or = Cw^ and C/ = 2m = Cr\ that is, the 
centrifugal force = the centripetal, or equal to the weight 
of the body. A body therefore revolving in a circle 
with a velocity equal to that acquired by falling through 
half the radius, acquires a centrifugal force equal to it's 
weight. 

In like manner it appears, that when a pendulum 
vibrates between two semi-cycloids, beginning from the 
highest point, the force with which the string is 
stretched by gravity = the centrifagal force. 

Prop. CXLIII. 

Let a ring he put upon a slender rod AC, and let the 
rod revolve about AB which is perpendicular to the 
horizon ; it is required to find how long the ring wUl 
be in descending from A to C, the velocity of the rody 
ifs lengthy and the angle CAB being given. 

(203.) Draw CB perpendicular to j4B; put AB^a, 
BC = i, AC :=i Cy d == the velocity of the point C, 




X = Am, V = the velocity of the ring at m, m = 32| 
feet of the force of gravity, and t =: the time of the 
ring's descent. Draw mP perpendicular to AB, and 
produce it to a, and let ma represent the centrifagal 
force of the point m; resolve ma into two forces, one 
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md perpendicular to AC, and the other me in the 
direction AC. "By similar triangles, c : b :: x : 

— r = Pm, and b : — :: rf : — =: the velocity of 

the point m; hence (Art. 202.)^ the centrifugal force 

d^x^ c d^x 
ma =i —J- X -r- = -7 — ; and by similar triangles^ 

, d'x d^x , / 1 r - 

c : 6 :: ^ : me = —^\ also, (r : a :: m (the force of 

gravity) : -t-» = the accelerative force of thci ring 

firom the action of gravity ; hence, (Art. 82. Cor.) 

d^xx max . , 4 /drx* . 2 max /.^mac 
-p-+_.=,;^;andt. = V— +-^ V^-W 

- y/lF^r^nx, Hence (Art. 82.), t sz ^x 

X c 

i , I , and (Art. 46. Ex. 6.) f = -^ X h. 1. 

(w+a?-f ^x^+2«x) + C; but when j?=0, f =0, and we 
have 0=^xh.l.w+C; hence, the correct fluent ' == 5 x^ 

h. 1. ^L±£±N^Z±1Z£ = (when * = c) I X h.l. 

n + c + V c* + 2wc 



n 



the whole time of descent. 



Cor. 1. The accelerative force —7- of the ring in the 

direction of the rod, arising from the centrifugal force, 
is always the same whatever be the inclination of the 
rod, the length of nthe rod, and the velocity of it's 
lowest point being given. • 

u2 
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Cor. 2. By similar triangles, c : a i: -—. : md=:: 

be 

-5-7-; and by Mechanics, c ib :: m : — = the pressure 

tt^ctx bffi 

of the ring on the rod ; hence, when ,, = . the 

^ e'^b c 

pressure of the ring on tlie rod = 0, which therefore 
• happens when x = -^j — . 

CoR. 3. If AC become horizontal, then a =s O, and 
vv^:^ — --. Now as in this case the ring will not 

begin to move from A^ we must at first put it at some 

d^x^ 
distance r from A. Hence. v* = — 5- + C, and when 

V=zO, x — r; therefore the equation becomes O = —^ 
+ C = 0, and C = ^ ; hence, t; = - x ^/j?"*— r*. 

• c X 

Also, i = 2^~r=f==%^ whose fluent (Art. 45. Ex. 4.) is 

t = ^xh. 1. (a?+Va?'-r')+C; but when /=0, x^r, 

c 
and the equation becomes 0=jxh. 1. r+C; therefore 



C= ^jxh/l.r; hence, f = |xh.I.£±^^?E?. 

CoR. 4. If -^ be the lower point of the rod, and C 

d^x 
the higher ; then the force *-^ acts dpwards, and the 
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accelerating force of the ring = — ^ ^ — . Let the 

ring at first be at any distance from A • then if ^— be 

d^x ma 
greater than — --, the ring descends by the force 

-^; but if — ^ be greater than — , the ring ascends hy 

the force —^ — — ; and the velocity and time may be 
found in each case as before. 

G>R. 5. Taking the position of the rod as in the last 

CoroL, and the case when — j- is greater than — , 

c c 

let the ring at the distance r from A be projected 

downwards on the rod with the velocity e; then vo; = 

d^xx max . v* d* x^ max , ^ . , 

-—s -, and -- = :r X h C ; but 

c* c ' 2 c^ 2 c 

e* d^ 
when V ss e, X =i r, and the equation becomes, — si-- x 

^ c 

r* mar . ^ ,, r- ry ^* rf* r* wiar , 

-T — J-t;, therefore C = ~ TX"r-+ ; hence. 

2 c 2 c* 2 c 

t^=6*+ --X (j?'— r^)H ^x (r— a?). Make t;=0, and 

mca . /m^c^a^ \ « c*e* 2macr ^, 
wegetx = -^ + V-3i-+r»--^--^_.the 

distance from ^, to which the ring descends when it 

has lost all it's velocity. If the value of x be impossible^ 

the ring will come to A without losing all it's velocity. 

mc a 
If the quantity under the radical sign = 0, ar = w_- j 



294 MlVCfiLLAKtdUS PROPOSITIONS. 

which is the value of x when the force -3 = O ; 

* (T c 

in this case therefore the ring will remain at rest when 
it has lost all it's velocity. If the quantity under the 
radical sign be positive^ then when t; = 0, the force 

—5 acting upwards, the ring will return, and 

1 Tfc mca €^e* , , 

continue to ascend, rut »=-^, p x= — — 4-2 rn— r* ; 

and we have /=-,x j , ; let a?— n=V5 and 

d v*^ - tinx +p ^ 

X*— 2?ix=y^-w'+p=y^ + y- (putting-/i* + /? = j^); 
also, ^=« V ^ hence, /= -^x /- ' , , and f = •% x — h. I. 

(y + s/ !/* + ?*) + C'; but when ^ = 0, a? = n 
/. y as r^n; and the fluent becomes O = -^ x — h.l. 

(r- II + V (r - w)* + ^) + C, and C=jxTi.l. 

(r - n + v^ (r — w)^ + 9*) ; hence, t = ^ x h. I 

the time of descent. 

On the same principle we may find the motion of 
a ring on a curve hne revolving in like manner. 

Prop. CXLIV. 

7b show when the series — + -^ + rs* + &^* ^^ infi- 
nitum isjinite, and when infinite. 
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(204.) Let ClR be an hyperbolic curve between the 
asymptotes ^B, AC, which are perpendicular to each 
other ; take AP = ordinate PM= 1 , and let Pq, qr, rs,&c. 




be each = I, and draw the ordi nates 50, rb, sc, &c. and 
complete the circumscribing parallelograms ([M, ra, 
sb, &.C. and the inscribed Pa, qb, re, &c. and let the 
ordinate be equal to the inverse m"' power of the 

abscissa: then will PM'— — , aa = — ,rh = , sc^ — , 

1" ^ 2" 3" 4" 

&c. and as the basis of these parallelograms are each 
= 1, the area of the parallelogram 5-^=—, of ro = 

— , of sJ = — , &c. therefore the sum of all the cir- 
cumscribed parallelograms = — ^ + — 4- _ -[- gjc. ad 

infinitum ; but it is manifest that the sum of all the 
inscribed parallelograms is less than the sum of all the 
circumscribed parallelograms, by the first parallelogram 
qM, that parallelogram being the sum of all the paral- 
lelograms Ala, ab, be, &c. each of which expresses the 
difference between it's respective inscribed and cir- 
cumscribed parallelogram. But the whole curvilinear 
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area PMRC {being between the sum of the in- 
scribed and circumscribed parallelograms) is less than 
the sum of all the circumscribed parallelograms, by a 
quantity which is less than the parallelogram qMi 
these two therefore differing by a finite quantity, when 
one is finite the other is finiie, and when one is infinite 
the other is infinite. But by Prop. 20. Ex. 3. when n 
is equal to or less than unity, the area of the curve is 
infinite, afid when n is greater than unity, the area is 
finite. Hence, the sum of the given series is infinite 
when n is equal to or less than unity, and finite when 
n is greater than unity. 

Prop. CXLV. 

If ; ; — * be the eeneral terjn of a 

' x" +px" + &c. ° -^ 

serifs, and for x we write 1, 2, 3, &c. in infinitum, then 
if n be greater than ra + 1, the sum of the series is 
finite. 

Take each term in the numerator separately, and first 

assume — = — ^- ; then as ra — m is greater than 1, 
af or 

by the last Prop, the sum of the series will be finite. 

Now if the sum be finite on this supposition, a fortiori, 

it must be finite when you take in all the terms of the. 

denominator, as that must diminish the value of each 

term. This being the case when you take the first 

term of the numerator, it must necessarily be the case 

when you take each of the other terms, they being less 

than the first. And as the sum of all the sums must ■ 

give the sum for the general term, that sum must be 

finite. 

For the same reason (referring to the last Prop.) 

if n be not greater than m + 1, the sum must be 



MISCELLANEOUS PROPOSITIONS. 



Cob. Assume 



(x + a) X (J7+ A) X &c.. 



I 



V p) '■< [x •{- q) y. &c to » terms \ 

( the general term of a series, then the sum will be finite 
if n be greater than m by 2 ; for if these factors be mul- 
tiplied together, we shall have the same dimensions of 
X in the numerator and denominator as before, and n is. 
greater than wi+ 1, If n be not greater than m by 2, 
the sum will be infinite. 

If for X we write 1,3, 5, &c. successively, or any set | 

of numbers at equal intervals from each other, the sum' 

of the series will, under the same circumstances, be" ' 

finite or infinite, as is evident from the last Prop, by 

assuming the breadths Pq, qr, rs, &c. accordingly, so 

as to give the series. 

Prop. CXLVI. 
To determine the law of centripetal force tending id' 
S, so that a body may describe any given curve AP. 

(205.) Let SY be perpendicular to the tangent PY, . 
■nd P the place of the body. Viitx~SP,u = SV,F= \ 
force in the direction PS, f~ that part of F which acts 
in the direction PY^ v = the velocity at J*, and z = AP.-, 
Now (Art. 81. Cor.) vv=fz: but F : f :: SP ■„ 
PY :: (Art. 32.) a : x, therefore fz = Fx ; hence. 




I vi = i^i', or rather v-v^ - Fx*, because (Art. l6.) when 



K • If the force of gravity lie represenl 



itcd by 2 m, thei 
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V increases x decreases ; therefore F = — : — • But 

X 

I 
{Newton's Prin. L. 1. Pr. 1. Cor. 1.) voc -; therefore 

t?a;oc — -. ; hence, t oc —-r . 

(206.) CoR. Hence, whatever be the angle SPK, if 

V remain the same, then if ^ be given, x will be given ; 
and if we suppose the angle SPF to vanish, it follows^ 
that if the velocity [v) of a body in the curve at P 
be equal to the velocity of a body in the right line 
SP at Pj they will be equal at all other equal 
distances from S. 

Ex. 1 . Let AP be the logarithmic spiral, 5 it's centre. 

Then x : u :: a : b some constant ratio, .\x = ri; 

o 

hence, jF oc ^ x ^ oc --. 

a zr x^ 

Ex. 2. Let AP be the hyperbolic spiral. Draw Sff^ 
perpendicular to SP, meeting the tangent at ff^; then 
by the property of the curve, SW=. a a constant quan- 
tity; and ffP = ii/a*+a?*; hence, by similar triangles^ 

Va^+x«:x::a;« = -^|4=.andi=^+i;, 

therefore ^, = | ; hence, ^ oc JLoc ^. 

Ex. 3. Let APB l)e an ellipse whose focus is S; 
let H be the other focus, C the centre, CD the semi- 
axis minor, and HZ perpendicular to PV. Put a = 
AC, b=:CD; then ^a-^-x^PH, and by sim. tri. x : u 

:: 2a^x:HzJ^^LZ^^l2L^, and [Con. Sect. p. 6^ 

X 
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\ 1 = i* ; hence, — = t? U9 and -5 = 




, ; therefore F 





D 






• 

u 


a 


oc 


1 


u'x 


6»x« 


3?' 



For an hyperhola^ 2 a + a? =» PH^ and the same con- 
clusion follows. 

For 2L parabola, xocu!^ {Con. Sect p. 8. Cor. 2.), there- 
fore — oc -, and — ^ tr; hence, jFoc_^ oc _. 
u* X u^ x^ ' u^x X* 

Hence, a force tending to the focus of any of the 
conic sections, varies in the inverse duplicate ratio of the 

distance. And vice versa, if the force oc ^ the body 

will describe an ellipse about the focus ; for if there be 
given the force at P, velocity and direction, we can 
thence construct an ellipse (see my Conic Sections); 
hence, an ellipse may be constructed in which a body 
may move, and therefore a body nmst move in it ; for 
with the same data, a body cannot describe two different 
curves. 

Ex. 4. Let the force tend to the Centre C of the 
ellipse. Let CK be the semi-conjugate to CP, and Cy 
perpendicular tojPy ; CP^x, Chf^u% then {Con. Sect^ 
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p. 13.) tf* + *» = x" + CK\ and CK =Ja*-{-b*- x* ; 
also, (Cow. Sect. p. 11.) ab = ux ^a' + 6«-x% and 

•T = -T7T ; hence, -F oc -yr oc — ^ oc x. 

Hence, v/ce versa^ as before. 

For an hyperbola, Foe - x, which shows the force 
to be repulsive. 

Ex. 6. Let it be the spiral in Article 32. Here SY* 
__^V::;^ 1 ^^l^_^ 1 therefore 

t = ('"+')-f^ + * ; h«>ce, F« 4-.- <'»Vl:.'" -t- 



1 



2<* 

If m = 1, it is the spiral of Archimedes ^ and F^^ 



1 

If m = — 1, it is the reciprocal spiral, and -f" ^^• 

^ 1 
If m =: - 2, it is the Lituus, and F oc — —^ + ^ ^ 

When the negative part is greater than the positive, 
the force is repulsive, and the curve is convex to the 
centre ; when it is less, the force is attractive, and the 
curve is concave to the centre; but at the point of 

contrary flexure JP=0, or — ;+— = 0, and j? =/ .J^, 

as found in Art. 80. And like circuoistances must 
take place in all cases where m+1 is negative. 
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Prop. CXLVII. 

The velocity of a hody revolving in any curve about a 
entre of force : velocity of a body revolving in a circle 
at the same distance, in the sub-duplicate ratio of the 
chord of curvature :i twice the distance, or in the sub~ 

^^mAtplicate ratio of - : - . 

' {207.) For (Art. 97-) '^^t sr be a sagitta of a circle of 

curvature to any curve, parallel to the chord Cf^ which 
passes through the centre of force ; then by sim. tri. 
sr : Cr :: Cr : Cf'^, but Cr : the arc Cr ultimately in a 
ratio of equality ■, therefore ultimately, sr : arc Cr '.: 
arc Cr : CV; hence, arc Cr^^srx CF; but «r, 
dafo tempore, is as the force, and C!' is as the velocity ; 
therefore the velocity oc fierce x chord curvature |; 
but at the same distance, tlie force is the same in the 
circle and in the curve, and the chord of curvature of the 
circle is it's diameter, or twice the distance; therefore 
the velocity in the curve : velocity in the circle :; 

l^^^ch. curv. of the curve ; s/ twice dist. \. But the 

1^ 



/ch. curv. of the curve ; s/ twice dist. 
Ihord of curvature (Art. lot.) is — ^- ; 

felocity in the curve : velocity in the circle : 

\/?:V/?. 



hence, the 



[ 



Ex. 1. Let the curve be the logarithmic spiral. 
Here, the velocities are equal, because the chord of 
curvature ■=■ twice the distance ; or, as u <xx, therefore 



Ex. 2. Let the curve be an ellipse with the force 
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tending to the Jbcus. Here, (Art. 206. Ex. 3.) -j = 

mi , X u I a / \ 2a — x\ 
-r-— ; hence, - : - :; — • j^^ u ( as «i» = 75 J 

2a ^ X : a; therefore the velocity in the ellipse : 
velocity in the circle :: v^2a — ar : -j/o^ :: tj PH : 
*J AC. Hence, the velocities are equal at the extremity 
of the minpr axis. 

Ex. 3. . Let the force tend to the centre k& the 
ellipse. Here, (Art. 206. Ex. 4.) — = -7^ ; hence, 

1. ? :: i : -£5 :: (as a' 6» =r m« x CIT*) CK^ : x'; 

therefore the velocity in the ellipse : velocity in the 
circle :: CK : x^ or CP. Hence, the velocities are 
equal when CK'=> CP. 

Ex. 4. Let the curve be the ^/lerio/ie spiral. Here, 

(Art. :^. Ex. 2.) — =« — ; hence, - : - ::-::-; 

:: dP* : w* ; therefore the velocity in the curve : velocity 
in the circle \\ x\u. 

Prop. CXLVIH. 

het PR he any curve S any point in ifs plane, join 
SP, and draw the perpendicular SY on the tangent 
PY ; then if P move along the curve, to Jind the 
angular vthcity of SP to that of SY. 

..Take PQ indeKnitely snvall, and draw the tangent 
Qy, and Sy perpendicular to it ; to tl e curve at P, Q, 
draw PO, QO, perpendicular, and O is the centre of 
curvature; produce (if necessary) POy and draw Sf^ 
perpendicular to A'P meeting PO in f^, and SK to PF* 
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Now as PO, QO are respectively parallel to SV, Sy, 




the angle POQ, = VSy, we have therefore to compare 
the angle PSQ with POQ. Now PSQ : POQ :: 

%:^:. (became Qr-.PQ:. SF . SP) |^ : |g.: 

SVxPO : SP^ :: PKxPO : PKxPF :: PO : 



¥ 



pr :: (if ^i* = 



,PK-. 



.v.. 



(Prop. 147.) the squareof the velocity of abody 1 

revolving in a circle at P about S : square of the velocity 
of a body in the curve at P. 

Cor. 1. Hence, when these velocities are equal, the 
angular velocities of SP, SF' are equal. They are 
therefore always equal in the logarithmic spiral. In an 
ellipse about the focus, they are equal at the extremity 
of the minor axis ; about the centre, they are equal at 
the points where the two diameters are equal ; in the 
parabola, PV = 2PO ; therefore the angular velocity 1 
of Sr is double that of SP. 

Cor. 2. Let the body set out from an apside, and 

l^e angles described by SP, SI', be x and 1/ ; then the 

l«ngte PSi'=y~x, and when this is a max. ?y-i = 0, 

«nd i = y, or when POQ= VSy, or when the velocity 




/ 
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in the curve is equal to the velocity in a circle at the saoie 
distance ; or when Pf^ = 2 PS. Hence, in an ellipse 
about the focus, the angle PSV is a max. at the ex- 
tremity of the minor axis ; about the centre, when the 
distance is equal to it's semi- conjugate diameter. In the 
parabloa and hyperbola, the angle never becomes a 
maximum. 

Prop. CXLIX. 

If a body revolve in any curve, the velocity (V) at 
any point, is equal to the velocity which a body wofuld 
acquire in falling down one-fourth of the chord of the 
circle of curvature passing through the centre of force, 
supposing the force to re^nain constant. 

(208.) By Prop. 45. in the limiting state of the arc 
PQ, RQ : QP :: QP : ^^=-^. Now whilst PQ 

is described by the velocity /^, the body is drawn by the 
force through RQ, and acquires a velocity (v) which^ 




in the same time, would, if continued uniform^ make 
it pass over 2RQ; and let PL be the space fallen 
through with the constant force at P, to acquire the 
velocity F. Then 
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r»:«« ::PQ':4BQ« 

«' : V* :: RQ : PL, by Mechanics, 



1 :: PQ»: 4RQxPLi 



• • 



hence, PL = -1^ = J PF. 

(209.) Cor. ^l. Hence (by Mechanics)^ V = 
V^JFx iPV^^Fx iPVi therefore Vo^ss/ Fx PV. 

Cor. 2. Hence, if the curve be a circle, and the 
centre of force in the centre, a body must fall down half 
the ra dius. If r = the radius of the earth, m = 1 6^^ feet, 
V:=^hJ 2mr the velocity necessary to carry a body round 
the earth. 

Prop. CL. 

If a body revolve in a circle about the centre^ tojind 
ifs velocity. 

(210.) Let the force of gravity on the earth^s surface 
be denoted by unity, the radius of the earth by unity, 
and the velocity of a body revolving about the earth 
at it's surface by unity; and in proportion to these, let 
a?= the radius of any circle, v = the velocity of a body 
revolving in that circle, and the force = af^ ; then as a 
body DDUst fall down j of the radius to acquire the ve- 
locity in the circle, the force remaining constant, and 
by mechanics^ the velocity varies as the square root of 
the force and space conjointly, we have 1 : ^1 x j :: i; : 

sJlFxYx ; hence, t? = a? 

(211.) CoR. As the periodic time (P) varies as the 
circumference of the circle directly and velocity {v) 
inversely, and therefore as the radius (a?) directly and 



8 



X '•=? 



V inversely, we have P <x — — oc a? 

X 



2±^ 

8 
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If n = 0, P oca?^. Ifwzr \yPoc a?°=l, or Pis con- 
stant. If n = — 2, P oicx^. 

Prop. CLI. 

Given the taw of force as any power of the distance^ 
to find the curve which the body describes. 

(212.) Let S be the centre of force, and let the body 
be projected in the direction AD^ and describe the 




curve APff^\ describe the circular arc AZ with thi 
centre S ; draw the tangent PE^ on which let fall the 
perpendicular SY^ and SH on AD^ also draw S% 
indefinitely near to SP^ and nm perpendicular to «SP, 
and produce SPy Sn, to r and s. Put SAs^a^ SH^p^ 
Ar = sj, SP =zXf b = the velocity at ^, v = the velocity 
at Pj Pm = ct^ rs = z. Now the Velocity being 

inversely as the perpendicular, v : b :: p : SJT =^^; 



therefore PY = s/^jl^ = s/^^^-P*'^^ ^ j by 

^ v^ V ^ 

Vj?V-»^6^ pb . phi 

Sim. trian. 2L c — :(L.::x:mn = --—=====; 

V V ^x'v^ ^fb' 
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^ phx pahx 

hence, x \ av. / - f ^ ^ ,, : « = y , « »;. ex- 

pressing the fluxional equation of the curve in terms of 
the angle described and distance. But (Art. 82. Ex. 7.) r* 

« ft« ^ — X {pl^^ * - ar"+ *) ; or if h (the vel. of proj.) : 

vel. \(f^) in a circle at the same distance (Art 2 10.) 

:: w : 1, then 6*=m^a"*+^ ; hence, t;*= Twi* + , 1 y 

2 
ii»+ 1 _ .^— ^ xsf^'^^ I therefore % = 

91+1 

pahx 

^ V n+l/ w + 1 ^ 

the fluent of which can only be found in particular 
cases. 

(213.) At the apsides, SP := SF, or x =^^ = 

V 

; hence. 



x/( 



+ — — ^Xflf+^ Xx^-^^ 

n + l/ w + 1 



a?V fm*+^^^xa''+^--^x J?^+^ -»6 = the 
V w + 1/ n+ 1 ^ 

equation to the apsides. Now to find the number of 

apsides, by squaring the first equation, we get (m*H — -r-rrj 

* 

2 

X a**"*^^ X or* X a^^^-p'^b* = 0, which equation 

n+1 ^ ^ 

(^rf/^eJra, Art. 361.) pay have 4 possible roots when 
n is an even number, and 3 when n is an odd number ; 
but this being the square of the original equation, 

X 2 
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some of the roots are introduced by that operation, and 
the equation to the apsides can never have more than % 
2 possible roots, so that no orbit under this general law 
of force, can have more than 2 apsides, that is, there 
are only two different distances of the apsides ; but there 
is no limit to the number of repetitions of these, without 
their falling upon the same points. If w be — 3, or a 
greater negative number, the equation can have only 
1 possible root, and the orbit but one apside. 

Prop. CLII. 

Given the law of force as before, to find at wlmt 
point of the curve the motion towards the centre is a 
maximum. 

7) hx 
By the last Prop. mn= —7====== ; now when the 

^ ^ s/x^v^-p^b* 

.1 2A 

time is given, the area (A) is given, and mn = ; 

X 

hence, x = — r x >/ v* — p^b^x"^ = — p. x 

po ^ pb 

V w+ 1/ n + l r *^ 

maximum, or x 3^^^ + »*6*j?~* = minimum, sLnd 

w + 1 

2 



2afx''2p^b^x^^x = ; hence, x =jp6]'»+3 the distance 
required. 

Because v : b :• ttt?: -j wehave/?6 = *SJrx v; hence, 



2 



i? = SFxl5]'*^3 and V = -^pr. But if c=chord of cur- 
vature passing through S, as (Prop. 160.) the velocity 
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n+1 n+l 

2 



in a circle at P=x * , we have (Prop. 147.) v : x 






n+S 



>yc : v 2^ and x ^ x\r ~ =^ v - -^-pfr- ; hence, 

2V = aSjT* X c; but (Prop. 138.) this gives the point 
where the centrifugal force = centrifugal. Hence, the 
motion towards the centre is a maximum at the point 
where these forces are equal. 

Referring to Fig. Art. 2o6. Ex 3. let the force tend 
to the^cM* S; then c = .^ , and SF* = DC* x 

^»p ; hence, 2 Ai'^ = XIC* x j^p x u^ ; and as 

-SP X iJP = CD', we have SP x AC^ CI> ; therefore 
P is at the extremity of the ordinate to the major axis, 
passing through S. 

If the force be in the centre C^ c = ^^ ; and 

2 CP'^CF' X -j^ ; hence, CP^=: CV^x CK* = 
AOxBC, and AC : CP :: CP : BC. 

Prop. CLIII. 

If two bodies revolve in an ellipse, one about the 
centre and the other about the focus, in the same 
periodic time ; to compare the forces towards these 
centres. 

Let ABDE be an ellipse, S the focus, C the centre, 
AD the major, BE the minor axis. Now when the 
forces of central bodies vary in different ratios, we must 
get the relative effects at some one distance, in order to 
^lompare them at all other distances. Let SA =. s^ 
CA^a, and let the indefinitely small arcs Am, An, be 
described in the same time about C and S respectively ; 



310 



MISCELLANEOUS PROP09ItI0NS. 



and at the distance d let the effects of the two forces be 




equal and represented by unity ; then •!* : -3 :: 1 : -^ 



the 



a 



force at A about S^ and d i a v. \ i ^ the force 

at A about C. Now (Prop. 147.) the velocities vary as 
the square root of the forces and chords of curvature 5 
but the velocities are as An, Am^ and the chord of 
curvature at A is the same for each force ; hence, 

An : Am :: V -j- : v ^5 but as the periodic times 
are equals equal areas are described in equal times; 
therefore An x AS = Am x AC, or \/-- X * =' 

Y --jX d; hence, 'd = a, and the forces are equal at the 
a 

extremity of the semi-axis major. 

In B. I. Ch. 2. Prop. 11. of Newton s Principia, 
the second demonstration goes upon supposition that 
the periodic times about S and C are equal; this Prop, 
therefore shows how the forces must be here adjusted. 

JProp. CLIV. 

When a Satellite is in conjunction with the Sun, to 
Jind when ifs orbit in fixed space is concave and when 
convex to the Sun. 



miscje:llan£OUs propositions, 
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Let P be the planet in it's orbit LM^ S the satellite 
in conjunction with the sun at O ; draw Sx* 9l tangent 



^-rrf-J 


9 


\ 


,y 


OG p 




i 


o 



M 



to the satellite's orbit at -S, Py f a tangent to LMi PRj 
SVi two indefinitely small arcs described in the same 
time, and draw Qii, vt perpendicular to Py, Sx. 
Now if the curve described by S lie helow Sx, the curve 
will be concave to O; if it lie above Sx, it will be 
convex^ But as the planet passes through PR, it 
approaches Sx by QR ; and carrying the orbit of the 
satellite with it, it carries the satellite with it in the 
same direction through the same space, or it tends to 
carry it so much on the side o( Sx towards O; but the 
satellite by the motion in it's orbit, tends to carry 
itself through tv on the other side of Sx, Hence, the 
path of the satellite at S will be concave or convex, as 
QR is greater or less than tv. Let P = periodic time 
of the planet, p that of the satellite, Z> = JPO, d = PS; 

then (Prop. 139. Cor. 2.) QR: tv :: -^ : ~ :: --r :— ; 

bence, the orbit will be convex or concave toward the 

Z>. P* 

sun, as — is less or greater than —^ . 



* S is where xt touches the circle. 
t Pi/ should be a straight line. 
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D i?* 

For the moon -^= 392, -y = 178 ; hence, the 

moon's orbit is concave to the sun. 

D P* 

For the first satellite of Jupiter -r = 1844, — j = 

5992704 ; hence, it's orbit is convex to the sun. The 
same is true for the other satellites. 

Prop. CLV. 

There is afield in the form of a parabola whose ah- 
scissa is x and parameter p ; now corresponding to 
the abscissa e, the land is worth m pautids an acre, 
and upon every other ordinate the value varies as 
the vt"^ power of the abscissa ; what is the value of 
the whole field f 

Put X = any abscissa, y it's whole ordinate, c = 160 
square rods = 1 acre ; then a" : a?** :: m : — — the value 

of an acre at the ordinate y; hence, c 2 yi :: 
ma?" m , r i^^i «»+i 



X VJ?*a?=(as v = 2p«a?^) r-x x * x. the 

fluxion of the value, whose fluent is -J^ : x 

' ca"" X (2W + 3) 

fist? 
X * , the whole value. 

Prop. CLVI. 

Let ABD represent an hemisphere whose pole is P, 
and let a meridian Vvy set out from PA and move uni- 
formly about P, whilst a point r sets out from P and 
move uniformly along Pv with a velocity which is to 
the velocity of the point v as I : n ; and let P n r B be 
the curve described by the point r; to find the area 
PABrnP. 
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Draw the meridian Pw indefinitely near Pv, and rs 
parallel to i; u^ ; let O be the centre of the sphere^ and per- 




pendicular tb PO draw r m ; then the limit of the area 
vrtw is vrsw which is the fluxion of the zone cor- 
responding to Avy V r. Let r = rO = PO, p = 3,14169. &c. 
Pnr=^Zy rm:=Xj Om =:y, a = area of the surface of the 
hemisphere ; then Av^nz,vw=:nz. Now (Prop. 26. 
Ex. 1 .) the surface corresponding to O m is as O m ; 

hence, r : v :: a : — the area of the zone whose 

r 

breadth is rv^ rv corresponding to Omoxy \ and 2pr 
(the circumference ABDA) :nz ::— : , x y i = 

(Art. 46. as yz = ri, and fl=2jpr*) nrx the area vsrw, 
whose fluent when x = r is » r* the whole area 
PABrnP. 

As n : I :: AB : AP, if « = 4, when r comes to B, 
B will have described the circumference and Come to A, 
and the area = 4r* the square of the diameter. 

These curious properties were discovered by Pappus. 
But the Problem may be extended by making the velo- 
cities of the points r, v^ follow different laws. 

For example^ let rt (z) : vw :: y : x, then vw = 
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xz . ^ , xz ay a . / « ^ 

— ; hence. 2pr:'>^-- :: -^ : ^x a?« = (as 2»r* = a, 

y y r 2pr^ \ r y 

a: ^ = — ry) — rify whose fluent is -^ ry +C the area 
PABrnP; but when that area = 0, y =^ r, and 
— r* + C = 0, and C = r^; hence, the whole area (y 
being then = o) = r*. 

Let us suppose the point r to move just above the 
surface of the earth, from the pole to the equator with 
the velocity as in the Proposition, to find the curve on 
the surface, over which r passes. Whilst the point r 
moves from r to e, let the point of the earth under r 
move from r to s, then as the point was vertical to *, it 
is now vertical to e, and se will be the path on the 
surface over which the point moves ; and the curve 
Pseg so described will be the curve required ; which 
is manifestly like to PntB, only lying the contrary 
wav^ Now re : vw :: I : n^ and vw i rs :: 1 (rad.) : 
C (cos. lat.) ; therefore 1 : en lire : rs :: rad. : tan. rse 
which the curve makes with the meridian. This ex- 
plains the cause of the Trade Winds. The cold air 
sets in from the north towards the equator, moving 
over the surface D of the earth in the manner here 
described ; and the earth moving from A to B, or from 
west to east, the current of the air over the surface 
in the direction Pseg makes a north-easterly wind on 
the north side of the equator ; and for the like reason, 
a south-easterly on the south side. If the greatest velo- 
city of wind towards the equator be 6o miles in an hour, 
I I n II I : 17,4 the tangent of r^e = 85^46' at the 
aquator, the least angle the wind can there make with 
the equator. 

Prop. CLVII. 

If two equal bodies B, C, move uniformly in the 
circumference ACLG A of a circle^ setting out from A 
at the same time ; to find the nature and area of the 
curve described by their centre of gravity. 
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Draw the diameter AOL^ O the centre, OG perpen- 
dicular to AL; let By Cy be two coteaiporary positione 




of the bodies ; join BC and bisect it in P a point in the 
curve A PRO; join OB, take OE:==OPy draw ^Fper- 
pendicular to AO, and FH to OO, and join FO. rut 
JO=ry OP^OE=Xy AQ = v, and arc AB : AC :: 
1 : w ; then w + 1 : n — 1 :: AQ : BQ :: v : BQ = 
fi 1 

7 X V. Now the area OFG = ^r x jPG, and 

n+1 ^ 

OFH=^x X ^Jr* — J?*; hence, |^j?v^r*— a?* — |rx 
^^6= - i/FG. Now (Art. 46.) ^^ x a; (^Q) : • 



w+ 1 



— rj? 



i :: r : x/r^ — a?% therefore ^ = x . - , ex- 

pressing the equation of the curve. Now (Art. 61,) the 
fluxion of the area AOP = 



x^v 



2r 



1 • 

^X X 



n — 1 
n+1 



7" ^ , whose fluent (Prop. 63.) is | x — -r x 



«+l 



(ia?v^r* - -i?*^ir X FG + C) = i x-^x(-.area 

-R?-ff+ C) ; but when AOP^o, FGH^AOG; hence, 
- ^OG + C = 0, and C = AOO ; therefore area 
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AOP = |x^ X (AOG - FGH) = § x ^ x 
AOHF-y and when x=0, the whole area APRO=i x 
^ X AOG. 

«— 1 

If w = 3, the whole area = AOG. 

If the bodies move in opposite directions, BQ = 

, and the whole area = 4* x r ^ AOG. 

n— 1 ^ n+1 

Prop. CLVIII. 

Le^ ABCD he a luminous globe; to find the 
quantity of light received at P. 

Draw PAOC through the centre O, and BtD per- 
pendicular to it, PB being a tangent at 5 ; take z w 




indefinitely small, and draw zv perpendicular to AG, 
and join OB, Oz. Put OB^r^ Ov^Xy t;«s=y, 
Bsj = «, «w = i, PO = rf, O^ =3 fl; then ad = r*, 
Pz^ = d* + r*-2dx. Now as every point is here sup- 
posed to give out light equally in all directions, toe 
quantity of light received at P from the annulus gene- 
rated hy zw revolving about AO, varies as that annulus 

divided by Pz\ it varies as ^,_£^=^-^^^-^, 

whose fluent is r^ x - h. 1. (i* -f /•* - 2 dx) + C ; bat 
this vanishes when x =^ a^ and the correct fluent it 
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2rf^. ^'^' d-+r'^2dx ' a"d when 0? = r, we get the 
whole quantity of light received at P, as -r-j X h. 1. 

cP-r' _ JO . , P^ 
tt+r*-2dr ~ TFO ^ PA' " 



. PB" PO'-BO^ , 2PO , . 

PO is very great in respect to BO, the quantity of light 

• u 1 ^O , , / . 2B0\ 

in this case vanes nearly as ■ p^ x h. 1. f i H — 7>7T" ) = 

(Art. 103.) -^^ X -pQ-, or as -p^. 

Prop. CLIX. 

Le^ a small glass tube CB ie partly Jilled with mer- 
cury up to A; to find whether it can heJiUed to such an 
height^ that upon the expansion or contraction of the 
glass and mercury by an alteration of the temperature 
of the air, the distance CO from the point of suspen- 
Stan at C to the centre O of occillation may remain the 
same. 

At any given temperature, let m = the weight of 1 
inch in length of the tube, M =? that of 1 inch of 
mercury ; and put a= CB, b = AB in inches, x = any 
length CL from C Then 1 : i ::m : mi the weight 
or quantity of matter in x of the tube, and 1 : x :: Mi 
Mi the weight or quantity of matter in £ of the 
mercury. Hence (Art. 65.), we proceed thus: the 

md^ 
fluent of m X* i = (when jc = a) — — , and the fluent 

Mot? 
of Ma?i = — ^— , but this must vanbh when x -=> CL = 
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a — i ; hence, tr e fluent corrected is ^ — ' ■ — • 



A = 
L| 

E 

OE 



Ba 



ma 



and 



Again, the fluent of mxx = (when a? = a) 

the fluent of Mxx corrected as before, becomes 
Ma" -- Mx (a-^by 



****dkte^M 



U ■ ■ 



2 



hence, CO = 3 x 



— ^ , w . — TTf—) r;^ . Now \iw = weight of the 



tube, W ^ that of the mercury ; then m = — , 3f =:-*•; 

J .|. w , , ^rk 2 dJa* +«' — («-*)* 

and II -^pj.= 0, we have, CO^=z - x -rr ; 7- — T[t;« 

W ' 3 dba + a* — (a—*)' 

But a change of a and £ from a change of temperature, 
will not change the numerator and denominator in the 
same ratio; hence, CO will vary with a variation of 
temperature. There is also another objection to a 
pendulum thus constructed, that is, that the eitpansion 
of the glass and mercury do not take place propor- 
tionably in the same time. This compensation pen- 
dulum was invented by Mr. Graham ; and although 
it is not perfect, yet a clock with such a pendulum will 
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go about 7 times better, that is^ will vary about 7 times^ 
less than tlie same clock with a common pendulum. 

LEMMA. 

Let AV, AW be two straight lines^ M a given point 
in the straight line DE, moveable so as to keep D, E 
in AW, AV ; tojind the eurve FMG described by M. 

Draw MP parallel to AVy and MH perpendicular to 
AJVj and these being given in position, let MP : 




A P GH D W 

PH :: a : e 2L constant ratio. Put AP = x, PMssy^ 

ME = a, MD = b ; then PH= ^, and a : 6 :: x : 

a' 

P2>=r^; hence, JW)t=*£Zi£; also Mfi* =: y» - 

a a ___^ 

^, and b-^y^^^^ = J/D* « .^^', and ft'** + 
a|* ^ ^ a' a \ 

a*y*^2bexy = a'i* an equation to an ellipse or circle 

(see Wood's Algebra.) The same if M lies without 

ED. 

CoR. Hence, the construction of an dliptical com«* 
pass, by making the angle A a right angle, and the 
points Dy E to move in two grooves cut in AJf^^ AVj a 
pencil being fixed at M as the ruler DE turns about 

Prop. CLX. 

Let A V, AW, be two peijhctly smooth planes given 
in position^ and the plane VAW perpendicular to the 
horizon x Ay ; ED a rod perfectly smooth at each end^ 
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b/ing on the said planes ; to find the position of the 
rod when it mil rest. 

By making the rod move, any point M, here supposed 
the centre of gravity, will (by the Lemma) describe an 




ellipse FMG. Let M be the highest point of the 
ellipse, then the centre of gravity of the rod being 
there, the rod will remain at rest ; for as EMD is a 
tangent to the curve at ilf, and parallel to the horizon, 
gravity cannot urge the point M of the rod to move 
either way. Draw MP parallel to AV^ MQ, PN per- 
pendicular to xj/, MH to APT, and PR to MQ. Put 
EM-^ a, MD:=z i, AP = x, PM = y, and let PM . 
PH :: a : e; then by the Lemma, h^x^ + a*,y* - 
2bexj/ = a'h'. Let s = sin. PAN, t = sin. MPR, 
rad. = l, and these are given from the given position of 
the planes ; then QR = PN = sx^ MR = f y; hence, 

sx+ty = MQ a maximum, but y = ex -f ^/A"*— rf* a?* 
^putting c =-^, rf* = 6' ^j; hence, ^a? + *cj? + 

t^,/¥-^Tx^= {if s+tcz=m) mx + t^/b^'-e^x^ = max. 
and putting it's fluxion = 0, we get x = .... ,^ ^ ^ . 

therefore by sim. tri. a : a + b :: x : AD = xx 

^ a 

is known. 
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Prop. CLXI. 

Let a pendalum consist of a rod CA, and two balls 
P, Q, 0/ which P the larger is Jixcd at A, and the 
smaller Q moveable ; given the time i of a vibration, 
to find variation of the place of Q corresponding to a 
small variation oft. 

Let C be the point of suspension ; then as we want 
only to deduce a practical rule, we neglect the weight 

tC 



c> 



of the rod, and suppose each ball to be concentrated in 
it's centre. Let CQ = x, CA=b; then (Art. ff5.) the 

Qx^ + Pb^ 

length of the pendulum = -^5 "pT* *"^ '^y Mecha- 
nics 30 2 inches • "^ •• 1*^ • /"* ~ x 

nics, dy,^ incnes . Q^^p^ . i • ^ "39,2 ^ 

n » Ul • Now as the increments of t and x are 

supposed to be very small, they will be nearly as their 

a ' u .J Q^x'x + 2PQbxx^PQb^x 
fluxions; hence, 2tt == 



39,2 X Qx+Pb\ 



. _ 39,2x2txQx+ Pbf . 
and X - Q,^^ 2 PQbx^PQb"^ ^ • 

Let 6 = 158 inches, a? =126,9, P = 20lbs. ; Q=llb.^ 
then tss2" ; and suppose the clock by the variation of x 

Y 
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to lose 15" in 24 hours, or 86400"; then 86400^ : ^ :: 
15" : 0",000347 the time lost in 2", or /; hence, 
i = 1,84 inches^ the corresponding variation of x^ or of 
the p*ace of Q. 

Clocks whose pendulum^ have large bobs, are cor- 
rected in this manner, as it can be done more accurately, 
the scale of variation being longer.. 

LEMMA. 

IF / as the length of a pendulum describing a cycloid 
whose axis is perpendicular to the horizon ; then by 
the property of the cycloid, the accelerative force at the 
arc X of distance from the lowest point : force of gra- 
vity :: x : / ; and this we may apply in all oscillations 
and vibrations when the acceleration varies as the 
space to be described from the point at rest, that being 
the law in the cycloid. 

Prop. CLXII. 

het a tube xdcy of uniform sizej the parts xd, ye 
being upright^ and jilled with a fluid up to ab^ and 
then depressed from a to m so as to force the fluid to 
rise on the other side to n ; then on removing theforce^ 
to find the time in which the fluid will oscillate. 

Put x^am=bn, I = length of the canal adeb; then 
the fluid at n standing at the altitude 2x above m^ 2x = 



2 J? 

moving force ; hence -j- = accelerating fbroe ; and by 

Qx i 

the Lemma, -rr : gravity ( l) :: ^ : - the required length 

of the pendulum. 
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Hence^ if this oscillation be analogous to the motioh 
of the waves of the sea, Newton concludes that the 
waves move through a space equ^I to their breadth, 
nearly in the time in which a pendulum whose 
length is half the breadth of the wave, makes a 
vibration. 

Prop. CLXIII. 

Let GHLM he a body (B) at rest in a vessel of 
water whose surface is EHMK; depress the hodhf 
through a very small space EP so that the water may 
rise to N, and then let the body go ; to find the time of 
an oscillation. 



Let a = section HM of the body, h 
M ss the magnitude of the body, V 



section EK^ 
part HLMy 




EP = X ; then as the part of the body depressed = the 

a X 

water elevated, EN x (h-a) = ax. and EN = t , 

o-^a 



therefore NP = 



ax 



+ X = 



bx J abx . 

, and -i = the 



b — a ' "' b-^a' ^^ b^a 

water displaced, or the moving force to drive up the 

body. But a quantity of water f^ acting upwards 

a^inst the body, keeps B at rest, or is equivsdent in 

effisct to £ ; to find therefore the equivalent efiect of 

abx ^^ abx -d E abx i. , ^. i. 

j—^, we say ^: g^^:: B.-px ^— j whiph th^jr^fpn^ 

represents the moving force acting upwards against B\ 

Y 2 
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hence, the accelerating force = j^ x , ■■ ; and this 
varying as a: the space from the equilibrium point, we 
have (by Lem.) W x j—- : 1 (Gr.) :: x: Fx — t- = 

F V 

-r-, the length (/) of the pendulum required. 

V 

If ft be indefinitely great in respect to a, /= — . Let 

f^ = a cylinder whose base is a, and altitude A, then 

To find the weight of a ship's loading, observe the 
length / of a pendulum which vibrates in the time 
a ship is found to make one oscillation, and a = the 
area of the section of the ship at the surface of the 
water, and we get V (la) the content of the part im- 
mersed. Hence, knowing the weight of a cubic foot of 
water, we get the weight of the whole ship including the 
loading" ; from which subtract the weight of the ship, 
and we get the weight of the loading. 

If the body be a cylinder whose axis is perpendicular 
to the surface of the fluid, the proposition is true, to 
whatever depth we depress the body, for then a remains 
constant. Now if A=the length of the part immersed, 

V=: h X a ; hence, A = ~ = /, when h is indefinitely 

great. 

Prop. CLXIV. 

The line « AB having a weight M upon it, is sup- 
ported by two strings AD, BE, and made to vibrate 
through a very small xirc; tojind the length of the 
pendulum. 
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Put A a ^ Bb ^x the arc described, AB = c, 
AM^a^BM^ by AD^m^ BE = n; then the weight 




M 




h n. 

of ilf at A=zM X -, and at B it = Mx -. Now the 

c c 

accelerative force of a pendulum varies as the arc 

divided by radius, the arc being very small ; apply this 

to ilf X - and M x ^» and we get the motions gene- 
c c 

b X a X 

rated as 3f x - x — and ilf x - x -- and the whole 



m 



n 



moving force = M (-x — '""^^5 divide |his by 3f, 
and we get the accelerative force = - x ^-^ + - ), 
which varying as x, we have - x ("^H"") • 1 (Gr.) :: x : 



mnc 



-T the length of the pendulum required. 

on -^am 

Prop. CLXV. 

Let a body MN rest on an horizontal plane 'xy at Ay 
and rolling it through a very small arc Ab^ let it 
return back and oscillate ; to find the length of a pen- 
dtdum which shall oscillate in the same time. 

Draw AL perpendicular to xy^ and let G be the 
centre of gravity, C the centre of a circle of curvature 
to the arc Ab; take AB^zAb^ so that the body rolling 
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/ 

from A to B, G may move to g and C to E in lines 
jptttbllel to ABy the two points turning about A. Now 




A.DB 



when a circle rolls in a straight line, it's centre must 
continue in a perpendicular to that line from the point 
of contact ; C therefore may be considered as the centre 
of ^ circle coinciding with Ab, and which comes to E 
when b coincides with B, BE being perpendicular to 
xy; hence, CE=iAB\ also, Eyg^ A, must be in the 
same straight line, the velocities, Ggj CE, being as 
AGy AC; and the centre of gravity now at g not being 
supported, if gD he perpendicular to AB, the body 
will (by Mechanics), oscillate back by a force which is 
to gravity as sin. DgB to rad. or as DB : Bg or AG, 

ax 



Put AG = fl, AC:=: by AB = x ; then b \a ii x i 

b^a 



ax 



= — z — X X 



b " 
also^ let 



Gg^AD; htoce, JBD=a:--r-=— r 



il/=quantity of matter in the body, r = the distance of 
any particle p from A, the body being supposed to be 
orthographically projected on the plane AMLN pass- 
ing through the centre of gravity, and in which the 
IxKiy oscillates. Now gB : Dn :: M : that part of 

JUx DB 

gravity which tends to bring the body b^ck = ^ — = 

Mx_ — X a? the moving force* But (Art. 6o.)yr*p 

l^ptesents the inertia of the whole body ; and to find 
the quantity of matter tn which placed at G shall have 



the same inertia, we t)ave by tlie.same Art.yr*j9= a'm, 
.tod m =/— J- Hence, we may conceive the moving 



a" 
force M x ■■ , x a: as having to move a body J ; 

therefore the accelerating force = Mx — y— x x x -r-r-N 

which varies as a:; hence, by the Lemma M x "" x 

a6 



X X 



a 



ax 



y-^ : 1 (Gr.) :: Gg = -^ (the indefinitely small 
space through which the body has oscillated) : ^ 

length of the pendulum = j^'f^^/^^ " y 

Ex. Let L/fiV be the arc of a semicircle whose 
centre is C ; from any point B draw BFb perpendicular 

c 




to CA\ put CB^Vy AF=Xy wrcAFszx, arc ^L=c; 
then chord AB=^/ fir Xy and BF^jJ 2rx'^x'\ also 

(Art. 46.) i= j==r; hence, /r>=/2rxx 12 ^» 
/ y = 4 r* X (« — a/ 2rx-x^) ac Pr. 69. (when 

x^r) 4r*x(c-r). Also (Art. 68. Ex. 5.) ^Gsr-^Ij 

and iif = 2c; hence, the length of the pendulum s 
4r*x (c— r) 

c 



2CX 



(-7) 



= ar. 
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Prop. CLXVI. 

Tojind the time ^' in which a pendulum will describe 
a conical surface CABEF. 

# Let AD be the altitude of the cone, v the velocity of 
the body B in the circumference BECF; then (Art, 




V* 



202.) -jY^ = centrifugal force of JB, the force of gravity 

being 32^= m ; and these two forces acting on B in the 
directions DB and parallel to AD, if we consider DB, 
AD as two levers, the effect of the former to urge 

B upwards is -jj^ x AD, and of the latter to urge B 
downwards is m x BD ; make these equal and 



x\/. 



m 



v=z BDx V -^. If therefore p = 6,2838, then 
p X BD = circumference BEC FB ; hence, BD x 

CoR. The time T' down 2 AD = \/l^; hence, 

m 

f : V V. p \/ : p v :: » : 2 :: circumfer- 

^ m ^ ^ m '^ 

ence : diameter, of a circle. 

Prop. CLXVII. 
Let A> B, be two indefinitely small bodies, attached to 
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the point O, so as to describe in the same time their 
respective conical surfaces ; tojind that time; 0,A,B 
lying in the same vertical plane. 

Draw OZ perpendicular to the horizon, AF, BG 
perpendicular to it ; and let c = the velocity about OZ 
at the distance unity ; then 1 : AF :: c : c x AF = the 




z 



velocity of A; therefore (Art. 202.) c^x FAx ^ = the 
centrifugal force of Aj and it's efficacy as before to urge 
the system upwards is c* x FA x FO x A; for the like 
reason, the efficacy of JB is c* x GB xGOx B is the 
efficacy of B ; also the efficacy of gravity to turn A and 
B in the opposite direction is m x (^ x FA + Bx GB) ; 
hence, c^ x FA x FOx A + c^x GB x GO x B ^ mx 

(AxFA + BxGB), and c = ' 

J mxjAxFA+BxGB) . ^ c v-r ^ 

^ FAxFOxA-tGBxGOxB' ^^'''^' ' P"^ ' 

p jp_ , /F A X FO X A + GB x GOxB 

^^"c^ JHH''^ AxFA + BxUB 

the time of a revolution. 

In general under the condition stated in the proposi- 
tion, if % represent any plane body, ^ any particle whose 
perpendicular distance from OZ is x^ and from O in the 

P V. A /flu. xy z , 
direction ZO is y , then t = -^ x V ^^ j^ > where 

the part on the opposite side of OZ must be considered 
as negative. 

To find the height A of a cone described by a simple 



330 



MISCELLANEOUS PROPOSITIONS, 



pendulum iu the same time, by the last Prop. ~J^ ^ 



sjh^ 




m 



\/lS;andh=*"'^-' 



flu. x% 



flu.^i 



Ex, 1 . Let OM be a uniform slender rod describing 
a conical surface ; draw MBy wn perpendicular to OZ; 




put Ow^Zy x^nWjtf=:Ony s = sin. c &cq8. of angle 
ZOM; then x=^sz, J/ r= cz, and. the fluent of xyi » 
€uent of scz^z = ^sc^y and fluent oi^i^^ fluent szi = 
^sz*; hence, A = f C5f = ^OB. And when the angle 
U is indefinitely small, h = the length of a simple pen- 
dulum describing a circular arc. 

Ex. 2. Let OMQ be a quadrantal arc, whose centre 
C lies in OZ, draw MP perpendicular to OZ; put 




r:=CM, a?=: PM, y = PO, Z = OM; then (Art. A&) 
xz-rzry \ hence, fluent xyz = fluent ryy = fry*, 
and fluent xi = fluent Ty'=iry\ and A = | y. 

Hence, whatever r may be, whilst OP continues the 
same, the time of revolution is the same ; which is the 
case of a simple pendulum when the height of the cone 
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remains the same. And the two revolutions are equal 
when the altitude of the cone = f OP. 

Prop. CLXVIII. 

If a candle be elevated above the centre of a circular 
table ; tojind the light received upon it. 

Let A BCD be the table, O the centre, OH perpen^ 
dicular to the table^ Hthe place of the candle, rsvw a 




concentric annulus, and rt perpendicular to sH. Put 
p = 6,283 &c. X = Hr, a=HO, then Or^ = x^-a\ 
and xi = Or x Or = Or x rs. Now n6 more light 
falls on rs than what falls on tr, and therefore it varies 

tr 
as jj ^ ; hence, the quantity of light fallen on the 

, pxOr X tr -. ^^ 

annulus varies as - — jjt^ = (as Jtir : HU :: rs : 

. /I X HO X Or X sr __ paxx _ pax , ^ 
tr) -jg-^ — ^ — —p;— whose fluent 

is h ^ the light fallen on the area whose radius is 

X 

rOj which vanishes when x :=^a, and the correct fluent 
. ^ a ^ HO 
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If rs be indefinitely small and given, and Or be 
given ; then the quantity of light on the annulus is as 

-^ ; and to find the height OH when the light re- 

ceived on the annulus is a maximum ; put Or = a, 

OH'szX', then 5-= max. whose fluxion made 

a 

= 0, we get X = T^- 

Prop. CLXIX. 

If a body revolve about an axis x O, the centri- 
fugal force is the same as if all the matter were 
collected into the centre of gravity C. 

Let a plane of the body pass through C and x ; 
p a particle of the body, pv perpendicular to that plane, 




H o 



and CH, pz, vfs to xO. Then as the centrifugal force 
or p oc pz, resolve this force into p x vp, p x zv i 
then by Mechanics, the sum of all the p x rjn—O, and 
the sum of all the pxzv = body x HC ; that is, the 
whole eflfect of the centrifugal force = the centrifugal 
force of the whole body placed at C. 

Prop/ CLXX. 

Let BD be an horizontal table moveable about the 
centre A ; P a body lying on it and connected with a 
^^y Q ^ ^ string going from ifs centre of gravity 
parallel to the table, passing under a pulley at A and 
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over another at m vertical to A, Q hanging freely 
down ; and let the table be turned about A and carry 
P with it J so that the centrifugal force of P Jnay draw 
Q up^ P being constrained to move in the line ACP ; 
to Jind the time of describing CP, P setting out 
from C. 

At the distance 1, let c =. circular velocity of the 
table^ ass AC, x=APy t;= velocity of P, the matter in 




P being conceived to be concentrated in it*s centre of 
gravity, /sstime of describing CP, wi=32-^feet. Then 
(Art. 202.) gravity being represented by m, the cen- 

trifugal force of P = x P =c^xP ; therefore the 

moving force = c'xP — iwQ, and the accelerative force 

c^xP^mQ ,,. ,,^, . c^xP^mQ . 
= — pqiQ ; and (Art. 82.) vv ^ p^Q x x, 

whose fluent is — = fz — ^ x — - -- — - x x-^-C; but 

2 P+Q 2 P^Q 

c^P 

when v =5 0, x^=^a, and putting c* — p q x a* + 

PTQ ^^~ 'TTQ ^ ' TTQ "^ ^' correct fluent 
is V* = ix- -ex + b; hence. / = -7^=^===^ = 
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^ V-'-l' + j 

and (putting -. 5; =n*), we get ^ = -— =-. y . f 

and f = -T- X h. 1. (y + V^/' + «') + C"; but when 
f = 0, a? = a, and therefore y = a ^ g; hence, 



the correct fluent is * = /-r x h. 1. ^^ ^^ ^ 

fit Cz 
When c*x P— m Q = 0, or J? = -^^r^ the accelerative 

force vanishes ; if therefore P were to be set oflF at 
that distance, it would remain at rest. 

On this principle the whirling fable is constructed. 
Instead of a complete table, different arms are put on, 
and by means of different >vheels, P is made to revolve 
at diffirent distances in difierent times, and different 
weights Q may represent different attractive forces. 
Thus the periodic times, distances and forces may be 
adjusted as we please. If they be adjusted to the case 
of the planets, the experiment proves thp law of gravity 
to be in the inverse square of tne distance. 

Prop. CLXXI. 

To find the altitude of tlie highest cylinder that can 
he raised on any part of the eartKs surface. 

Let C be the centre of the earth, P, p it*s poles, 
EQ the equator, CL Ithe cylinder in the direction C/ 
of the radius. Draw IM^ LA perpendicular to CPA^ 
and AB to CL. Now when the centrifugal force at L 
in opposition to gravity be equal t6 gravity at that 
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point, the cylinder can be raised no higher, since at any 
greater altitude^ the centrifugal force would be greater 




than gravity, and therefore the parts would be thrown 
off. Put r=C^ = C/, 6=//lf, rf=CiW;x=CL,c = 

— — the centrifugal force at J5, gravity being unity j 

hx 
then by sim. tri. r : b :: x i AL = -^ ; hence (Art, 



h X 
202.) r : — •' 



chx 



.• c 



the centrifugal force at L in 
the direction AL^ JL revolving about A\ and AL : BL, 
„,,: J ::£*£: £|i the ce„rtfi.g.Ifo«=eia the dl«b. 

tion IL. Also, -a • ^••- ^ (gw^vity) : ^ the gravity 



at L ; hence, — r- = -^ , and x = — -r > and r 



r3 






CtA^ 



^ rsi IL the altitude of the cylinder req^uired. 



To find the weight w of this cylinder, put a? = Cm, 
n as the weight of a cubic foot at the surface ; then the 

wh(Je fopce at m towards C =: ~ — , iirhich at / 

X* r^ 

, eft* , . ^A* r' c6*a? 
becomes 1 r- ; hence, 1 — -r- : :3 -^ ;— :• n : 
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■^"^J— (putting g= ^,_^,y j the weight of a 

i-fii. i_ er^x cb*exx 
cubic foot at m ; hence, — ; — = ?&, and w= 

€ V^ C b^ € X^ 

""F 2^^"*" C'; but when 11? = 0, J? = r, and the 

correct fluent is w ^ er + — ^ ~ ^ ^^^'^' . 

2r X 2r^ ' 

5 

and putting ——. for x, we get ti? a er + ^ £ - 

(ftlnr 2 r 

At the pole, i = 0, w = er = nr, and x becomes 
infinite. At the equator, i = r, and w = 



/2 4- c 3 4.\ 



Prop. CLXXIL 

If a perfectly Jlexible horizontal rod AB be bent 
through a very small space into the curve AC by a 
weight P hating from ifs extremity; to find the 
nature of the curve AC, 

Draw AF perpendicular to AB^ and CG to AF\ take 
Acy Rs two equal indefinitely small parts of the curve, 
F, O, the centers of curvature to Acj Rs, and join cFj 
RO, s O, and draw cb perpendicular to AB, and sr 
to the tangent Rr, and RM perpendicular to CG. 
Put CM = Xy MR = y, then by the property of the 
lever, the eflfect of P at ^ : effect at R :: CG : CM; 
but these effects are as 6c, rs, hence, CG : CM:: be : 

rs::^:~j :: RO : AF, and CMx RO^CGx 
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SS7 



r^4 



AF— a* a constant quantity ; hence^ Zl; 




— fl*^V /fc* — 4? V 

a*, and X i = V . Put y = ^\ then j? =--5^- ; 



faence^ a?i = 



a*i**i;v 



• j» 



a*xvv 



x'v* +sty i5»+a»f 



SI"!" 



, whose fluent is 



i^ 



and ^ 



r|; butv*=To; hence, far* = 



ft * 



y 




x^+2f' 




4a» -X 



= the equation of the curve. 



Prop. CLXXIII. 

If two equal weights P, P, he connected hy a string 
passing oi>et any number oftacksy a, b, c, d ; tojind thi 
pressure against each tack. 

As the tension of the string is every where the same,. 
\etbm = bn represent that tension, or P, and cotiiptete 
the parallelogram mbnf, and let the diagonals int^sect 
at v; then 6r is the compound force arising from the 
tension, or the pressure on & ; hence, the pressure on 

z 
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the tBck b : P :: hr^ or 261;, : hm v: twice cos. of half 

h 

r. ^v 




the anglie mhn\ radius. 

If the number of tacks be increased and their 
distances diminished, so that they may approach a 
curve as their limit, hv becomes it*8 sagitta, which, as 
the increment of the curve is given, varies inversely as 
the radius of curvature. Hence, a string going over a 
pulley^ presses equally on every point. 

Henc^t a musical string during it*s curvilinear fprn), 
endeavours to restore itself in a direction perpendicular 
to every point, by a force which is inversely as the 
radius of curvature. 

Prop. CEXXIV. 

fo^Jind the motion of a mtmcal strit^ AMNL. 

Let the string be fixed- at A, h, AQL it's quiescent 
pasition, AMML. itV extaeme positim, ACPL any 




other pQ9ition ; bisect A£i in Q;^ and draw QPN^ 
BCM perpendicular to Al^. Put AQL^^ NQ::^b^ 
AB^Xy nC^jfy AC:=zz, it = radius of curvature at C, 
r 9 that at Nf n^s weight of the string, /sJtV tension, 
am m \Q^ feet, c 9 3,14159 &c. Now as every part of 
the string confies into the position AQL at the same 
time, everv point C must be urged towards J3 by a 
force which is as (he distance CB (Art. 83. Ex. 2.) ; 
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and by the last Proposition* it is urged by a force in a 
direction perpendicular to the curve, or, as the vibra« 
tions are supposed very small, in the direction CB, 

and is inversely as iJ, or inversely as ^ , i; being con- 

stant; we have therefore y : h :: r : ~-, and yyz^ brie, 

and the fluent is hrx = iy'«+C'; but at N^yszbj, 
iszzi hence, the correct fluent ia Jri— iri = |- 

f.a ia\' J. f(y'-*') + *r . ^hf^-b')+br 

or or 

nearly (as r is very great in respect to y and b) ^br x 

/A*—. «' *"^ ^ ~ (^) * circular arc whose sine is 

r and radius = 1, and when y ^b, m ^ ^a\ hence. 



c , a* 



|- a z= Vrix -, and r = -j-^. Now let us puta? = PQ, 

V = velocity at P, then the radius of curvature at Pas 

a* 

-J— by our last step ; and by the last Prop, the motive 

gm% l€^X 2 

force of P : / :: % : -r~, and that force = — 5— ; but 
a : w :: z : — the weight of i ; hence* the aecelera- 
tive force of P = — , and (Art. 82.) i;v« - ^^ x 

xi\ therefore v^ = ^^. x (a?* + C); but when 

z2 
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r = 0, « = b, and t;« = ^^^^ x (6*-«»), s^nd t; =fe 

x/6* — x% and when «=0, v=ibc\/ 

the velocity at Q. 

Lastly^ if ^ =r time through iViP, / = = 

1 ^i 1 
4 X J and # = J. - X (— circ. 

arc (-^) whose sine is f , rad. = l + C) ; but when 

o 

/i=0, x=6, and t = ^ . x ( - -^ + quadrafnfal 



c 



wa 



arc) = ,■ - X q, q being an arc whose cosine is 

wa 
f , and when a? = 0,^ = 1^ c, and f ±r |\/J?!_?L. 

Prop, CLXXV. 

To find the equation of the elastic curve. 

The property of this curve, is, that the ordinate 
varies as the curvature. Put x = abscissa, y = ordinate, 
z = curve ; then if « be constant, the radius of cttrvar* 

ture = ^ ; but the curvature varies inverselv as Ae 

X 

X 2 V ' X 

radius ; hence, y *=* P' °'' "# = p^' *"*^ ^^^'"^ 
«**, and z being constant, the fluent is i/H=a*x+m*i, 
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mi 



m^i being a constant quantity to correct the flu ent; 
hence, a'i = (j/^-m^) x i = (y'-m*) x ^i» +y*, and 

(y'-m*)xy if ^ - n ^ - -*^1= 

By the last Prop, it appears that the musical string 
approaches to the elastic curve as it's limit. 

The curve r\ . may be constructed by the rec- 
tification of the equilateral hyperbola. Let C be the 
centre of an equilateral hyperbola PA, A the vertex, 
Cy perpen(}iculjEir to the tangent PJT; and take 




CQ = Cr, the ordinate QD = PF = PA, and D 
is a point in the curve. Put x = QD, y = CQj 



a' 



a= CA, AP=:z, Pr=: w, CP = Vy then t; = --, 

sim. tri. Pmp/ PCVf Pp being indefinitely small, 
i : ^ :: t; : «i; :: a* : ^a*— v*. and as t; = — , ^ = 

• y 

"^, we have z =s ^ r . ' . ; but x = fi?-)s, and 



y 



— 4/av. 



— y y 

i = w - i = y ' ' . j: jthp .equation to be constructed. 

va*-y* 

In general the leurve piay be constructed by the hyperr 
bola and elUpse ; sejB Jifaclaurin's Fluxions, Art. 928^ 
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Prop. CLXXVI. 



v^v 



Tojind the fluent of ' y^"" . 
The construction of the last figure remaining, let 



1 



CA=i, CP^v, then Cr=-,l>r=\/i^^= 
V — i^ — ; ana hy Sim. tri. % :V v.v \ ^^ — , and 



V 



V 



t;»^ 



% = i ; the required fluent is therefore the arc 

AP generated whilst v flows from -4C or 1 . 

Prop. CLXXVII. 

Let ACB be a curve supporting a fluid; to find ifs 
nature. 

Let DB = byDP ^ j?, Pilf = y.CM^z-, then as 
the pressure of the fluid is as it's depth, and equal in 

B P D A 




all directions, the pressure perpendicular to the curve at 
M varies as y ; this therefore is as the curvature, or 

inversely as the radius *-^^ z being constant ; assume 

therefore — ^ = -r-r ; hence, this is the same equation 
a^ y z 



as in Prop. IJb. and i = 



(.y'-»»')xy 



\/a*-y^^^^*' 
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Prop. CLXXVIII. 

Let PQRm be a great circle of a sphere perpen- 
dkular to its axis of rotettioHy passing through its 
centre C ; om a slender cylindrical part (f the radius 
Cm m a direction passing fkhmgh C ; and whilst the 
globe is revolving, let oni be moved in the direction of 
the radius into the position m n ; to Jind how much t/re 
time of rotation will be altered. 

Let M be the quantity of matter in the sphere; sup«- 
posed of uniform density^ m the quantity in the cyltnd^ 




om or mw, G the centre of gyration of the globe, y, g^ 
those of the cylinders om, mn; then (Art ol. Ex. I.) 



Cy 



= v/ 



Cn^ - C o 
3mo 



?i 



' ^ ^ 3mw 



Now 



the taking away of the cylinder mo, is, in respect to its 
inertia, the same as taking away a quantity of matter m 
placed at y ; and adding the cylinder mn^ is the same 
as placing m at g. Now to find the quantity of matter 
{q) at & which is equivalent in its mertia to m at y^ 
we have (Art. 6o.) q x CG^ =: m x Cy^^y and q ^ 

ptfsf ; in like manner, the quantity of matter at O 



equivalent in its inertia to m at g, is ^' ^^f ' 



The 



whole quantity of matter therefore to be added to M 
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placed at G, which shall be equal in its inertia to the 
removal of the cylinder om into the position mn, is 

^CC^ X {Cg^ - ^iH* Hence the inertia of the globe at 



m 



first : inertia afterwards :\M i M+ y^j x {Cg^ — Cy^) ; 

and as the velocity must be diminished in the ratio of 
this increase of inertia, the periodical time must be 
increased in that ratio. 

Hence, such an alteration of the Earth from sub- 
terraneous forces^ may cause an alteration in its time of 
rotation, though probably too small to be sensible. 

Prop. CLXXIX. 

Let a body descend down any curve NA ; to find the 
pressure at any point Fr 

Let BNfVy PMRj be perpendicular to the horizon, 
PDQ, AMWy parallel to it, Jr Q the radius of curvature 
at P, an4 let PJRf = I rjepresent thp fo^p of gravity, 




which resolve into JR5 perpendicular to PO, and PA 
Put MA=.x, PM^y. AP-Zy NW=a the diameter 
of the semi-circle NDW^ PO^r^ BN=^n the space 
through which a body roust fall to acquire the velocity 
at Win the curve, m= l6 -rV feet, r= velocity of a body 
revolving in a circle at N about the center tV, f^== the 
velocity of the body in the circle of curvature at P, or 
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in the curve at P. Now (Art. 210.) a body must fall 
down ^ a to acquire the velocity v at Nj hence t;^ = 3 m a ; . 

and by sim. tri. z x x i: I {PR) : t that part of gra- 

vity which acts in the direction PO ; but (Art. 202.) 
the forces of bodies revolving in circles, vary as the 
squares of the velocities divided by the radii ; hence, 

— , or 2m : — ::!:-:, and V* = — : — ; but the 

a r % z 

square of the velocity at 0, or at P, is equal 4m x 
JBQ=:4mx (n+ir— ^); but to the same radius, the cen- 
trifugal force is as the square of the velocity,' and the 

• 

centrifugal force at P corresponding to /^, is - , it being 
equal to its centripetal force ; hence, — : — : 4 m x 

3C 2 

(n+a— y)::- : - x (» + a— y) the centrifugal force at 

P in the curve ; this therefore taken from - the force 

. z 

ii 2 
of gravity in the direction PO, gives -: x (n + a - y) 

Z a 

the pressure at P. If the body begin to descend from E^ 
and EPl be parallel to AlV^ and IXW^a^ the pressure 
X 2 ■ . 

z r ^ ^ 

Ex, 1 . Let NA be the quadrant of a circle whose 
centre is fV^ then O coincides with^ and r:=ia\ also, 

z : X v. a : y, and -. = - ; hence, the pressure = - — 

^ X (» + a-y) = '^— — > the weight of the body 

€t a 

being unity. If the body begin its motion indefinitely 
near A^, « = 0, and the pressure = -^— — . 



546 
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If NA be convex to AW, the whole pressure at P =3 
-: + - X (n + a-y) ; or when w=0, it becomes t + - 




Ex. Let NA be the quadrant of a circle. Tlien 
the pressure at P = — ^ + - x (w + a— y). When the 



a 



a 



body comes to Aj if «=0, the pressure = 3^ the weight 
of the body being unity. 

Prop. CLXXX. 

Let the body descend down the curve NA (Fig. last 
but one) ; to find the point where it will quit the curve. 

The body quits the curve at the point where the 

pressure = ; or when x (fi+a— y)=eO. 

z r 

Ex. Let NA be the quadrant of a circle. Then 

r=a, and- = ^; hence - - - x (n+a—y) = 0. If 
^ z a a a ^ ^' 

#1 = 0, y^\a. If n be not = O, thenSy- 2a'-2ns=i0, 
or y^^ (a-^n). As y cannot be greater than a, the 
limit of n is I a ; if n be greater than that^ th^ body will 
leave the curve at N. 

There is another rule given to solve this problem : 
that is, to make the fluxion of the velocity in the direc- 
tion of the ordinate, a maximum. But to establish this 
principle, it must first be proved, that when a body 
descends along any curve, the fluxion of the velocity in 
the direction of the ordinate, cannot, first increase and 
then decrease. 
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As iJie body quits the curve where the pressure =« 0, 



X 



or when x (n+a-y) = 0; it is manifest, that 

when this quantity can never become = 0, the body 
will never quit the curve. 



Prop. CLXXXL 

If the earth were a perfect sph^e^ how much would 
a plumb-line deviatejrom a perpendicular to the surface ? 

Let C be the centre of the earth, E the equator, P, /?, 
the poles, draw LM perpendicular to PC, produce it to 
Wy let Lw represent the centrifugal force at L, and draw 




^- 



M 



e- . 







wv perpendicular to the tangent vL. Let CP = I, 
CM^x^ ML^y^ c = — - the centrifiigal force at E^ 

289 

gravity being unity ; then (Art. 202. Cor. 2.) 1 : y :: ' 
c I cy ^ Lw, and I : x i: cy : Lv = cxy the force 
which draws the pendulum from the perpendicular* 
Now that the pendulum may rest, the force of gravity 
to bring it back must be = this force ; and that force 
{cxy) : gravity :: (s) the sine of deviation : 1 rad. 
nence cxy^ss; but if « = sin. 2 EL, xy=z^z; hence. 

The deviation is greatest when z is greatest, or ii^ 
lat. 45^ 



348 
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Prop. CLXXXIL 

If a body he hid at any point K on the earth* s sur^ 
face^ supposed a sphere ; tojind the velocity with which 
it would arrive at £. 

Put 2 = EL, h = KN, d = CN, t;=velocity at L; 
then from last Prop, cxy = Lv the accelerative force 
towards JE; hence (Art. 82.) v-y = — 2mcxy% = 

(as — a; : y ::. 1 : x) 2mcyyj and ^'=zmc (y* + C*)} 

but when v =0, y z:z b; hence^ v = (when y = l) 
dsj 2mCy the velocity at E. 



Prop. CLXXXIII. 

Let a uniform straight rod ABC revolve about a ver- 
tical axis BO, G its center of gravity on the lower side 
AB ; to jind the velocity of the rod about BO, to pre- 
serve the axis vertical. 

Join OG^ assume any point x^ sind draw An^ 
Cm^ Xy^ Gv perpendicular to OB ; . put AB ;;= <i, 




An 
Bm 
Brz 



= 6, Bn := c, Gv = e, BC^q, Cm = A 
= 7, AC=p, vO = q, OB=:d, mm 32^ feet, 
=x, V = velocity at the distance 1. Then a : b :: 
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± : — - = J?y, a : c :: X : — = -By, then Oy=zd ; 

bvx 
Hence, the velocity of the point x = ; and (Art. 202.) 

bt)^x 
the centrifugal force of or = ; and the effect of this 

force on x to turn the axis about O = — x xx x 

a 

(d ) = X XX T-xa?*i, the fluent of which, 
a/ a a* 

when a?=a, is \ahdv^ - \ ahcv^ the efficacy of AB to 
turn BO about O. By the same process we get ^afidv^ 
+ +0/871;* the efficacy of BC to turn BO about O in 
the opposite direction to that of AB. Now to find the 
force (/) acting parallel to the horizon to support the rod, 
draw Gw perpendicular to 00, Gvr to BO, and rw 
to Gw. Then as the tendency of G is to move in the 
direction wG, we have, ac .f : Gra. :: i^w : Gw, and 

ac.f . = Gra. x —j^ =s Grra. x 777=^ ; but a force (f) 
•^ wG GO ^•^ 

acting parallel to the horizon to support the rod : ac .f, 

( = Gra. X 777^) - Gr : Gw :: GO : vO, therefore 

^ ^ Gv m X AC X Gt; iwi^e „ 

/= Gra. X —p. = r-^ = ^-^—* Hence, 

^ vO vO q 

i abdv" - + ahcv^ + ^^^^ = | afidv" + i a/Syt;*, and 

• ^ - y _^ 

1; = \/ — r — ^^ -— ; in all cases 

^ ldqx{afi- ab)+^qx{flbc+apy) 

therefore where v is possible, the axis will remain at rest. 

If the efficacy on the right of BO be greater than 
that on the left, the rod will ascend. 

Instead of a line we might have supposed a plane 
body, and the calculation would have gone on, on the 
same ground. 
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Prop. CLXXXIV. 

A candle 1 2 inches long burns down 1 inch the first 
hour ; and it bums down with a velocity which is as the 
distance of two inches from the top at first ; in what 
time vdll the whole candle he burnt out f 

Put X cs any distance burnt down^ v = corresponding 
velocity of burning down, if' s time, and let the velocitjr 

be represented by w x (2 + x) ; then t = . , and 

Wt X (2 *\' Xj 

^= -- X h.l. (2+ J?); but when a?=0, f=0, and / = 
m 

1 2 + X 

— X h. 1. ; now when t = 36oo", a? = 1 . inch ; 

m 2 

hence, 36oo = — x h. 1. 4, and -• = r—, — ; hence, 

m 911 n. 1. -§- 

3600 . • 2+0? J , ,^ ^ 3600 

t = V— i — X h, 1. — — - , and when x= 12, t=> r 

h, 1. 4 2 ri. 1. 4 

X h. 1. 7 =: 17277'' 25 4\ Af. 67". 

Prop. CLXXXV. 

ijT a small cylindrical rod AB pass fi^eely through 
a hole at C, about which point it has a rotatory motion, 
and the rod be unequally divided at C ; to find the time 
in which the rod will quit the hole. 

Bisect the rod in D, put AD-DB^a, CD-x after 
any time /, d the first value of a?, v = velocity of D in 



-.^-^ -H B 

r n 



the direction of the rod at the time . t, and at the 
distance 1 let c = velocity about C, and y 9 distance of 
any point of the rod from C ; then I : y :: c : cy the 
velocity about C at the distance y ; and (Art. 202.) c*y = 
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centrifugal force at that distance, the force of gravity- 
being 3 2 -J. feet ; hence, cjf'y is the fluxion of the force^ 
and the fluent is \ c*y' ; and making y — CA^ CB^ or 
a + j:, a — x, the centrifugal forces of CA^ CBj are 
§ c* X (a + 0?) *, f c^ X (fl - x)\ and their difference is 2 c* ax 
the motive force by which the rod is urged in the direc- 
tion CAj and this divided by 2 a the quantity of matter 
in the rod, gives c*x the accelerative force m the same 
direction. Hence (Art. 82, Cor.) vv = <^xx, and the 

correct fluent is v = Csjx^-d' ; and / =? — /-r^*-'^; ; 

^ C\/x -—cr 

hence (Art. 45. Ex. 4 J the correct fluent is (whenx=:a) 



* = 



7* X h. 1. ^ "^ V ^ ^ the time required. 



c^2 ' a 



Prop. CLXXXVI. 

Let two weights P, Q, be connected by a string passing 
aver a pulley {supposed unthout wsight)^ and begin their 
motions from a» b, in the same horizontal lint x y, 
and at the same time to begin to vibrate ; to jind the 
number of vibrations whilst they describe any given 
space. 

Put half the length of the string :=; a,x =^ aP^bQ,. 
then a :t:a:=tbe lengths of the two pendulums, theuppeir 

ID 



sc- 



QQ 



sign belonging to P and »the Tower to Q, ^= l6^ feeC 
s; 198 inches, r = 39,2 inches, m s jrm ^^^ itocele- 
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ratingforce ; then ms^ space described in the firstsecond ; 
hence^ ms i x .: r* : <"* ac ^and^ = 




ms y/ms 

the time of describing x; hence^ /*= — 7==. Now 

x/r" : sja±x :: l" : /i the times of vibrations 



of P and Q respectively ; hence, '^ — j=r- : 



a?""ajr 



y/r * 2 ^ 



mi 



:: 1 oscillation : . . x ■ . the fluxion of an 

2\fms \/a±x 

oscillation corresponding to i, or x of descent or ascent. 

x^^x 2y 

Now for P, put /^a + x =y, then y = . 'J , 

and the fluentof - "^i =. x y is 7~7= x [3 h. I. 

2v^m^ ^a+x 2s^ms 




2sjms 



the number of vibrations whilst P descends down a? ; 
but when x^Oy the number of oscillations =0 ; and the 




correct fluent when a; = a is -^=» x h. 1. (i\/2'+ l) 

which is always the same whatever the length of the 
string may be. 

For Q, put s/a — a? = y, then . = —= x 




y , and the fluent of — 7==: x -7= x - ^ ^ 



MISCELLANEOUS PROPOSITIONS. 353 

is ■ P— = X (cir. arc {A) whose rad, = ^/a, sin. = y or 

f fp I 

fj a — x+ C) and the correct fluent is — 7== x —7= x 

(A^q) q being a quadrantal arc; and when a? = a, the 
number of vibrations through the whole of Q's ascent = 

v^ 1 , >—* 

. — X —p X 9 = (asy : y .:: 1 : v ^^ P^t^^^g P ft>^ 

the quadrantal arc whose radius = 1) . x p, which 

is therefore the same, whatever be the length of the 
string. 

Prop. CLXXXVIL 

■t 

If a pendulum vibrating seconds at the eartKs sur- 
face be carried uniformly upwards at the rate of a 
radius of the earth in 24 hours ; how much will the 
pendulum lose ? 

Put r = radius of the earth, x = any distance of the 
pendulum from the center, b = 86400" in 24 hours^ 
t = time of ascent to the distance x; then (as the time 
of vibration varies inversely as the square root of the 

- X 

force) t^jT^ : v a?* or r : a? :: 1" : ^ the time of a vi- 
bration at the distance x; also nx-riiJ : /=- x 

r 

• b X b 

f^— r), and /=-i; hence,- : - x i :: I oscillation : 

i X - the fluxion of an oscillation during x of ascent^ 
whose fluent is J x h. 1. a: + C ; but when a: = r, the 

AA 
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number of oscillations = O ; hence, the correct fluent is 

6x h. 1. - the number of oscillations in ascending x - r. 
r 

But the number of seconds in ascending a? - r = - x 

(a: - r) = number of oscillations at the earth's surface ; 

b X 

hence, the time lost = - x (x — r)— i x h. I. - ; and when 

X = 2r, the time lost = 5 x (1 -h. 1. 2) = 86400 x 
0,30686286 =7\ 21'. 62". 



Prop. CLXXXVIII. 

If the same pendulum be carried uniformity down to 
the center of the earthy tojind the time lost. 

The same notation remaining, we have (as gravitjr 
varies witljiin the earth as the distance from the center) 

11 r^ . 

—7^ : -7=- :: l" : -v the time of one vibration at the 

h 
distance x from the center ; also r : r- a? :: 6 : / = - 

r 

X {r-x)y and / = X i; hence, -~ : x i :: 

x^ 

1 oscillation : — X - x^x the fluxion of an oscillation 

r* 

2b 
during the descent i, whose correct fluent is — — x 

3r* 

(r "^ — x^) the number of oscillations in descending r — x ; 
and when a? = 0, the number = ^ i ; hence the time lost 
s= fe—^6=^J=s8 hours. 
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Prop. CLXXXIX. 

A pendulum 39,2 inches long, increased uniformly 
one-tenth of an inch in 24 hours ; how much did the clock 
lose that day ? 

Put a = 39,2, m =: 0,1 inch, h = 86400", x = the 
increase of the length in the tinje /"; then mix:: 

- . 6 . — y \J a'-\'X 

o : t = — i; and x/a : \/a+x :: 1 : 7==— the 

m ^ ^ ^^ 

time of one vibration when the length is a+x ; hence, 

aJ^u + x i . , .|, .. b x/a 

^ ^_ ■■ : — a: :: I oscillation : — ^i^— ^ . 

^a ^ w ^a+x 

fluxion of an oscillation corresponding to the increase x 

of the pendulum, the fluent of which is ^^ x 

(y/a+xi- C) ; but when x=.0^ the number of vibra- 
tions = 0, and the correct fluent is — '^^ x (x/a+o?— 

m 

,^/a) = (when x=^m) — ^^L— x ^ a+m + \/a the 
number of vibrations performed in one day. Hence the 
clock lost h ^^ X (x/a + w — x/fl) seconds. But 



^ 1 
X . the 



m m^ 



tij a + m -^ ^/a = — 7 ^, neglecting the other 

2a* Sa^ 

terms 00 account of their smallness. Hence, the seconds 

hnt 

lost in 24 hours is — = 66", 1. 

4a 

As the loss of time is in preparation to m, for any 
other increase w, we have m : u; :: 56'', I : 65", I x 

w 

— the loss of time. 
m 

AA 3 
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In general, if the vibration of a pendulum continually 
vary, either from the variation of force or lengthy the 
computation is made on the same principle. 

Prop. CXC. 

To compare the force of gravity with the force (f ) 
by which the surface of a fluid descends in a vessel 
emptying itself through a small hole at the bottom. 

Put % = area of the surface, n = area of the orifice, 

x= depth of the fluid, f = time of emptying the depth ar, 

n - 

m = i6tV feet; then (Art. I93.) - x ^/wa? is the 

velocity {v) with which the surface descends. Now if 
2m represent the force of gravity, vi) =/*i; but v = 

;— / X ^^ix t n vv o /I 

ns/mx ( i -~r)and/= — = n«m(--;5- 

For a cylinder or prism standing on its base, z is con- 

T^m 
stant, and i = 0; hence, /*= — ^ a constant retarding 

force. 

If — 5-7 = 0, then /*= 0, and the surface 

rh fl Z 

descends uniformly; hence - = — , and h. 1. a? = 

X z 

2 h. \. z, and x = z^ ; but if y be the ordinate, cor- 
responding to the abscissa j?, z varies as y% hence x varies 
as y* the equation of the curve. 

Prop. CXCI. 
No ovalflgure can be squared, unless it cuts itself. 

— — — N ^ 

LetPiB = x^ BM = y ; assume x^—px+q'^y whose 
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fl uxion is ^ ^x* — px + q x {2xx-pi); let t/ = 
s/oc^rP^ + q X (2 J? -/?) ; then the square root of a quan 

tity being + or — , the ordinate y has two equal values 
BMy BM' lying on th e opposite sides of the abscissa. 
^owt/xzsz^x^—px + q X (2 a?i— /?i) ; and the quantity 




without the radical sign being the fluxion of the quantity 

under it, the fluent (Art. 40.) is ^ x x^-px+q]*^ and 
under no other circumstances can the fluent be found in 
finite terms 3 this appears from Art. 3 9*. N ow make 

a^^px + q = 0, and let the roots^ ± V — - a, be m, ni 

2 4 

take PA=z m, PD = ny and then, as in each casey=o, 

the curve cuts the axis at ^, X) ; but 2i?— p = O is the 

limiting equation to x'- pa? 4-9 = 0, and therefore its 

root - lies between mandn; let PC=:^ . and then 
2 2 

as ^ = 0, the curve cuts the axis at C between ^ and D ; 

also AC=i CD, PC being an arithmetic mean between 

PAy PD. For X put ^ ± rf, that is, take an ordinate 



* If P be any fluent, it's fluxion must come from it as a basis; that 
is, the fluxional part, considered by itself, must depend on and be 

3 

derived from P. If therefore P=J?*— /)J?+^]^, the fluxiona] part 
must depend on. jr*— pj?-J-y, and 4. Now we know by the above 
article, that the fluxional part must be 2j?i— pi, or some constant 
multiplt of it, to preserve the same basis, or that the fluent may be 
found. If therefore the fluxional part were not of that form, two 
diflerent fluxions might have the same basis, or the same fluent might 
have two diflerent fluxions. 
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in each part equidistant from C^ and put this for x into 

the value of y, and we get y = V y — -j + rf* x ± 2rf; 

hence the two ordinates equidistant from Cy are equal ; 
and the two parts of the figure are similar and equal. 
To find the area of the two ovals, the fluent oiyi = 

^\ , P \/P . 

\ X x^ ^px-^ q\ , make x ^ ^ " ^ "T " 9> ^"" 



^, or PA, PC, and the area AMCBA lies between those 

values of x : substitute therefore - — v ^ — 9 and ? 
in the fluent and take the difl^rence and we get ^ x 

q-— = AMCBA; hence, 4. x y-— = the whole 

area. 

CoR. Hence, a circle cannot be squared. 

LEMMA. 

If N consist of functions of x and y, and you take 
it's fluxion, and the fluxion of that fluxion, first sup- 
posing X constant and then y ; secondly, supposing y 
constant and then x ; the two functions, omitting the 
fluxional factors, will be the same. 

For the fluxions of the functions of x and y being 
taken separately, it makes no difference which you take 
first. 

Prop. CXCII. 

Let Px+Qy he a Jluxion in which P and Q are 
Junctions of x and y ; to find when the fluent can he 
found. 

Let the fluxion of P be px+qy, and that of Q be 
rx+sy; then if r = q the fluent can be found. For if 






" t. • 
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iVbe the fluent^ then Q arises from taking the fluxion 
of iVand then again taking it's fluxion^ first supposing 
X constant and then y ; and r arises from first supposing 
y constant and then x ; hence by the Lemma^ if the 
fluent can be expressed by any quantity N, r must ^ q. 

Prop, CXCIII. 

Given two connected variable quantities x, y, in a 
Jluxion (F) ; to find when F can he found. 

Ex. 1. Let F—fys/o^ + ^^+ y f^^^ *^" ^^ 

X be constant^ . the fluent is - j-y^ V^a ^ + a?S ^i^d if y be 
constant^ the fluent is -j-y* ^a® +i?®, the same as before ; 
hence F = ^y^^Jlf+x^. 

The reason is this ; when you take the fluxion of F^ 
you first make one of the quantities variable, and then 
the other ; therefore the fluent of each separately must 
be the same, if it can be found. 

Ex. 2. Let the quantity be 9x^y^x+20x^t^^. If 
X only be variable, the fluent is 3 ^y® ; if y be only 
variable^ the fluent is 5 a^j/^ ; and these quantities not 
being equal, the fluent cannot be found. 

Prop. CXCIV. 

Let y = VL+hz + cz' + dz? + 8^c. and when z^O^ letv 
he the vahie of y, and v, v, v Sgc. the values of y, y, y, 

^c. z flowing uniformly ; then y = v + "^ H ^ 

• •• 

Z® V z*v 

+ "; — ^ o ^'i + ". — •:r-^ ^ + ^c* where the law of 

continuation is manifest. 
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As7/=:a+bz + cz^ + ds^+&ic. i{z = 0,a = ^= vby 
supposition; take the fluxion and *? = 6 + 2c«+3rf«* 

+ &c. and when ^ = o, i=^ =-; take the fluxion 



of the last equation, and -^^ = 2c + 2.3dz-^&cc. and 

when z=^ 0, 2 c = 4- and c = --tt ; take the fluxion 

' z* 2z^ 



• 

y - 



of the last equation, and =~ = 2.3. rf+&c. and rf = 



%v 



4. •• 

Z^V 



2 



rllS = ^' &c.&c.;hence,y = t;4- Y^ + ^p-;ri5+ 



2%^ 



;2'*y 



1.2.3^3 



7^ + &C. 



CoR. I. Let hM be a curve, the ordinate AP^v^ 
BC=yy AB=Zy also let ^5=2; then BC=^j/=v+ 



M 




h A 



V 



w m 

V 



V 



V 



^H + - + &c.and V— v = 'y + 

^1.2 1.2.3 ^ 1.2^1.2.3 

+ &c. Now y — vis the increment of y ; hence, this 
equation shows how the fluxion of y of each order con- 
tributes to produce the increment of y. 

CoR. 2. If the ordinate 5 c be taken on the other 
side oi APy so that z may be negative, then bc\ ory,= 

Zl) z *v 

a — 5;s+c«*-rf«3+&c. and bc=y=^v : A r^ 

^ Iz I .az" 
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- r^ + &c. hence, 5C+ 60 = 2. + 1^ + 

T7 + &CC. 



1.2.3.4i^ 



Cor. 3 . Let 7; = ; then if ^i) be positive the ordinate 
is a minimum ; if negative a maximum ; that is, y is /e^,; 
in the former and greater in the latter c^se^ than in the 



«*^? 



adjoining parts. For if ^=0, BC=^v + .^ 4-&c. 

1 • ^ % 



and ic=t; H r^- &c^. therefore if v be positive, 

and « be taken very small, all the other terms may be 
neglected, and BCy bc^ are each greater than JIP ; but 
if V be negative, then BQ be, are less than J P. But 

if ^ = 0, ^ = 0i and vdoes not vanish, so that BC^v + 

3* • 

/ ^ ^ ;- + &c. bc^V" , ^ OM +&C. In this case, 
1.2.3;2' 1.2.3«' 

-iBC is greater than -^P, Jc is /e*^, so that AP is 

neither a maximum or minimum. In general, if the 

first and subsequent fluxions vanish, the ordinate is (for 

the same reason) a minimum or maximum when the 

number of fluxions which vanish is 1, 3, 5, &c. or any 

odd number; it is a minimum when the fluxion next to 

those which vanish, is positive ; but a maximum when 

negative. But if the number of fluxions which vanish 

be an even number, the ordinate is then neither a maxi^ 

mum nor minimum. . 

Cor. 4. The points of contrary flexure are generally 
determined by making j^ = 0, or infinity, x being con- 
stant (Art. 79.) ; but this does not always happen. Let 
C be the point of contrary flexure, and P3ly pm, meet 
the tangent at C in f^, t; ; then (Art. 23.) Pr= v + 

-T-, pv=iV — r-; and when v = 0, jPJf= «; + -r- + 
z ^ z z 
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%v 



Tj +ilC.pm = V : 



%^V 



+ &C. hence, 



1.2. 3%^ ■ — ^ ^ 2 1.2.3i^ 

if V be positive, and BP, bp^ be taken so small that all 
the other terms may be neglected, PM will be greater 
than P^ and pm less^than pv; and whether i) be 
positive or negative^ the arcs CMy Cm, lie on different 




sides of vCF'y and therefore C is a point of contrary 
flexure. As v has regard to the tangent, it is the other 

fluxions Vy V, Vy &c. which denote whether the curve 
lies above or below the tangent. If Vy Vy and v have 
a real value, PMy pm will be both greater or less than 
PFy poy and hence C will be no point of contrary flexure. 

Or in general, if Vy v, Vy &c. vanish, the number of these 
points being odd, and the fluxion of the next order has 
a real value, then C is a point of contrary flexure ; but 
if the number be everiy C is not such a point. 

Ex. Let y = a^+x^i theny = 4a!^±, and {x being 

constant) jf=12a?*i%jl' = 24xi^,j^'r=24i*. Now ifjf = 0, 
it must be that x = 0, because i is constant ; on that 

account y=0, ^ = 0; but j^ is a real quantity; hence, 
C is not a point of contrary flexure ; but it is a maxi- 
mum ; for as y = 0, the tangent is parallel to the base, 
and the curve on each side lies above the tangent ; for 

■• 
4 " 

PM^v + 1 --, and pm is the same quantity; 

1 .2.3.4^ 

hence, My my lie above the tangent. 

The further uses of this proposition, are as follows. 

ft ^ 
Let « = log. y; then (Art. 46.) ^ = '7^; hence 
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{z constant), j^=:-^=^;;f=^=-^, &c. &c. 
but when « = 0, y±=I=t;; hence, v=y = (y=l) _; 

*" ~ -^ ~ i ' "^ '^ •''^ ;If ' ^^'^ ^*^' t^^refore y = 1 + 

Again, let z = arc of circle, rad. = a, cos. =1/ ; then, 
(Art. 46.) 1 = ^^^3,1=21=2:, he„c«. !*?' = 

^ — f^, and *^ = -'^; therefore «21 = - ^, , and ^ 

= — '^^ = ^^ • &c. &c. but when « = 0, y = a = v; 
substitute therefore a for y in the above values, and v 
fory, andweget.=0;^= --; p= -^=0; 

^ y 1 sir Sir u ^V_il_ 
TT = -T = ^ ; &c. &c. hence, y = a — tt— r — 73 

;s* a* a3 ^ ^ 2a 2 .3 .4a^ 

— &c. 

Prop. CXCV. 

Let BC ie an horizontal plane, AB a j^/ane perpen- 
dicular to it, P Q a slender cylindrical rod, and let the 
planes and ends of the rod be perfectly smooth, and the 
rod to hejirst in the position pq, and left to slide ; to 
Jmd when the end P will quit the plane. 

Let G be the center of gravity of the rod PQ ; then 
whilst the end P keeps in the plane AB, G will 
describe a circular arc gG, g being the center of gravity 
of the rod pq m it's first position (Lem. page 3 1 9.). 
Draw Gm, gn perpendicular to AB. Now the planes 
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and ends of the rod being perfectly sraooth^ there is 
nothing to hinder the free descent of the center of gra- 
vity in that arc^ all the effect of the planes is to make 




the center describe the curve; G therefore descends 
down that curve as a heavy body would ; hence (Prop. 
180.) if mB =^i^nBj G is the point of the center of 
gravity when P leaves the plane ; for if it continued in 
the plane it would describe the circular arc. 

If the center of gravity be not in the middle of the rod, 
G describes an ellipse, and the point where the rod quits 
the plane is determined by the same Prop. 



Prop. CXCVL 

To find the curve which a perfectly flexible line ADY 
void of gravity^ would form itself into hy the f&rce of 
the wind acting against it. 

Let DE be the axis, perpendicular to which draw 
J5C, 5c, indefinitely near, and Cd parallel to Bb. Put 
DB = x, BC=y, DC=z, Cd=^i, dc=y, Cc = i 
Then the quantity of fluid acting on Cc is as cd or y, 

and its effect perpendicular to the curve, as ^ ; hence, 

z 

the whole effect on z perpendicular to the curve, is as 



y 



z 



r ; let 2 be constant, then the radius of curvature at 
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^XZ 



C' = —jp 5 hence (Pr. 173.) ^ oc —I . or as 2 is con- 



z 



xz 



slant, assume a a constant quantity so that'^= ""'^^^ 

z iz 




= — r^, and - == — rs^, whose fluent is - = - + C; 
X z y^ z if 

but at i), y = z, and a: = ; therefore the correct 

X €L Qi 

fluent is-; = - - - ,andai = (a+a?)xy the equation to 



z 



the catenary. 



Prop. CXCVII. 



het A, E, he two given points , to find the locus of all 
the points C, to which a body may fall from A, E, in 
the same time. 

Draw ADy BCm, parallel, and ED, AZ perpen- 
dicular to the horizon, and produce BC to meet ED in 
m. Put AD^a, DEz=zh, AB^x, BC=y, then A C* 

= a:* +y^, Ctji = a^x, Em = hty, EC* = a^x]^ + 

{b+yY; and the squares of the times of descents being 
as the squares of the lengths divided by the heights, 

— -^ = J--- ^-^; hence, by^ — bx^+2axy— 

X O "y~U/ 

(o*+6*) X a: = O, an equation to an hyperbola passing 
through A J for when a?=0, y =0. Take the fluxion of 
this equation, and we get i : y :: ^by-k-^axi 2^x— 
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2 ay + a* + 6% and making a:, y, evanescent^ it appears 
that at A^ x is indefinitely less than y ; hence, liA is 
a tangent to the curve at A. 




If the parallelogram ACEC be completed, the point 

C will describe a like curve PC'EQ as C does, and 
will therefore be the opposite hjrperbola, and has tfais 

property, that the times of descent from V to A and 
E are equal. 

As A, Ej are opposite points in the opposite hyper- 
bolas ; a tangent to E is parallel to the horizon ; and if 
Aj E, be bisected in O, that point is the center of the 
hyperbola. 

If a = 0, the equation becomes y* ss ^ + J^ an equa- 
tion to an equilateral hyperbola, of which, fe, pr AE,i$ 
the axis. Hence, when EA is perpendicular to the 
horizon, the times of descent from the extremities of the 
axis to any point C in the curve, are equal; thus 
exhibiting some analogy between the equilateral hyper- 
bola and the circle. 

Draw CF perpendicular to AC, and Cf to EC; then 

EC AC 

as the times down AC, EC are equal, '^rpro = /^Jr 

= ^/AF', hence, EB : EC :: EC : AF. Put 
a=:AO, x=ABy then by the property of the hyperbola, 
2ax+x^ = BC% therefore 2ax+2:c* = J5C» + a?* = ^C* 

z=x + AF=xx(x^BF); hence 2a+x=:BFy or BE == 
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BF; ECF is therefore an isosceles triangle. Also^ 

P\ /Q 




JC 



EC 



JAB JEB 



= J^,2indA(y = ABxEf, thatis 



2ax + 2x'=xxEf=xx(EB+Bf) = xx(2a+x+Bf)\ 
hence, Bf=x^ BA% therefore ACf is an isosceles 
triangle. As Bf^BA, and BF^^BE, therefore Ff^ 
AE a constant quantity. Hence, the times through 
C/, CF^re equal, CF being = CE, and equally inclined 
to the horizon ; also C/*= AC. Such are the properties 
of the equilateral hjrperbola. 

In like manner it appears, that if C be a fixed pointy 
the loci of all the points in which the times of descent 
from E to A and from A to C, are the same, is in 
general a curve of three dimensions ; and when C is 
vertical to E^ the locus of C is a circle, and a straight 
line bisecting EC and perpendicular to it. 

Prop. CXCVIII. 

Let C be the center of the Earth, A ifs surface, 
DB a slender, uniform rod, lying in the direction of the 
radius CA ; to ^nd the point O of the rod into which 
the whole qwmtity of matter in the rod must be coU 
lected, that the attraction of the rod to the Earth may 
remain the same. This point O we will call the center 
o/ attraction. 
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Let CA^r, gravity at ^=1, CD=^Cy CB=b, 
DB = a representing the quantity of matter in the rod^ 




r^x 



CE = X ; then the fluxion of the attraction = —5- ; whose 



r' 



fluent is h C; but when a?= CB the attraction =0; 

X 

(I 1 \ r* X f c — J) 
c/ be 

s= -7 — . Let % = CO ; then the attraction of a at O = 
be 

---; hence, -7— == —5-, and z =: ^J be. Hence, at 

z be z^ ^ ^ 

different distances of the rod from the earth, O is not 
a fixed point ; and in general, it will not be so. 

Prop. CXCIX. 

Given as in the last proposition^ to find the velocity 
of the rod. 

When we use this theorem vv :=z --QmFx the space 
and corresponding velocity are those of the point where 
the whole force acts. Now let c= CD the first value 
of CD^ X = CD any other value ; then as the force is 
applied at O, v must correspond to the same point, and 

X must represent the value of CO. Now CO=x'''-ax\\ 
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2xx^ax , ^ ^* , 
CO = — 1 ; also, F = -4 ; hence, W = 

— mr^ X a?*-aj?|""^x (2a?i- fli), and the correct fluent 

^.1 _x 

is T* = 4 m r* x (x^— ax| — c* — ac| ) ; hence, v = 




r I — i\ 

4mrx ^x^^ax\ —c^'-ca\ . If c be infinite, 

and a=0, so that the body becomes a point, then at the 

earth's surface v = ^4mr as in Art. 82. Ex. 5. 

Prop. CC. 

If a chain whose length = 1 he suspended at the top, 
ifs lower end touching the earth, and then be let foil ; to 
^nd the velocity of the chain. 

Every point of the chain being attracted to the earth 
by a greater force than the parts above, the lower parts 
will accelerate the parts above them ; hence the chain 
will continue to be stretched, and the parts will con- 
tinue to act on each other, just as if they were con- 
nected as in a rod. Hence, if a:=3 CD at any time, then 

CO = ^Txy CO = ^r^x''^x; also, F=^; hence, 

/_L _ i^\ . 

y^/x ij cf ' 

hence, t? = ^4 //i x r^\ —7- j=r . 

sf X ^ c 

If c be infinite, and the whole chain fall to the earth, 

then a: = r, and t; = sj Amr. Hence it appears, that 
the greatest velocity which the chain can acquire is the 
same as that of a body falling from an infinite distance. 

Prop. CCI. 

het ACZ he a curve^ AB the abscissa , BC the ordi- 
nate perpendicular to it ; and suppose ACZ to he de- 
scribed hi/ a body acted upon by a force perpendicular 
to Ah\ to find the law of force. 

B B 



33' 3 

vv^=z '^mr'^x'"^x. and v^ = 4mr^ 
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Put X 



= JIB, y = BCj «;= velocity in the direction 
force; then when the time is given^ -Foe ^; 




A B 

but vocy^ and *z;=y ; hence, Focy, x being given, since 
the force in the direction CB cannot change the velo- 
city in the direction AB^ or x is constant. 

Ex. 1 . Let ACZ be an ellipse, O the center, OM= 6, 
AO=af - = c ; then y^ = c* x (a* —a?*) ; hence, yy = "" 



a 



xi, and yy+y^^ -c^x^, and Foc^^^ ^oc 

.3 



(— c*xx\ 



y 



f 



which varies as -^ . The same is true for the hyperbola 

and parabola. 

Ex. 2. For a parabola in general, y'' = ax, ny^'^^i/^ 
ax, and.r being constant, w . (n— 1) ^''*y* + «y*"'J^=0; 

hence, Focyoc ^^ *1 2- = — 1 LJL,oc(i 

ny'*~^ ny V 



as 



' — ax \^(fi 



wy*" 'X w*y 



»«*«»—« 



y 



»«-! • 



Prop. CCII. 

Jf a body be compelled to move on a curve line APR 
by a force tending /o S ; to Jind the velocity and time 
corresponding to any given space. 

Let the body begin to move from A, P any point, 
PY a tangent at P, SV a perpendicular to it ; and take 
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S7I 



PQ an indefinitely small part of the curve, and QT 
perpendicular to SP, and take S^^SP. Put SA^a, 
SPz=Sp=:x, AP^z, PQ = z, Pr=i, 1; = velocity at 
P, /=time through AP, 2^= force at P in the direc- 




tion PS. Now (Art. 206.) the velocity beginning at A, 
the velocity in the curve at P = velocity in the straight 
line AS at p. Put 2 m =32 ^ feet representing the force 
of gravity at the earth's surface ; then vv= - Fi, the 



fluent of which gives v. Also / = - ; but by sim. tri. 

PV : X :: X : z=r Trp; hence, / = prp — , and tt« 
fluent gives the time. 



also / = 



1 XX 

t = — 7==5 X ^T7 — f ,,.1 ^., , the fluent of 
^ Amd Pl^XA/a"+^-a?»+'' 

w+1 

which gives /• 

£x. Let APR be a parabola, S the focus, R the 
vertex; put RS=b, w=-2, then by conies SV* =z 

. 1 

hx, and PF = v ^ + bx 5 hence, / = J ^mi ^ 

bb2 
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a* 



XX a^ XX 

^x^ + bxx^ a-'X "" J Amd \/flfc+(a-6)xa:-x* 

ax 



a^ 



hxx 



= (if A = — ^===5 2c r= a-h) > , , ^ ^ ; put 

x-^c—y^ then (if a6—c* = ef a6+2ca?- a?' =y'+e', 
also xi ^yy + cii ; hence, / = . + ^— J- — , 

an d (Arts . 39, 45.) # = A v'y* + e« + Ac x h. L (y + 
's/y'^+ef + C; but when / = 0, a? = a, andy =1?— c, 

hence, *=A^(j?-c)^+e*— Ax^(a-c)*+e*+Acxh.l. 

J?— c+^(a?-c)' + e" 
a— c+x/(a-c/ + e*' 

Prop. CCIII. 

Lc* C fce Me centre of the Earthy EPLp a great 
circle^ EL a diameter y EQ any cAorrf representing a 
perforation down which a body descends freely ; tofnd 
the time of descent, and velocity. 

Draw Cm perpendicular to -EQ, -Era quadrant of 
a circle about the centre m, sn perpendicular to EQ^ 



K 




E 


7 


V /^ 




\ 


/ 


y^N\ 




* 1 






C 


i 


'\ 




— -^ 


^ 

2 



and PCp to ^CL, and join Cn, Put CJ5=t* Ciii=e, 
mEszd, m=l6-^feet, and 2m=gravi^ at £, x=inii, 
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t? = velocity at n^ ^ = time down J5w, z^Er; then 
Cn = /^/e*"+l?. Now r : ^e* + x* :: 2m : 



i^e^+jf" the gravity at n in direction wC (Prop. 36. 
Cor. 2.) ; hence, >/^ + ^ * ^ •' — V c*+^^ : 

the force in the direction nm ; therefore t?*y = — » x — 

r 



4 /sm 



j^i, and the correct fluent gives t? = \/ — x \/ d^-^x*, 

and when x = 0, v = rf\/ — the velocity at m. If 
therefore a semicircle EmC he described on EC, the 
velocity down Em varies as Em. Also, t = -r— = 



— 7= X / . = — 7= X - . ana r = — #==^ 

A/2m V^-^ \/£^ ^ A/gm 

r r r 



-,= (when n comes to »i) — 7= X r=— = — 7= x 

rf ^ ' yj2m Em 4/2m r 



EP . 

the time down which is therefore the same. 



mj 2mr 

in whatever direction EQ is drawn. Hence^ the times 
of descent down all the chords EQ are equal. This also 
agrees with a constant force acting in a direction parallel 
to ECL. 

Prop. CCIV. 

If a body he projected at A down a curve AZ, tojlnd 
ifs nature, so that the body may every where approach 
the horizon equally in equal times. 

Draw AL perpendicular to the horizon, and Cfi, 
FDf indefinitely near and parallel to it, also CE parallel 
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to BD. Put AB=x, BC^y, AC= «, CE^Xy CF^ i, 
a =3 space through which a body must fell to acquire the 




velocity at A, 5= sine, €«= cosine of the angle A. Now 
the velocity at C is as ^J a+x which is the velocity in 

4. II. X t^/ d'^X 

the direction CFi hence, z i x 11 tJa+x : ^ . 

z 

the velocity in the direction CE^ a constant quantity ; 
but 2Lt Ay z \ X :: 1 (rad.) : c, and - = c; abo, 

tja 4- X becomes x/a ; hence, - ^a+x = ca^, and 

^ z^ 

x^x{a+x)^c^az^^c^ax(x*+y^),2indxy/s*a+x==:ea^y^ 

and the correct fluent is ^ x s^a + xy^ — ^^a"^ = ca^y 
an equation to the semicubical parabola. 



Prop. CCV. 

Let X*— ay®=my*x ; tojind the area of the curve. 

Puti;y = a?, then x^^ai^a^^mv^x^, and a?=mt;"+ 
a^^ ; hence, y = wtt;^4.at;*; therefore yi = 2m^tAv + 
6mai;^*y + 3a*t;^'z;, whose fluent is -f-m^r^+^wiat;^ + 



.r" 



6 



r. 



if 



^fl?t)7 = ^»»* X '^ + \ma X --^^ + ■?■«* X '•—. Now 

XT X X 

although when jr=:0^^ = 0, it does not necessarily follow 
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that such a fluent wants no correction, because each term 
depends on the ultimate ratio of x to ^, or on the angle 
which the curve first makes with the abscissa. In the 
present case we may consider, that as a? = mv^+av^^ 
when xz=Of v=zO, m and a being positive numbers ; and 

as r = - , ^ ultimately becomes = 0, and the fluent 

wants no correction, which it would have done if vTiad 
been ultimately a finite quantity. This substitution 
may be successfully applied when one of the terms con- 
tains a power of x ory, and each of the other terms 
contains a power of x or y^ such terms being one power 
lower in terms of x or y, or x and y together. 

In Emerson's Fluxions, Sect. 11. Prop. 10. Ex. 23. 

the equation of the curve is a^ x^t^ — a:^ = c^y^ ; and sub- 

x^ 
stitutingy = — , the equation becomes a^Z'-a^!^=a^ ; 

z 

hence, getting x and y, he finds the fluent of yi to be 

—r4 K J which he states to be the area. But this 

wants a correction, notwithstanding x and y vanish 
together; for from a^z—x'^z^^-a^, when j?=0, z=a; 



x^ 



hence, — = « = a ultimately: therefore the above 
expression for the area becomes - -rg ^* 5 hence the 



flu V CL V* 1 

correct fluent becomes -—^ -^ + ^ «^ the area 

Qx 4x^ 3o 

required. 

Let us take Ex. 24. where 3^+y^=^axy\ and sub- 



ax^ 



itituting y =5 -^ and finding x and y, he gets the 
fluent of yi to be -- — — t-^; but this ulso wants a 
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— T — ar\ now 

y 



correction; for -- = — r - 1, and -: 

yZ y^ yZ 

niakey = 0, then j?=0, and ^=.0, and the other part 
of the last equation becomes — = 



x^ 



— r, or — = a nlti- 

r y 

2 ax* ar* 
"3^ "i? 



mately ; hence, the correct fluent becomes 

— ^ a* = the area. 

The contents of solids generated by curves revolving 
about an axis may also be frequently found by a like 
substitution ; and under similar forms of expression they 
will often want a correction. 



Prop. CCVI. 

If a uniform chain ABCDE be suspended on two 
tacks B, D, in the same horizontal line, and AB=D£ ; 
tojind when the chain uill rest. 

Let BG=:GD, and GC be perpendicular to BD, 
and HF to GC; put CF^x, FH=y, CH^z, CG=d, 




BG^e, BC=s ; then (Prop. 131.) the weight of CH : 

tension at jff :: x ( — ; — j : z :: z : a+x; hence, the 

\a+xy 

weight of CB : tension at J5 :: s : a+d; and if ^, or 

BC, represent the weight of 5C, a + rf represents the 

tension at B, or AB^ the tension at B being represented 

by AB hanging freely down ; hence, 2a + 2a+2s = l 
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the whole length of the chain, and 2s = BCD. Put 
c=number whose h. 1. is 1 ; then (Prop. 131. Art. lOg.) 

c'=^+^^' + °-; and s = ^(J'^c-i)=BCi also, 

, , a+d+^/W+2ad , . ,.. 
6 = a X n. I. ^ 1 ; and m hke manner we 



find a + d = axe' — j^d* + 2ad = a x c* — * 



Hence, / = 2a x c* ; and to find the shortest chain 
possible that can be sustained, we must make the 



ec a 



fluxion = 0, ovdc =0; hence, a=6; put this 



a 



for /, and / = 2ac, the shortest chain. 

Prop. CCVII. 

If the right-angled corner B AC of a leaf be turned 
back into BMC, and moved into every position, the 
area BAC (a) remaining the same ; to find the area of 
the curve ADM A described by the point M. 

Join AMy then APM is perpendicular to J5C; draw 
Am indefinitely near to AM-^ with the centre A and 




radius AR^=^\y describe the circular arc RZy and pro- 
duce AMy Amj to meet it in 5, s. Put AP = y. 
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RS =: z^ t = tan. of the angle RAS, then - = tan. of 
BAP ; and by sim. tri. 1 \ t w y \ ty-^z PC, 1 : - 
;: y : ^=zBP; therefore OlZ+^j xyzi2a\ hence y^ar 
- — Tj. Again, 1 : 2y :: z : mn=^ 2yi; hence, the 

• 

fluxion of the area = 2y^z = = (as z = -) 

4ati - 2a ^ , , 

; ^ta , and the area = g + C-, but when ^ = 0, 
1 +t I 1 +t 

2(1 
the area= O; hence, the correct fluent is 2 a — a 

1 + * 

5= area AMmA\ and when ^=a quadrant, / is infinite, 
and the whole area ADM A = 2 a. 

Prop. CCVIII. 

If a hodyfall towards a centre of force ^ z = velocity 

due to the distance x from the centre, d = velocity at 

first ^ V and a the spaces through which a body must fall 

by gravity to acquire the velocities z, d, and F =ijhrce 

at the distance x ; then v = a — yFx. 

For v^=4mz^ rf* = 4ma, putting m:=l6-Y^feet ; and 
vv =: — 2mFiy and the fluent is v^ =4mx —jf^Fi; 
but at first, v = a; hence, r^-a* = — AmfFx^ or 
v* = a® — AmfFot, or 4w;s = Ama^-AmfFx^ oxz^ 
a — /*Fi. 

If a? = space fallen through, ^=a±2ma:. 

Prop. CCIX. 

Lcf S he the centre of force; to find the curve AMW 
in which if a body move, it shall approach the centre S 
^qtwlly in equal times. 
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Let SA be a tangent to the curve at Ay and MY at 
My SY perpendicular to MTy PM a circular arc whose 
centre is S, pm another indefinitely near it, Letp = 




SYy the other letters as in the last Prop., then « = a 
^fFx. Now the velocity in it/ is such, that Mm is 
described in the same time with the velocity «, as Pp 
would be described with the velocity d ; hence, v : rf, 

or ^'z : iJH :: mM : Pp :: MS : MY^ therefore 
a X MS' = z X MY' = axMY^-^fFx x MY^, and 

«xp^=(;?'-j;^)x/Fi, orp*=^^3^^. With the 

centre C rad. CJ5=:1, describe the circle Bv^ and let 
^ = sin. ASM, u=:Bt. Now Mm : mn :: x : p, and 

. / x 1 . 7> X Mm , ^ 
n : ts { = u) :: X : I -, hence « = ^- 5 ; but 



m 



XX 



_*J d 



X X 



_ x'mJ ZX 



ilfm = ^, = and il%=:^^^; /.Mm = Jtv^ 



My 



n/' 



v^ 



andi^ = :^; but p=^/-^i hence ^^ 

» 

z= £r = —7= — X x/ - f'Fx. If therefore a? be given 
^axx 

in terms of u, and the fluent be found, we get CM in 
terms of the angle ASM. 
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If for J' we put a:, ^/Fx^-^x'+C; but-/Fi= 
z - dy and at A, z — ; that is, —fFx = |-X (i*— a?*), 

and -y- X >/rf*-a?* = V -y^i' ; hence, i==-y==X 
whose fluent (Art 39. 45.) is w = y— * x sf^F^^ + 



X h. 1. 



rf-x/rf» - ^\ 



; hence, given CMy we 



know the angle ACMy and therefore the point il/. 

Prop. CCX. 

Lef AV he a curve, AH = x, HB = y, take AE 
{parallel to BH) =x, EF {parallel to AH) = z; 
a/irf fe/ *Ae ordinate HL = z + y ; then i^ y = 

ax"* -i- bx""' + &C.1'', tojind the parts of the curve 
ALW which can he squared. 

Draw the straight hne ACD niaking the angle DAQ 
of 45^ cutting the curve in C, Z>, &g. Now the 




fluxion of AEFz=zzx^ and of AHB=:yxj and the sum 
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of the two fluxions = {t/+z)x A the fluxion of AHL; 
therefore the area AEFBH=:Bxe^ AHL ; hence at C, 
the area JMI = the square on AI, since AI = CI', 
same for AK, &c. &c. And at these points z = 

x=y = aaf^+ 6j?^~" + &c.p^ or x^ — aa?^ - 6af»""^ - 

&c. =0 ; let o, jS, 7/&C. be the possible values of x in the 
last equation, then a = JI, fi=:AK, &c. &c. and the 
area AIM^a"", JKN=^^, &c. &c. 

Prop. CCXI. 

Given y" +ax"y' = bx* ; to express x and y in terms 
of a third variable quantity. 

Assume y'^xf^ = v", then by substitution t;"+ a,Jjf^_^ ^ 

X * 

' i.«j+« 1 ^^ — mn — an ^ mn , 

= 6a?'+« ; make = 0, or a = ; then 

n r^n 



v»+at)^ = 6a?'+«, and a? = T^ 



; also^y'^rr— = 






Hence, we get^i in terms of v and if s fluxions, and 
therefore when we can find the fluent, we can find the 
area of the curve. In like manner, when we can find 
the fluent of y*i?, we can find the solid generated by the 
revolution of the curve about it's axis ; and so on, for 
other quantities. 

Prop. CCXII. 

Criven the fluents of yx, yxx, yx*x yx" ~*x ; 

and kty± = Af Ax = B, .... Qx=R, Rx = S, Sx = T, 
of which the number is n; toflnd the fluent oft. 

As Sx=zt, let *Sa?-a = 7; then Sx + xS^-a^ T\ 
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zndhen<^t i=xS=Rxi; let— — fi=a, then Rxi + 
-ii-)3=i, therefore /J = ~fi ; = Q-i; let Q —^ 
~7=/3,then Q~+l^d-y= -fi, and-yrr:— Q; 
proceed thus, and we get T=Sx- R --• + Q *—— • — 



Prop. CCXIII. 

/jf a body fall fropi rest in a right line towards the 
centre of force ; to Jind in what cases the whole Htm 
of descent can be exhibited in finite terms. 

If A = — y , then (Art. 83.) i =z ^ J x 

' 4md 



sf 



w+1 



_ . -- 

substitute -^ , and / = - ^ x . , ^ . Put 



a ^x 



d =: a*^ , z = x"*; then / = — -^ x » ^ . Let 

J d~z =y, then 2J = rf-y*, and m^""^i = — 2m x 
d-^'ifY^^yy 5 hence, i^^A^dr^^jf - (»i- I).d^-yy 

+(m- l)x^^^ . d^-yy - &c.], and # =» 2-4 (iy«-*— 

VtzJ. ^-y + <>» - 1) • (^ - ^) ^-a^ , &e.) Now 
1- • 3 1 .o • d 
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when a?=«0, 2 = 0, and y = d'=a«*; hence, /=3i^a «•- 

(l - ^ + ^^"-^^-^^-"^^ - &c.) the whole time. 
V 1.3 1.3.5 / 

If m=l, t = 2Ja^ 
m = 2, t=2Aa^ X -, 

' 3 .5 

1 X ^ ># ^1? 2 .4. 6.. ..2m — 2 

in general, t = 2Aa *"* x . 

^ ' 3. 5.7.... 2m— 1 

In like manner, there are other quantities which, 
substituted for n, will give the time in finite terms. 

Prop. CCXIV. 

Given the time of descent in a right line towards 
the centre of force ; to Jind the force F. 

If a = whole distance, x any variable distance ; then 
vv = — Fi', and v — mJ^J-Fx^ also, t = ~fTF^W » 

hence, ^2y*— /j& = -^; let i be constant, then — 2 Fi= 
-^,andFoc— . 

Let t oc >^y a — a?, then <' oc a - ar, 2f / oc - i, and 
2^^+2t't = ; hence, jF^^c i^ a constant quantity. 

Let <oc a—xl", then Foc==r^j:::Y . 

Prop. CCXV. 

Let a ring aiC he put on an horizontal rod AC, 
moveable about C uniformly in a vertical plane ; to Jind 
the place M of the ring at any time. 
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With the centre C and radius CE=l, describe the 

A 8IL 




quadrantal arc EG; draw FD perpendicular to C^, 
and Cw indefinitely near Cv ; Ms, nt perpendicular 
to Cv and sr to Ms. Put CE=d, CM=Xy EF=z, 
DF=y^ DC=: IT, w = 1 6 -yV feet, v = velocity of the ring 
at Mm the direction of the rod, < = corresponding time, 
5 = arc of -EGr described in 1"; then 1 : a? :: 6 : 6j? = 
the velocity of the ring at M perpendicular to the rod ; 
hence, (Art. 202.) 6*a? = the centrifugal force at M^ also, 
2 my = the force of gravity down the rod ; hence, 
b*x-\-2my = the whole force urging the ring down the 

rod. Again, 6 : i; :: 1" : / = 7 ; also, / = - ; hence, 



V = 



hi 



z 



and V = 



bii 



z 



(b*x + 2my)xy =lv =-r 

z 



z being constant. Now 

J .^ 2m X 

and if w = -TT J -r-.- X- 

6 z^ 

ny = 0. Assume x = pz'^ + qz^ + rz:^ + sz^ + uz^ + 
wz'^ + &c. Then- = I .2p + 2 .3qz + 3.4r«' + 
4 .5sz^ + 5.6uf!^ + 6.7wz^ + kc.; also (Prop. 128.) 



z^ 



2 .3 



+ 



Z' 



2.3.4.5 



— &c. hence, by substi- 



.tution, 
l.2p + 2.3qz + 3Arz^ + 4.5sz^+5.6uz^+6.7wz^ + &.c. 



-^ pz" — 



qz^ — 



— nz 



n 



2.3 



:^ 



— «5a./trJ 



2 .3.4.5 



«®+&c. 
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therefore (Art. llo.);? = 0, 2 .3j-w=0, 3 .4r-p=0, 

fi 
4.5s - y H- — - = 0, 5 .Ste — r = O, G.Jw -- ^ — 

3 3 4 g =0, &c. hence, ?=~3 > r= 0, * = 0, M=Q, 

2.3.4.5.6.7 V2.3 2.3.4.5.0.7 

+ &c. ) ; but (Prop. 50. Cor.) ^'""^'^ = « + ^ 
2* 07 « , »» 



2.3.4.5 2.3.4.1 .6.7 ^ ^ 6* 

r -J . Corresponding therefore to z, or to 

r , we know x. 

As t? = -^ we have t? = -7- ( J . 

z b \ 2 / 

If we neglect the centrifugal force, the equation 
becomes ~rr= ny^ or - p= wyi=: — «x, whose fluent is 

-z = — w TT, and x=i ^nirz^" ny^ and the correct fluent 

• , ^ 2m ., Ji 2 m 

isx = wx(«-y) = — x(«-y). Also, v = ^ = -j- 

/^_^x 2m 2m^^^^ The same 

conclusion may be obtained thus : ^==75 ''^^ ^ ^^ 

y ' ; ; and the accelerative force =: 2my\ hence, 

z 2m yy , 2m 

^ = 2my X - = — X -^^=p, and V = -j- 

(-VT^+C)=^X(l-x). 



X 



dd6 Ml86£lLA)l£Oirs PRCPOflttlMs. 

If M^ represent hx^ and Mn represent v ; then hy 
these two velocities continued uniform, the ring at M 
would be carried to r, and thus the perpendicular 
velocity would be retarded by rt^ or by hi\ but as the 
perpendicular velocity of M is represented by Msy, or 6;k, 
it's fluxion bx expresses how much that velocity is 
accelerated ; hencei ^hx^ c^ 2vi^ express the fluxion of 
the circulatory velocity arising from tne iexcess of gravity 
above the jMreesure P on the rod. Now 3 mx expresses 
the force of gravity ; hence, 2 m tt — P =. the whole fcwrce 

perpendicular to the rod; therefore 2 va = (2 m^ — P) x 

• 
Of 

T, and P = 2m7r—2t;6 = »i{47r- («*+«"•*)}• When 

P=0, 4x- (a* + a-') = 0, and w = —^ 0,082377 

answering to 47°. 12'; at which point, if the ring were 
not attadied to the rod, it would quit it 



Prop. CCXVI. 

Let BAPW be an indefinite straight line, BA=a, 
BPsx^ and a body (A) set out from A, and the velo^ 
city at P be as x*" ; tojind the time of describing AP. 

Let t = time, vcs velocity at Ai then a* : of* :: i> : 

B A ^ . w 

— X «* the velocity at P; hence^ ^ » - ai? -* x 9^^ik 
or ^ V V 

and corrected * = — x : • 

If n be less than 1 , when x is infinite, t is infinite. 

a X ' 

If w = 1, f = - X h. I. - ; and when x is infinite, 

V a 

t is infinite. 
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If n be greater than i, *= --£^ (-L,. J_), 

and when x is infinite, t = is finite/ In all 

i;x(n-l) 

•odi cases therefore, an infinite space wotdd be degcribed 
in a Jbnte time. If a» 10 feet, vs 10 feet, ii»2> theft 
ttsi" in which time the space AfF\% infinite. 

Pnop. CCXVII. 

Let the axis of an heavy circle passing through its 
centre be perpendicular to it's plane j about which let it 
revolve standing on an horizontal j)lane ; tojind ifs 
centrifugal force in terms ofit^s weight. 

Let w = weight of the circle, r =s it*s radius, v =5 
velocity of it*s circumference, x =r any jpart of a radius 
from the centre, 3 m:s=d2^ foot, p =» o,283, &c. a a 
Telocity in felling through |-r by gravity; then (Prop. 
149.) this velocity is such as would give a centrifti^l 
force equal .to it's gravity, or weight of a particle d ; 

hence, a' : v* :: rf : rf— the centrifugal force with the 

v^ dtf^ 
velocity v; and r : x :: d-- : — - x x the centrifugal 

^ a* rc^ 

force at the distance x from Che centre ; or instead of d^ 
putting />d?i for the fluxion of the circle at the distance x, 

mt httve^ K s^x the fluxion of the eesitrifiigal force, 
ra* 

whose fluent (when jr=r) is £— ^ the coitrifogiil force 

V a 

of the whole circle. But the fluxion of the circle (or of 

it's weight) being represented by pxx, w will be repre* 

sented by ^^; also, a*=2»ir; hence, the centrifugal 

force win be represented by - — - =s -—r k 

^ ^ 3mr 193 

CC 2 
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* 

Ex. Let ti? = 4 oz. t;=12 feet, r =-tV fo^t ; ^^^^ ^^^ 
centrifugal force = 1 43 -}• oz. = 1 f -ff- of a lb., the whole 
force exercised on the axis. 

Hence the reason why a whirligig gives so great 
a resistance to the touch, when the finger is applied to 
the axis whilst it is revolving. And this appears to be 
the reason why, when you want to catch on a point, 
a ball drawn up by a string, you first twist the string to 
give it a rotatory motion, because it's axis is then less 
likely to get out of it's perpendicular position from the 
action of the string. 

Prop. CCXVIII. 

If a spring be ^ed at ifs upper end in a perpen- 
dicular position^ and be drawn through a small space (a) 
otU of that position by a weight (Q) jfixed by a string 
to ifs lower end acting horizontal^ against it ; then 
upon the removal of Q, let the lower end impel a body 
(P) a/bng- an horizontal plane ; to find the velocity of Py 
and time of describing any space. 

Let or = any space described from the quiescent state 
of P, v = velocity, t = time, w = l6 -rHr feet By the 

. Q 

property of the spring a : x :: Q : — )f x the moving 

a 

force; now this force lying in the spring, it has to 
move P and the spring also. Let the weight of the 
spring = Wy and nu; be a weight placed at the lower end 
such, that it*s inertia may be equivalent to that of the 
spring, where n must be determined by experiment. 

Q 

Q. 

Then the accelerative force of Q = -yg =- _- — 

F+nm JPa-^nau) 

hence, vv « Pa^^^aw ^ "^^^ whose correct fluent 
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gives V = yZI^MZ] X s^a" - x\ Let 2 = 
^ ^ Pa + naw 

a quadrant of a circle whose radius is a, cosine x, p ^ 
1,57079. Now/=^=\/-^^^^««^ •* 



r ' 2mQ Ja'-^a? 



A /Pa + naw z a /Pa + naw « 

V — :; — 71 — X - , and f = V — :; — n — >^ :; = 

(when a? = 0, » = pa) V n — ^ P* ^^^^ ^ 

varies as a, all the times of describing the whole spaces 
are the saine, whatever a may be. 

When X = 0, v = V — ^ ^^ greatest velocity j if 

therefore we determine v by experiment, we get n* 



Prop. CCXIX. 

Lef a^n^ thread be closely wound round a conejrom 
the vertex, and turned about ifs axis lying horizontally^ 
hy a weight P hanging Jrom the end of the thread next 
the base ; tojind the velocity and time of descents 

The thread is supposed so fine, that each round may 
be considered as perpendicular to the axis. Let r = 
the distance of the center of gyration from the axis, 

Jis radius of the base, then r = R\/ — ; ^= weight of 

the cone, a =Vadius from which P at first hangs, x a 
any other radius, t; = corresponding veloeity, it= number 
of pounds corresponding to a diminution a of the radius^ 

/?=s6,283 &c. Then rf : a - x :: n : ^x(a-d?) the 

number of rounds between the radii a, x ; and as we 
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may consider p x — r— = the mean of these rounds, the 

whole quantity of thread run oS, or the descent of P, 

is ^ X (a* —J?) ; also (Art. 6o.) Wy -j = quantity of 

matter which equally dispersed round the circumference 
of which X is the radius, is equivalent to the inertia of 

P 

the cone ; hence, the acoelerative force = 



r*' 



P + IT^ 



x* 



also, the fluxion of the space described by P =;^^x — xi ; 



d 



. . *2mpnP ^ XX / . 

hence, vv 1= — ^— x -5 = (^putting g 



P + PT^, 

X* 






-— ; — -5: 3 whose correct fluent gives v ?= 

Vsrx («»-«») +gr^r* X h.I. V^^. The time 
cannot be found in general. 

If we consid er the <ione as without weight, v = 

sfS ^ (^^ "" •^i- '^^'® velocity therefore follows the 
same law as in Bx« S. Art 83, where a is the whole 
space to be described, and x any variable space. But 
by that Art. if » % O, the tiBies of descent are all equal, 
whatever be the value of a ; hence, whatever be here 
the value of 4^ the time of unrolling the whole will be 
the same, provided g be the same, or n : df in a given 

1 /* — IT 

ratio ; and that time = -7= x i P = \/ — . 

s/g *^ ^ &2mn 
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Prop. CCXX. 

Let a body B he drawn at T by a string TB, 
T moving in a straight line PZ ; to find the curve 
VBW described by B. 

Put the abscissa PA^x, ordinate AB^y, b=:TB, 

'V 




Z T A^ P 

then TB must be always a tangent at B ; and by 
sim. tri. - y {be) : x(Bc) :: y : \/6^— y% and i = 



whose fluent (Prop. 18. Ex. 8. %n4 Prpp* l6.) hxvz 

bxh.l *'*"^*'"^ ^ n/F^+C} but supposing 

the abscissa to begin at the ppint where the or4inate 
AB is a tangent to the curve^ when a? n 0, y = & • and 

th? correct Quent is :p = i X h. U ■■ ^ — 4J- — 

^y - y*. This is called the curve of Traction. 
T may be drawn along a cuive line, but then the 
solution becomes more complex. 

Prop, CCXXI. 

Let LCM be the surface ofafi^id,^ AB a tubefilled 
with thejluid and closed at Kbv thejinger ; tojmdthe 
point P to which the fluid will descend upon removing 
thejinger. 

Let AB = a, CB=l, AE=:x, t; = velocity at ^, 



S92 



MISCELLANEOUS PROPOSITIONS. 



m*3 lO^vfeet, and let 29na ss gravity or weight of 

A 



B 



M 



the fluid in AB, 2m x I = 2m = the graiaty in Cfi. 
and 2mxCEz=: gravity in CE=2m x (a - 1 - a?), and 
this is the moving force ; therefore the accelerative force 

_2mx (a-i~a?) , . 2mx(a-l— a?) 

= ^; hence^ vv = ^ X a?= 



a-^x 



a — x 



sm fi _ -^) and t>* = 4m [a? + h. 1. («-x)+C]; 

but when r = O, x = O, and the correct fluent is v' = 
4 m [a?+h. 1. a+ h. 1. (fl - a?)] ; and the lowest point P 
is found by making t;=0, or Ar=h. L a—h. 1. (a— j?), and 
X may be readily found by trial, by a table of hyp. logs. 

Prop. CCXXII. 

Let y+Pyx = Qx; to separate the variable quan- 
titles^ P and Q being Junctions ofx ; and thence to find 
tJie fluent when it can be found. 

Let y:=zvu^ then y = vU'\'UVy and vu+uv =, 
Qx-^Pvui; assume v+Pvx = O, then - = — Piy 
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and log. t;= -JPi^ and (Art. Ill, Cor.) v — a ; 
but from the assumption, ww = Qi, w = / = 

/Pi M -/p» /'i 

/*a Qi = "Z. . hence, ^ = a / fl Qi, and the 

quantities x and y are separated ; and according to the 
functions of P and Q in terms of x^ the fluent may or 
may not be found. For this we are indebted to James 
Bernoulli. 

For more on the subject of Fluxional Equations, see 
fFaring's Meditationes Analytical. 



Prop. CCXXIIL 

Let two bodies P, Q, connected hy a string going 
over a pulley at T, and lying upon two curves xy, yw, 
and P to descend; tojind the velocities ofV and Q, 
after P has descended perpendicularly through any 
given space*. 

Let X = perpendicular descent of P, y = that of the 




ascent of Q, and at any time let P acquire the real 
velocity v^ and Q that of w\ then (Prop. 146.) the 



* We have here given the proposition, as being of a fluxional 
nature, and sometimes silso in it's application. 
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Pvv 
moving force of P c* i^-— r in the difectioti of gravity ; 

but wh^n uqconnccted with the machinal P if the 

moving force; hence, by it's connection with Q, in 

Pvv 
moving fcwree P has lost P -* ■ ■ '... in the direction of 
^ 2mx 

gravity. For the same reason^ Q + ■ (^ having 

a contrary sign to that- of i) is the motive force lost 

QfjDW 

by Q; and (Mwb. Art. 149,) i : jf n Q+ ^^^ : 

""^ + " o^^ an equivalent motive force at P ; it must 
X 2 mx * ' 

therefore be this foroe which destroys the motive force 

^ Pvv , , ^ , ^ Pv'y Qy Qww 
P - t:^^ lost by P; bince P-^irzri^ "T" + o^^ ^ 

and i wi X (Px-^Qy) = Pv^ + Qtf^'ze;^ whpse flueuts are 
4m X (P3P^Qy):^Pv^ + Qw\ Now if ; ap= the real 

space described by P^ and S that described by Q in the 
time t, then / =? - «p »* , ana ti) p» -?■ ; hence. 4 m x 

(Pa - Qy) = Pv» + a X ^, and v = 

«3 



x/ 



4mx(Pir— Qy) 



i» 



P+Qx 

5» 



The velocity being determined 



• X 

in terms of the space^ the time is found from ^ = - . 



i C 
If c^cos. TP^i C^co%, TQv, then ^= -, and t; = 



v/ 



4m X {Px — Qy) 

"^ 7>r^ 

P + Qx^ 
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S&B 



t 

ThiA proposition is to be aj^lied in aU cases where 
th^ velocities of the two bodies are not equal. 

Ex. 1. Let AC (=a) he an inclined plane ^ Q 
a weight connected to Vby a string moving over 
a pulley at T, passing imder a hook at rjixed to Q and 
returns and is jixed at v, the string acting voraMel to 
AC, and P hanj^ng freely down ; to find the velocity 
ef P descending down the space x. 

Here x lengthens as the two parts vr, rT, shorten^ 
therefore v being the velocity of P^w^^v; now when 




Q has ascended from C to ^, or perpendicularly through 

Bji (=£), P has descended perpenaicularly through 9a; 

hx 
therefore 2a j J :; a? : t^ the perpendicular a3cent y 

of Q corresponding to the perpendicular descent x of P ; 

Also, the 



bence, 



i^mm 




aocekrative 



t?' 



■■» u. ■>■■ . ! >; hence the 



corresponding time = 



p^ ax 

4mx P + C'xQ 




m 



P^Qx 



2a 



If AC be horizontal* a is infinite, and T* = V/ — 

m 

V 4p 
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If Q hang perpendicularly down^ C=l, and v tz 

p+a X \ 

Ex. 2. Let P hanging freely doum, dranv a wedge 
ABC alor^ an horizontal plane, having on it a weight 
Q supported by a perpendicular plane sr^ so that Q 
fnay ascend peipewUcularly ; tojlnd the velocity of P. 

JjAAB : BC :: 1 r r, then if P descend through ar, 
Q ascends through rx\ and if v = velocity of P, r v = 




velocity of Q; hence, 4my (Pa?- Qrx) = (PtW^)^ 
v*+Qxr®t;* (for P and fV move with the same velo- 

., V |_ 4 /4mx (Px-^Qrx) 

city); hence, t; = V p+^^+Qy^^ • 



Hence we 



get the time as before. 

Ex. 3. Let P draw A, B, ahng the horizontal 
plane LM, hanging freely down, and connected by 
a string running through P ; to find the velocity qfV. 

Let J? = space descended through by P, v it's velocity ; 
then P acting on each body^ the velocities or spaces 



A 

O: 



B 



Op 

passed over by each body will be inversely as their 
quantities of matter, and as the perpendicular parts of 
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S9T 



the string have each lengthened by j?, the two hori- 
zontal parts have together shortenea by 2Xi but the 



vel. A : vel. B :: B i A :i 



2Bx 2Ax 



; A has 



A + B ' A + B 

therefore shortened by -^ — ^ , B by -^ — ^ ; hence, 

the velocities of P. A. B. are v, — j — « , . . ^ ; there- 

. ^ A + B A+B 

fore 4mxPj? = Pt;"+ ^^^ + .^^^v, ; hence, t;= 
2v^mPa?x(^+B) 

as before. 

Ex. 4. Lef C fte the center of the quadrantal arc 
TA, CT horizontal J P hanging •freely down and con- 
nected tvith Q by a string passing over a pulley at C, 
drawing Q up the curve from A ; to find V^s velocity . 

Join CQf bisect it at w, draw Cr indefinitely 
near CQ, and draw Qe, mn perpendicular to AT, 



• The time is found 




and r^ to CQ. Put r^CA, y^Ae\ then eQ = 
^2 ry — y% and mw (= i TC + j-eQ) = f r + 
i \/2ry - y% and Cn = ^r-^iy; hence, Cw = 

'v^r^ + ir^2ry — y* ; and by sim. triangles i (Q ^) : 



398 MISCELLANEOUS PEOl^OSltlOilS. 

S{Qr) :: Vir»+ \r^2ry - y" • r; and xss 
>/,|r» + fr^2)>y^::j^ hence; t; = 






V -'- — '-^ ■ ■.^'- 1 And when Q 

comes to C, if /=sthe quadrantal chord CA, then ar= /^ 

y =r, and r = V B*"*5 ^^^ velocity of P at 

^at point. And this is the same velocity as that which 
would be acquired by P drawing Q up the inclined 
plane AC. 




I 
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